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E. Boletis1 

C. H. Sieverding 

von Karman Institute for Fluid Dynamics, 
B-1640 Rhode-Saint-Genese, Belgium 

Experimental Study of the Three-
Dimensional Flow Field in a 
Turbine Stator Preceded by a Full 
Stage 
The paper describes the experimental investigation of the three-dimensional flow 
field through a low aspect ratio, high turning turbine stator preceded by a full stage. 
This configuration simulates as closely as possible the flow conditions for an in
termediate stator in a multistage machine, although the use of cylindrical rotor 
blades does not reflect typical gas turbine design practice. The inlet conditions to 
the stator are significantly different from those reported in previous investigations 
dealing with tests in isolated cascades, e.g., Sieverding {1985); Marchal and 
Sieverding (1977); Sieverding et al. (1984); Klein (1969); Bindon (1979, 1980); 
Wegel (1970); and Boletis (1985). The inlet flow field to the stator is characterized 
by both radial and circumferential gradients. Inlet skew occurs on both endwalls 
but the overall shape does not resemble those that are generated in isolated cascades 
by rotating the upstream endwalls. Rotor clearance effects are of predominant 
importance for the flow field at the tip endwall region. The flow field is explored 
by means of double head four-hole pressure probes in five axial planes from upstream 
to far downstream of the stator. The results are presented in the form of contour 
plots and spanwise pitch-averaged distributions. 

Introduction 
Modeling secondary flows in turbine blades is not an easy 

task. The researcher is constantly compelled to choose between 
(a) simplified models allowing more readily to establish general 
fundamental relationships, and (b) models that are closer to 
the complex reality of a multistage environment and therefore 
of more interest for the design engineer, but do not lend them
selves easily to generalization. 

No doubt, the secondary flow research in straight cascades 
contributed to a much improved understanding of basic sec
ondary flow phenomena, as shown in a review on basic aspects 
of secondary flows by Sieverding (1985), but these results are 
only of limited value for analyzing the flow in annular cascades 
in which the radial pressure gradient may be of the same order 
of magnitude as the transverse pressure gradient. A comparison 
of the flow fields in straight and annular cascades using the 
same blade shape and very similar cascade geometries made 
by Sieverding and Marchal (1977) and Sieverding et al. (1984) 
illustrates this very clearly. However, annular cascade results 
with collateral inlet endwall boundary layer are representative 
only for first-stage guide vanes. Simple considerations show 
that the inlet flow to an intermediate stage guide vane is not 

'Current address: Fokker BV, POB 7600, NL-1117 ZJ Schiphol, Netherlands. 
Contributed by the International Gas Turbine Institute for publication in the 

JOURNAL OF TURBOMACHINERY. Manuscript received at ASME Headquarters 
March 1990. 

collateral but skewed due to the transformation of the relative 
velocities near the endwall from a rotating to a fixed frame. 
Klein (1969) and Bindon (1979, 1980) attempted to simulate 
this effect by generating a skewed endwall boundary layer at 
the entrance to their cascade by means of a rotating upstream 
hub endwall. This method was also adopted by Boletis et al. 
(1983) who used the same annular cascade as Sieverding et al. 
(1984). The authors confirmed the significance of inlet skew 
for both the outlet flow angle distribution and the magnitude 
of secondary losses as found by Klein (1969). Wegel (1970) 
showed how to incorporate inlet skew in a performance pre
diction method. However, the deformation of the endwall 
boundary layer through the shearing action of a rotating up
stream endwall on the otherwise collateral inlet flow oversim
plifies the actual flow conditions for an intermediate stage 
guide vane. In this general case, both the shape and the mag
nitude of the inlet skewness are strongly affected by secondary 
and tip clearance flows in the preceding rotor. The overall flow 
field is also significantly influenced by radial free-stream gra
dients according to the rotor design and circumferential non-
uniformities generated by wake and secondary motions in 
upstream stationary blade rows. (We note that only time-av
eraged flow conditions are considered in the present study.) 

This paper reports results of an experimental investigation 
of the flow through a low aspect ratio turbine stator with inlet 
conditions generated by an upstream stage. For convenience 
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the test stator is not followed by a second rotor. Preliminary 
experiments showed that for the present setup the presence of 
a downstream rotor would not significantly alter the stator 
flow conditions (Boletis and Sieverding, 1984). The results of 
the present investigation will be compared with those by Siev
erding et al. (1984) and Boletis et al. (1983) to evaluate the 
merits and drawbacks of the various flow.models. 

Test Facility and Blade Geometry 

The tests were carried out in the VKI open-loop low-speed 
turbine test rig. The present test arrangement of a stator pre
ceded by a full stage is shown in Fig. 1. The stator under study 
is a low aspect ratio blade (H/C = 0.6) with constant tip and 
hub diameters of 0.71 m and 0.566 m, respectively. The up
stream stage consists of a low aspect ratio stator (H/C = 0.6), 
with contoured tip endwall, and a rotating blade row of aspect 
ratio 1.2. A detailed study on the effects of tip stator contouring 
is reported by Boletis (1985). The meridional contour of stator 
I is defined by a cubic function and extends from X/Cax = 
0.38 with DT = 0.754 m to X/Cax = 1.03 with DT = 0.71 m. 
The function has the form: Y/H = xf(X/Caxf + b-(X/Caxf 
+ c(X/Cax) + dmtha = 2.2248, b = -4.7054, c = 2.6123, 
and d = 0.8702. 

The power of the rotor is absorbed by a water-brake mounted 
on the shaft of the turbine rotor at the exit of the conical 
diffuser. The test arrangement allows the turning of the first 
stator relative to the second. 

The blade geometry is presented in Fig. 2. The most im
portant geometric characteristics of stator II are given in Table 
1. The stator blades are stacked radially about point M (Fig. 
2). The blade coordinates are given in the appendix. The num
ber of blades is equal for the two stators. In addition, both 
the stators and the rotor have the same untwisted blade profile, 
constant over the span. The only difference between rotor and 
stator blades is a reduced chord length: CR/CS = 0.50. The 
use of untwisted rotor blades (frequent in steam turbines but 

Fig. 1 Test section 

BLADE STACKED RADIALLY 
ABOUT POINT M 

0.72 l i i = 0.38 

I C A K I S I I = IC A x l sm 

I C „ ) « = 1 " ! C . . I „ 

BOTH STATORS AND R0T0H 

THE SAME PROFILE 

Fig. 2 Blade geometry at midspan (stators aligned) 

not in gas turbines) was dictated by manufacturing reasons. 
It implies unfortunately a "built-in" spanwise total pressure 
gradient and inlet flow angle variation for the second stator. 
The rotor tip clearance is r/H = 0.014. This value is typical 
for small gas generator turbines. The axial distance between 
the stator II and the preceding rotor is equal to 51 percent of 

N o m e n c l a t u r e 

C 
CP0 

CPX = 

CPi 

CPno — 

CR 
D 
g 

H 
H\2 

O 
P 

Re 

chord 
local total pressure coeffi
cient = = 

(POI.MS — Pai)/(Pai,MS ~ Psd 
local static pressure coeffi
cient = _ _ 

(fm,MS ~ Psi)/(P01,MS ~~ Pst) 
modified local total pressure 
coefficient = (P0i(r) - P0i(r))/ 
(Po3,MS ~ PSA) 
modified relative total pres
sure coefficient = {Pm^if) -
Pm,i,(r))/(PoR2,Ms ~ Psi) 
contraction ratio 
diameter 
pitch 
blade height 
boundary layer shape factor 
= 5V0 
throat 
pressure 
Reynolds number = CV/v 

T = 
Tu = 

U = 

V 
v' 

X, Y 
a 

temperature 
turbulence level = T = tip clearance 

V 

7 = 

5 = 
5* = 

/VMS 

peripheral velocity of rotating 
blade row or rotating hub 
endwall 
velocity 
velocity fluctuation 
coordinates 
absolute flow angle in blade-
to-blade plane (referred to 
axial direction) 
relative flow angle in blade-
to-blade plane (referred to 
axial direction) 
radial flow angle = arc-
t a n ( F / K J 
boundary layer thickness 
boundary layer displacement 
thickness 
boundary layer momentum 
thickness 
kinematic viscosity 
density 

Subscripts 
1 = 
2 = 
3 = 
4 = 

atm = 
ax = 
H = 

/ = 
MS = 

O = 
P = 
r = 

R = 
s = 
T = 

upstream of stator I 
downstream of stator I 
upstream of stator II 
downstream of stator II 
atmospheric conditions 
axial direction 
hub 
local 
midspan 
total conditions 
profile 
radial direction 
rotating frame, rotor 
static conditions, stator 
tip 

Superscripts 
= pitchwise mass-averaged 

_ value 
= pitch- and spanwise mass-av

eraged value 
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the stator axial chord, while the distance between the two 
upstream rows is slightly smaller, 0.42 x Caxs. The rotor disk 
of 0.075-m total axial width extends to 0.007 m downstream 
of the rotor trailing edge, i.e., to X/Cax = -0 .43 from the 
leading edge of the stator II. The axial distances between the 
rotor disk and the stationary hub endwalls are kept between 
0.3 mm and 0.5 mm. 

The time-mean flow is measured with double-headed four-
hole probes as in the previous studies. Details on the experi
mental procedure are given in Table 1 (Sieverding et al., 1984). 

Table 1 Geometric characteristics of stator II 
Tip diameter, DT 
Hub diameter, DH 
Chord length, C 
Axial chord length, Cax 
Aspect ratio, H/C 
Number of blades, N 
Pitch to chord ratio, g/C, at hub, mean, tip 
Inlet blade angle, a[ 
Arccos (O/g) at hub, mean, tip 

(measured values) 

0.71 m 
0.566 m 
0.12 m 
0.087 m 
0.6 
21 
0.705; 0.795; 0.885 
7 deg 
69.0; 67.8; 66.8 deg 

Test Program and Overall Test Conditions 

Test Program. The test program consists of two series of 
tests. The first one, which forms the basis of this study, aims 
at the detailed investigation of the flow field through the stator 
II. The flow field is explored in five planes from upstream to 
downstream of the blade row (see Fig. 2). During these tests 
the leading edges of the two stators were placed circumfer-
entially on a line parallel to the tunnel axis (stators aligned, 
see Fig. 2). The axial positions of the measurement planes 
inside the passage and downstream of it coincide with those 
used by Sieverding et al. (1984). Due to the small distance 
between stator II and the upstream rotor, the inlet flow field 
of stator II is explored at X/Cax = -0 .34 instead of X/Cax 

= -0 .70 as in the case of isolated stator experiments by the 
same authors. In each plane 12 to 18 radial traverses were 
made, each full traverse from tip to hub containing 35 meas
uring points. 

The second series of tests seeks to investigate the effect of 
the upstream circumferential nonuniformities. To this end tests 
are conducted with the first stator moved circumferentially 
half a stator pitch (stators nonaligned). In this configuration, 
the flow field is explored only upstream and downstream of 
stator II. 

Test Conditions. The test conditions are summarized in Ta
ble 2. 

It should be noted that as in the previous investigations in 
the same facility a trip wire is placed radially on the blade 
suction side at X/C^. = 0.56 (X'/C = 0.35 in chordwise 
direction). This position corresponds closely to the minimum 
surface pressure. 

The value of the inlet skew correlating parameter, U/V3 us, 
for the present tests corresponds to that of the tests in isolated 
cascades with large inlet skew (JJ/VMS = 2.25) (see Boletis et 
al., 1983). However, as will be shown later, the maximum skew 
angle at the hub for the present tests is close to that generated 
during the tests with moderate inlet skew (U/VMS = 0.90). 

Detailed Investigation of the Flow Field Through the 
Stator (Stators Aligned) 

Inlet Flow Conditions 

Flow Quantities in the Relative Frame. Figure 3 presents the 
radial distribution of the pitchwise mass-averaged relative flow 
angle (3 and the modified relative total pressure coefficient 
CPQR measured at X/Cax = - 0.34 (relative to the leading edge 
of stator II). With respect to the rotor, the measurement plane 
is situated at 1.34 x CaxR from the rotor leading edge. Relative 
quantities are obtained by transforming the measured flow 
field from the absolute to the rotating frame. The relative flow 
angle 0 is referred to the axial direction and it is indicated 
positive when pointing from pressure side to suction side of 
the rotor. The modified relative total pressure coefficient 
CPQR is defined as: 

CP&R = (PoR,2(r) ~ P<M{,-i(r))/{PaR,2MS ~ ^Si) 

(a) Relative flow angle /?: The relative flow angle shows at 

Table 2 Test conditions 
Upstream of stator I, midspan 

Total pressure, Pol 
Flow angle, a, 
Turbulence, Tu, 
Rotational speed of rotor, N 

Upstream of stator II (X/Cax = 
Total pressure, P03,MS 
Flow angle, a3MS 
Radial flow angle, yiiMS 

Velocity magnitude, V3MS 

Turbulence, Tu3 
Downstream of stator II (X/Cw 

Static pressure, PS4,MS 

Reynolds number, Re4 

(based and C) 

Patm + 202. mm HzO 
0. 
0.8 percent 
940 rpm 

-0.34), midspan 
P„lm + 84.5 mm H20 
2.5 deg 
2 deg 
13.7 m/s 
14.0 percent 

1.30), midspan 
PMm + 2.5 mm H20 
2.7 x 105 

EXPECTED CURVE 
FOR ZERO 
CLEARANCE 

ARESIN IO/g)R 

55 60 65 70 75 jj 80 -.05 0 .1 .2 .3 CP,; 

Fig. 3 Flow conditions at the inlet to stator 11 (absolute frame) 

the lower half span the typical over- and underturning due to 
the rotor passage vortex. However, at the upper half span, the 
tip clearance effects modify the flow distribution considerably. 
According to Klein (1969), we distinguish three different effects 
influencing the /3-flow angle at the vicinity of the unshrouded 
rotor tip: (a) classical secondary flow effects due to the passage 
vortex at the upper half of the rotor blade passage, responsible 
for the flow underturning at Y/H = 0.76; {b) clearance flow 
effects, opposite to the first, causing the = 8 deg drop between 
Y/H = 0.86 and 0.96 in the region of the expected overturning 
for the case of zero clearance; and (c) effects of the rotation 
of the rotor blades relative to the wall, counteracting the clear
ance flow effect and causing the angle increase in the vicinity 
to the wall. 

(b) Relative total pressure loss: The rotor total pressure loss 
is presented under the form of the pressure coefficient CP{,R. 

. It should be noted that in obtaining this distribution the total 
pressure was calculated as the difference between the inlet and 
exit values at a fixed radius. Hence, radial streamline shifts 
are not accounted for. In the vicinity of the walls the part of 
the curve that can be thought of as endwall layer is very thin, 
especially at the tip region. Two high loss concentrations are 
indicated between Y/H = 0.05 and 0.30 at the lower half span 
and Y/H = 0.75 and 0.97 at the upper half. The first one 
includes mainly rotor secondary flow losses, while the second 
is much more prominent including the strong rotor tip clear-
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Fig. 4 Flow conditions at the inlet to stator II (absolute frame) 

Sv25 

ance losses. Klein attributed the shift of the maximum tip 
clearance loss away from the wall to the relative movement 
between the rotor blades and the tip endwall. 

Flow Quantities in the Absolute Frame. Figure 4 presents 
the pitchwise mass-averaged inlet flow quantities in the ab
solute frame (flow angle a in blade-to-blade plane, radial flow 
angle y, total pressure and static pressure). The corresponding 
inlet flow distributions for the tests in an isolated cascade with 
moderate inlet skew (Boletis et al., 1983) are also shown. As 
mentioned above, the inlet measurement plane for those ex
periments is situated at X/C^ = -0.70, compared to -0.34 
for the present configuration. The flow angle a is referred to 
axial direction and it is indicated positive when pointing from 
the pressure side to the suction side of the stator. The radial 
flow angle 7 is defined as the ratio of radial to axial velocity 
component: 7 = arctan(Fr/Fac). It is positive when pointing 
from hub to tip. 

(a) Flow angle a: The distribution of the absolute flow angle 
a shows very interesting features. At the hub the measurements 
show a maximum skew angle of « 25 deg, which is close to 
the value measured for the isolated stator with moderate inlet 
skew. However, the overall shape of the a-angle distribution 
at the lower half span is entirely different from that of the 
inlet skew study. Starting from the wall the flow angle decreases 
rapidly, and takes negative values at Y/H = 0.02. After passing 
through a minimum of -15 deg at Y/H = 0.05, the angle 
increases and, following an S shape, reaches free-stream con
ditions at Y/H = 0.3. At the tip region the flow angle increases 
from 22 deg at Y/H = 0.98 to a maximum value of « 32 deg 

5 y 10 Fig. 5 Evaluation of the rotor secondary flow effect on the distribution 
of the inlet flow angle a 

at Y/H = 0.88 and then decreases to the free-stream value of 
» 10 deg at Y/H = 0.80. 

It is evident that the above changes of the absolute flow 
angle distribution are closely related to the variations of the 
flow quantities in the relative frame. The effects of three in
dividual parameters can easily be distinguished: (a) the rotor 
blade design, characterized by a spanwise variation of the flow 
angle from - 4 deg at the hub to + 14 deg at the tip (see dotted 
line in Fig. 5); (b) the transposition of the endwall velocity 
profiles from the relative to the absolute frame, resulting in 
highly skewed flow angles in the vicinity of the walls; (c) the 
rotor secondary and clearance flows, causing in their zone of 
influence strong angle deviations. The individual contributions 
of the above parameters on the overall shape of the absolute 
flow angle distribution are shown in Fig. 5. It appears clearly 
that artificially generated inlet skew at the entrance to an iso
lated annular cascade by no means represents inlet conditions 
generated by an upstream stage. 

(b) Total pressure: The total pressure is presented under the 
form of the total pressure coefficient CP0. The total pressure 
coefficient is defined as 

CPo = (PoiMs-PoiV(Pm,Ms-Psd 

The CP0 distribution indicates that the free-stream flow is 
characterized by an important spanwise total pressure gradient 
(» 20 percent of the outlet dynamic head). It is surprising that 
the hub secondary loss core, which is clearly defined in the 
relative frame, is hardly recognizable in the absolute frame. 

The upstream free-stream gradients are of particular im
portance for the generation and evolution of the secondary 
flows in the blade passage as pointed out by Adkins and Smith 
(1982). Depending on their magnitude, upstream free-stream 
gradients may considerably modify the blade pressure at the 
front of the passage and therefore both the transverse and 
radial pressure gradients that are responsible for the intensity 
of the usual endwall vortex system. Another effect of free-
stream total pressure gradients is indicated by Hawthorne (1967) 
and Lighthill (1956). According to Hawthorne, weakly sheared 
flows passing over bodies such as airfoils with blunt leading 
edges generate additional radial flows. 

(c)-(rf) Radial flow angle and static pressure: The radial flow 
angle 7 is slightly positive over the largest part of the span. 
Near the hub endwall the value of the radial flow angle is in 
close agreement with that for the isolated cascade with mod
erate inlet skew, but the whole shape of the curve is quite 
different. (Note that the first recorded value of 7 is at 2 mm 
wall distance. Closer to the wall the accuracy of the radial flow 
angle measurements diminishes considerably.) The static pres
sure distribution is quite uniform along the span with a small 
exception close to the tip endwall. 
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RADIAL FLOW ANGLE 

X'Cnx X/Cax=090 X/L a x = 111 

Fig. 6 Contour plots of total pressure, static pressure, flow angle a, 
and radial flow angle at different measurement planes (stator aligned) 

Fig. 7 Radial distribution of pitchwlse averaged flow angle a and static 
pressure (stators aligned) 

Contour Plots of Total and Static Pressure, Flow Angle, 
and Radial Flow Angle. Figure 6 presents for the basic test 
series (stators aligned) the contour plots of total pressure, static 
pressure, flow angles a and 7 in the upstream plane (X/Cax = 
-0.34), in the blade passage (X/Cax = 0.40 and 0.90), and 
downstream of the blade trailing edge {X/Cax = 1.11). The 
contour plots represent views of the flow looking downstream. 
The flow field in the last measurement plane will be presented 
in a following paragraph in comparison with the results of the 
second test series. 

(a) Upstream flow: The upstream flow field is characterized 
not only by radial gradients but also by a considerable asym
metry of the flow. This is in particular the case for the total 
pressure and the flow angle a within 20 percent of the blade 
height from the walls. The fundamental reasons for these var
iations are to be looked for in the wake and the secondary 

, flows of the upstream stator persisting through the rotor. The 
experiments show that the main features of the flow field move 
in line with a circumferential displacement of the upstream 
stator blades and the inlet asymmetries are periodic with the 
first stator pitch. Nonaxisymmetry of the flow downstream of 
a turbine stage is shown by several investigators (see, e.g., 
Whitney et al., 1954). We should emphasize that this is fun
damentally different from the flow variations caused by the 
rotor itself, which are perceived by the downstream stator as 
unsteady flow effects. 
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From the tests of the isolated stator with collateral inlet 
endwall boundary layers we know that the upstream effect of 
the stator blades on the inlet flow angle extends beyond X/ 
Cax = -0.34. Due to the asymmetry of the incoming flow it 
is not possible to extract this information from the present 
tests. 

(b) Flow inside the blade passage: Compared to the upstream 
flow field the shape of the isototal pressure lines at X/Cax = 
0.40 have undergone certain modifications. The pitchwise gra
dients are strengthened in the main flow but attenuated at the 
tip endwall. The modifications at hub are moderate. The radial 
gradients are more or less preserved. As far as the static pres
sure distribution is concerned, the isolines are quasi-radial as 
in the case of the isolated cascade (Sieverding et al., 1984). 
However, compared to those tests, the pressure difference be
tween pressure and suction side is reduced by about 20 percent. 
Since the inlet angle effect at midspan (a = 2.5 deg) is neg
ligible, it must be assumed that the static pressure is affected 
mainly by the free-stream total pressure gradient. 

To evaluate the significance of the upstream flow field on 
the flow angle a distribution, let us recall that for the case of 
the isolated cascade with collateral inlet boundary layer, the 
isolines are everywhere nearly parallel to the blade pressure 
and suction side, except near the endwall, where the lines 
undergo abrupt changes due to the overturning in the boundary 
layer region. In the present case, the upper span is dominated 
by the strong inlet flow angle variations related to the rotor 
tip clearance flow. Two effects are particularly striking: 

(a) a strong wiggle distribution at Y/H = 0.85, which gives 
evidence of an unusual flow motion from the pressure side to 
the suction side, and (b) a comparatively low overturning close 
to the tip wall due to an unloading of the front part of the 
blade. At the hub the situation is not very different from that 
for a collateral inlet boundary layer except near the pressure 
side. The quick change from a positive inlet angle of 25 deg 
at the wall to negative angles of - 15 deg with 5 percent wall 
distance seems to have some compensating effect. 

The most characteristic feature of the radial flow angle dis
tribution is the strong inward motion along the pressure side 
starting from the tip and, to a lesser extent, along the upper 
suction side. The usual flow patterns related to the two passage 
vortices are hardly recognizable. The main agent for the 7 
distribution seems to be the total pressure gradient. Lighthill 
(1956), for a simple case of an inflow with a quasi-linear total 
pressure gradient passing over a cylindrical body, has calcu
lated that a secondary flow motion is formed directed inward. 
This motion amplifies or attenuates locally the radial flows 
associated with the usual endwall vortex system. 

Proceeding to X/Cax = 0.90, we observe that the nonuni
form distribution of the inlet free-stream total pressure in radial 
direction is preserved through the stator passage. We also note 
a considerable increase of the total pressure loss in both blade 
suction side corners. However, the characteristic feature of the 
total pressure flow field is the concentration of low-momentum 
material on the blade suction side at ~ 35 percent of the blade 
height from the tip. This is underlined by highly negative radial 
flow angles. The loss core includes low-momentum boundary 
layer material fed in from the endwall-suction side corner loss 
core and losses due to the interference of the tip endwall cross-
flow with the main flow along the blade suction surface. The 
low-momentum material moves along the blade suction surface 
toward lower span wise positions. 

Compared to X/Cax = 0.40, the position of the maximum 
flow overturning at {he hub endwall at X/Cax = 0.90 is closer 
to the suction side corner. The static pressure distribution is 
dominated by the radial pressure gradient due to blade design 
and it is very similar to that measured in isolated cascades, 
except at the hub. 

(c) Flow outside the blade passage: The most characteristic 
feature of the outlet flow field is the radial migration of low-
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Fig. 8 Radial distribution of the exit total pressure loss (stators aligned) 

momentum material through the wake indicated by high neg
ative radial flow angles (maximum values of up to - 32 deg). 
This radial migration is first of all to be attributed to the radial 
static pressure gradient (see also Sieverding et al., 1984), but 
in the present case the radial motion is augmented by the 
particular inlet flow conditions, i.e., rotor tip clearance flow 
and span wise total pressure gradients. Under their influence 
the spanwise motion of low-momentum material starts already 
on the suction side, resulting in a loss core at ~ 35 percent of 
the blade height distance from the tip. These effects appear 
now further amplified in the downstream plane. The negative 
flow angle region exceeds by far the normal wake width over 
most of the blade height and the wake itself shows a charac
teristic outgrowth at about midspan. 

It is interesting to compare the radial flow angle distribution 
in the downstream plane with that obtained in an isolated 
cascade with inlet skew generated through a rotating upstream 
hub endwall (Boletis et al., 1983). In the latter case the hub 
inlet skew caused a radial outward motion, which violently 
counteracted the radial inward motion due to the radial pres
sure gradient. However, the inlet skew generated by the ro
tating hub is not at all representative of that generated by an 
upstream rotor, as indicated before. 

Spanwise Distribution of the Pitchwise-Averaged Flow 
Angles, Static Pressure, and Losses. Figure 7(a) presents the 
axial evolution of the spanwise distribution of the pitchwise-
averaged flow angle a. The data are compared with those of 
the tests with collateral inlet endwall boundary layer (Sieverd
ing et al., 1983). The overall inlet flow angle variation indicated 
by the dotted line in Fig. 5 is rapidly straightened out in the 
front part of the blade passage but there remain important 
differences &tX/Cax = 0.40 with respect to the isolated cascade 
with collateral inlet endwall boundary layer. The most striking 
difference is of course the strong local increase of a between 
Y/H = 0.7 and 0.93, which is related to the rotor tip clearance 
flow. This overturning is conserved throughout the stator. It 
decreases in intensity but it gains in spanwise extension and 
covers at the exit more than 50 percent of the blade height. 

The overturning associated with the tip endwall boundary 
layer is from the beginning rather small and remains always 
smaller than that for the reference case. The overturning at 
the lower endwall within the cascade is very similar to that of 
the reference case, which indicates that the S-type inlet skew 
produced by the upstream rotor influences the stator flow much 
less than a simple crossflow profile (see Boletis et al., 1983). 
However, downstream certain differences appear, notably an 
inversion of the overturning trend for the present case. This 
flow angle decrease at the wall is to be attributed to either a 
strong rear suction side endwall corner separation or a corner 
vortex. 

The status of the boundary layer in this endwall region is 
uncertain. Of course, the trip wire on the suction side at X/ 
Cax = 0.35 triggers the boundary layer, thus avoiding any 
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Fig. 9 Comparison of the detailed flow field at X/C„ = 1.30 (present 
tests with the stators aligned and nonaligned) 

major boundary layer separation, which might be expected 
otherwise due to the rather low Reynolds number. However, 
due to the downwash of the flow on the rear suction side, the 
flow in the rear tip region is not affected by the trip wire. 
Instead, this region is dominated by endwall boundary layer 
crossflows, the complex three-dimensional nature of which 
does not readily lend itself to an interpretation in terms of 
classical integral boundary layer values. 

The exit static pressure distributions are presented in Fig. 
lib) in comparison with that of the tests reported by Sieverding 
et al. (1984) (at X/C^ = 1.30). It is important to note that, 
in spite of the fact that the inlet conditions were fundamentally 
changed between the two tests, the exit static pressure shows 
only small local differences. The definite rise of the static 
pressure (CPS decrease) at the hub endwall during the present 
tests is closely related to the local flow angle underturning. 

The radial distribution of the total pressure loss in the two 
downstream planes is shown in Fig. 8. The presentation under 
the form of the modified total pressure loss coefficient CP£ 
allows the comparison with the tests in isolated cascades. (The 
modified total pressure loss coefficient CP0' compares the up
stream and downstream total pressures at the same radial lo
cation contrary to the coefficient CP0 used in Figs. 4 and 6, 
which refers all pressures to the average midspan total pres
sure.) Attention must be drawn to the fact that the streamlines 
do not move on cylindrical surfaces through the blade passage 
(this is more pronounced at the tip endwall region). Over sig
nificant parts of the blade height, the losses in the present tests 
are lower than for the reference case. The tip endwall losses 
are, on the contrary, considerably higher. The overall losses 
measured in the two exit planes are CP0 = 4.6 and 6.0 percent 
compared to 4.7 and 6.2 percent for the tests in an isolated 
cascade with a collateral inlet endwall boundary layer. These 
values indicate only net losses generated in the blade passage. 

Effects of the Upstream Circumferential Nonuniform-
ities 

The rotor exit flow field is characterized by circumferential 
nonuniformities. The question arises whether variations of this 
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Fig. 10 Radial distribution of flow angle a and total pressure loss at 
X/Cax = 1.30 (present tests with the stators aligned and nonaligned) 

nature and magnitude are sufficient to affect significantly the 
flow field in a following stator. Apparently, nobody has yet 
attempted to quantify the significance of this matter for turbine 
blade rows. However, Okiishi (1979) in a study in a multistage 
compressor machine has reported that circumferential non-
uniformities at the exit of a compressor stage influence con
siderably the flow field of a following stator. He indicated that 
stationary blade row wake segments exiting from the rotors 
were attenuated very little as they passed through the down
stream blade row and had a discernible influence on that blade 
row exit flow. In most instances, the shape of a stator exit 
flow field was dependent on the position of that stator blade 
leading edge relative to the incoming stationary flow pattern. 

Since the attenuation of stator wake flows in turbine rotors 
is much smaller than in compressor rotors (see Smith, 1966), 
the necessity of a study in turbine passage is manifest. The 
.complementary test with the two stators nonaligned in com
parison with the results of the basic study with the two stators 
aligned seeks to determine the effect of the upstream circum
ferential nonuniformities for the present case. Note that the 
test configuration with nonaligned stators presents a circum
ferential shift of the first stator with respect to the second 
stator by half a pitch. 

The mean inlet flow distributions are presented in Fig. 4 
with those of the basic tests. Since it is only the circumferential 
position of the upstream flow field that changes, the average 
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inlet flow distributions for the two tests are practically iden
tical. The small differences of the flow angle a values between 
Y/H = 0.05 and 0.20 have probably to be attributed to the 
upstream effect of the stator. 

Figure 9 presents the detailed flow field at X/Cax = 1.30 
for the tests with the two stators nonaligned in comparison 
with the basic tests. As in Fig. 6, the contour plots represent 
views of the flow looking downstream. Since the effect on the 
static pressure distribution is almost null, we restrict the com
parison to the total pressure, flow angle a, and radial flow 
angle y contour plots. The biggest differences occur below Y/ 
H = 0.60. One observes notably at midspan a larger outgrowth 
of the wake and in the hub region a shift of the 30 percent 
loss core toward the hub, a decrease of the overturning angle, 
and an extension of the zone with positive a values on the left 
side of the wake. The stator alignment affects also the spanwise 
distribution of the pitch-averaged flow angle a and modified 
total pressure coefficient CP0' (see Fig. 10). Of highest interest 
are local angle deviations between the two different stator 
alignments by up to 2.5 deg. The pitch- and span wise-averaged 
total pressure coefficient is not affected. The overall losses 
remain constant (CP0 = 6.0 percent). 

Conclusions 
The inlet flow conditions to a turbine stator preceded by a 

full stage are considerably different from those generated in 
isolated cascades. In particular, the shape of the inlet flow 
angle a and total pressure distributions are affected by radial 
free-stream gradients and rotor secondary and clearance flows. 
Artificially generated inlet skew at the entrance to an isolated 
cascade is not representative of inlet conditions generated by 
an upstream stage. 

The flow field in the stator blade row is strongly influenced 
by the combined action of the rotor clearance flow and the 
free-stream total pressure gradient. They augment the effects 
of the radial static pressure gradient generated within the blade 
row causing a significant radial migration of low-momentum 
boundary layer material along the rear suction side. The span-
wise angle variation induced by the rotor tip clearance flow 
persists throughout the passage. At the hub, the inlet shear is 
rapidly straightened out by the bend. 

Downstream of the cascade the rotor tip clearance effects 
influence the angle distribution over the entire upper span. 
Compared to a cascade with collateral inlet flow the distri
bution has an entirely different shape and the angles differ by 
as much as 7 deg. At the hub, the effect of the rotor produced 
inlet shear on the outlet flow angle is limited to Y/H < 0.15. 

The spanwise static pressure distributions are hardly affected 
by the upstream stage and the loss distributions are similar to 
that found in a single stator with collateral inlet flow. 

Inlet circumferential nonuniformities affect both the exit 
flow angle and total pressure distributions but not the overall 
amount of losses. 

Further tests with a better rotor design to provide more 
uniform inlet flow conditions to the downstream stator and 
smaller rotor tip clearances should be of highest interest. 
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A P P E N D I X 

Blade Profile Coordinates 
X 

0 
1.08 
2.40 
4.20 
6.60 
9.00 

11.40 
13.80 
16.20 
19.02 
21.00 
23.40 
25.80 
28.20 
30.60 
33.00 
35.40 
37.80 
40.20 
42.60 
45.00 
46.80 
48.60 
50.82 
52.80 
55.20 
57.60 
60.00 
62.04 
64.08 
66.00 
67.80 
69.60 
72.00 
74.40 
77.10 
79.20 
81.60 
83.40 
85.20 
86.88 

Y 

0 
- 4.08 
- 5.76 
- 7.14 
- 8.40 
- 9.36 
-10.20 
-10.80 
-11.22 
-11.58 
-11.70 
-11.64 
-11.46 
-11.16 
-10.56 
- 9.84 
- 8.88 
- 7.74 
- 6.36 
- 4.68 
- 2.88 
- 1.26 

0.48 
2.76 
5.10 
8.22 

11.58 
15.24 
18.36 
21.66 
24.90 
28.08 
31.44 
36.24 
41.40 
47.70 
52.92 
59.58 
65.10 
71.46 
78.96 

Y 
-* press.s 
0 
4.08 
5.76 
7.14 
8.04 
8.64 
9.36 

10.08 
10.92 
11.94 
12.72 
13.80 
14.88 
16.14 
17.52 
18.96 
20.52 
22.20 
23.94 
25.80 
27.84 
29.40 
31.15 
33.36 
35.46 
38.10 
40.92 
44.04 
46.74 
49.62 
52.32 
55.02 
57.72 
61.44 
65.16 
69.49 
72.96 
76.92 
80.04 
80.88 
78.96 

The table presents the coordinates of the blade section in a 
flat plane perpendicular to the blade stacking line (Fig. 2) at 
the proper stagger angle of 42.5 deg (referred to axial direc
tion). The corresponding coordinates on cylindrical surfaces 
can easily be derived. Trailing and leading edges are rounded. 
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Simulating Boundary Layer 
Transition With Low-Reynolds-
Number k-e Turbulence Models: 
Part 1—An Evaluation of 
Prediction Characteristics 
An analysis and evaluation of the capability of k-e low-Reynolds-number tur
bulence models to predict transition in external boundary-layer flows subject to free-
stream turbulence is presented. The similarities between the near-wall cross-stream 
regions in a fully turbulent boundary layer and the progressive stages through which 
developing boundary layers pass in the streamwise direction are used to describe the 
mechanisms by which the models simulate the transition process. Two representative 
models {Jones and Launder, 1972; Lam and Bremhorst, 1981) are employed in a 
series of computational tests designed to answer some specific practical questions 
about the ability of these models to yield accurate, reliable answers over a range of 
free-stream turbulence conditions. 

Introduction 
Of the factors hindering the accurate prediction of external 

heat transfer on gas turbine blades, one of the more significant 
is boundary-layer transition (see, for example, Graham, 
1979). Transition is a complex phenomenon and is influenced 
by a variety of factors. The Reynolds number, free-stream tur
bulence, pressure gradient, surface roughness, and streamline 
curvature are just some of the factors that have been shown to 
influence this process. However, even under the simplest of 
flow conditions, i.e., transition occurring on a flat plate under 
a relatively quiescent free-stream flow, the process is complex. 
For this case the transition process begins with the formation 
of two-dimensional Tollmien-Schlichting waves moving in the 
direction of the flow. The flow becomes three dimensional as 
these waves develop span wise variations and are amplified. 
From then on there is a cascade of vortex breakdowns that end 
in fully three-dimensional fluctuations of an almost random 
nature. This has been characterized experimentally as small 
"bursts" of turbulence occurring at random locations and 
spreading laterally downstream, eventually engulfing the en
tire boundary layer. The final stages of this process are 
manifested very clearly by a relatively sharp increase in the 
skin friction coefficient, and also, in the case of heat transfer, 
in a sharp increase in the Stanton number. 

Of the external factors influencing boundary layer transi
tion, one of the most dominant is the magnitude of the free-
stream turbulence intensity. As a characteristic of the free 
stream, it provides a continuous source of energetic dis-
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turbances that are entrained into the boundary layer as it 
grows. This alters the nature of the boundary layer and affects 
the transition process, promoting a dramatic decrease in the 
laminar pretransition length. In addition, spanwise variations 
in large-scale structures, and also in the resulting time-
averaged quantities such as the skin friction coefficient and 
the Stanton number, are suppressed. Experiments have shown 
that quantities such as the momentum thickness Reynolds 
number at the beginning of transition can be correlated to 
Tue, and a number of such correlations have been proposed. 
One of the most recent is that of Abu-Ghannam and Shaw 
(1980). 

The development of transition models has naturally fol
lowed from the information gained in experiments. From an 
engineering perspective, the purpose of these models is 
generally to provide answers to the questions: (1) "Where is 
the effective start of transition?"; (2) "At what point is transi
tion complete?", and (3) "In what manner do the boundary 
layer properties of interest vary during the process?" Since the 
completion of transition implies a turbulent state of the 
boundary layer, these models are generally developed within 
the framework of a turbulence model. For example, if a "mix
ing length" turbulence model is employed, a typical calcula
tion might proceed as follows. The calculation begins by solv
ing the laminar boundary layer equations from a starting loca
tion very near the leading edge or stagnation point. The com
putation proceeds by marching in the streamwise direction un
til the Reynolds number is equal to some critical value as given 
by a correlation. At this point, an algebraic function is in
troduced in the equations to vary the turbulent viscosity con
tinuously from zero to an appropriate value as predicted by 
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the turbulence model. The distance over which this occurs 
would be determined by an additional correlation. 

Transition models developed within the framework of mix
ing length type models are relatively common and have been 
used in many applications. These methods are practical, 
relatively inexpensive, and work fairly well when within the 
range of the experimental data on which the correlations are 
based. An excellent summary and evaluation of many of these 
has recently been reported by Park and Simon (1987). Unfor
tunately, these methods have proven difficult to extend and 
modify such that transition is reliably predicted in the variety 
of interacting and complex flow conditions such as might oc
cur on a turbine blade. Thus engineers have continued to ex
plore other ways of solving the problem. 

About eighteen years ago Jones and Launder (1972, 1973) 
published their work on the introduction of so-called "low 
Reynolds number" (hereafter referred to as LRN) functions 
into the framework of a k-e two-equation turbulence model. 
Since that time a variety of other models introducing similar 
types of functions have been suggested by other researchers 
(see Patel et al., 1985, for an excellent review). These func
tions modify and/6r add to certain terms in the k and e 
transport equations such that near-wall damping effects are 
simulated. (It should be noted that these functions have 
almost all been formulated and applied only within the 
framework of boundary layer flow along a wall, where 
marching techniques can be applied to the resulting parabolic 
boundary layer equations. The generalization of these models 
to less restrictive conditions has not as yet been pursued, and 
thus these models are currently not suitable for implementa
tion in a general purpose three-dimensional Navier-Stokes 
code.) 

At first, LRN k-e models were applied to the calculation of 
flow in pipes, channels, and turbulent external boundary 
layers. Two of the notable successes of these models were the 
prediction of the correct Reynolds number at which pipe flow 
became turbulent, and the relaminarization of a turbulent 
boundary layer under a large accelerating pressure gradient. 
Perhaps inspired by the success in these areas, it appears that 
Pridden (1975; also see Launder and Spalding, 1974) was the 
first to consider the potential of these models to simulate 
boundary layer transition under the influence of free-stream 
turbulence. 

The nature of two-equation LRN turbulence models makes 
them attractive as potential predictive tools for transitional 
boundary layers. First, the LRN functions within the models 
are implemented such that an independent model for transi

tion seems unnecessary (i.e., the transition model is built in). 
Furthermore, because these models have the capability of 
describing processes associated with nonequilibrium flow con
ditions, a broader range of problems might be modeled with 
less empirical input. 

In the years since this potential was realized, a number of 
papers have been published demonstrating the use of these 
types of models in predicting external boundary layer transi
tion. These include the work of Wilcox (1975, 1977, 1979), 
Dutoya and Mitchard (1981), Arad et al. (1982), Hylton et al. 
(1983), Wang et al. (1985), and especially that of Scheuerer 
(1983), and Rodi and Scheuerer (1985a, 1985b). However, our 
experience indicated that there still existed certain issues re
garding the practical implementation and accuracy of methods 
of this type that had not been adequately addressed in 
previously published work. In particular, some important 
questions concerning initial profile specification, starting loca
tion sensitivity, and the relative accuracy of these models in 
predicting the correct location and length of the transition 
region over a range of free-stream turbulence intensities re
mained unanswered. It was also felt that a comparison of the 
predictions from two different models would be beneficial. 

Motivated by these issues, the authors embarked on the task 
of evaluating the use of these models and considering ways in 
which they might be improved. Preliminary results of this 
work dealing only with flat-plate zero-pressure-gradient flows 
were previously presented (Schmidt and Patankar, 1987). 
However, further work has been completed, which both 
significantly expands upon and slightly revises these previous 
results. In this paper (Part 1) and its companion (Part 2), the 
salient results of this effort are presented. 

We will begin by describing why the transition process is 
simulated when using two-equation k-e LRN models, thereby 
clarifying the conditions under which we can expect these 
models to be useful. With this as background, the results of a 
series of computational tests will be presented and discussed. 
For conducting these computational experiments, two dif
ferent but representative LRN models designed for use with a 
standard k-e two-equation turbulence model were applied. 
The models chosen were those of Lam and Bremhorst (1981) 
and Jones and Launder (1972, 1973). 

The Boundary Layer Equations 

If the flow is assumed to be steady and two dimensional, 
and conventional time-averaging is employed, then the follow
ing equations govern the velocity within the boundary layer: 

cf 

Cj, C2, Ch 

D,E 

J\> J2> J ft 

k 

Re, 

Re, 

Ree,i> Ree,£ 

= skin friction 
coefficient 

= constants in the k-e 
turbulence model 

= empirical functions 
used in some LRN 
models (see Table 2) 

= empirical functions 
introduced in LRN 
models (see Table 2) 

= turbulent kinetic 
energy 

= Reynolds number 
based on x 

= momentum thickness 
Reynolds number 

= values of Ree at the 

Re, 

Re, 

Tu 
U, V 

u'v' 

X 

y 

5 

start and end of 

transition 
= a Reynolds number 

defined as k2/ve 
= a Reynolds number 

defined as yfky/v 
= turbulence intensity 
= mean velocities in 

the x and y 
directions 

= apparent turbulent 
stress 

= streamwise distance 
from the leading 
edge 

= cross-stream distance 
from the wall 

= boundary layer 
thickness 

€ 

V-
Pi 

V 

P 
°k> ae 

Subscripts 
e 

i 

= dissipation rate 
= molecular viscosity 
= eddy or turbulent 

viscosity 
= kinematic 

viscosity = p.lp 
= fluid density 
= empirical constants 

in the k-e turbulence 
model 

= denoting free-stream 
value 

= denoting value at the 
initial starting 
location 
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Continuity: 

{PU) + —-(pV) = 0 
dx dy 

(1) 

x-Motnentum: 

rr( d U \ fAdU\ dP 

dx ^ _pM v j dy \ dy 

(2) 

The quantities C/and Fare the time-averaged mean velocities, 
and u' and v' are the instantaneous velocity fluctuations. The 
overbar implies a time-averaged quantity, the prime a fluc
tuating quantity, and the tilde over V indicates a mass-
weighted averaging where 

(3) pV=pV+p'v' 

With the specification of initial starting conditions, ap
propriate boundary conditions, and a turbulence model for 
the turbulent shear stress, these equations can be solved. The 
numerical solution method used was the finite difference ap
proach of Patankar and Spalding (1970) for boundary layer 
flows. The streamwise step size was restricted to some fraction 
of the calculated momentum thickness (generally about 0.5), 
and tests made to assure the solution was independent of this 
choice. A variable grid consisting of 88 grid points (refined 
significantly near the wall) was used for all the calculations 
presented. Tests showed that the grid thus specified was suffi
ciently refined to yield essentially grid-independent results. 
Greater details with respect to the numerical methods and 
coding can be found from Schmidt (1987). 

The Low-Reynolds-Number Turbulence Models 

Although many proposals have been suggested for intro
ducing LRN functions into the k-e turbulence model, it is 
possible to generalize these variations by writing the basic 
equations in a manner described by Patel et al. (1985). We 
begin by defining the turbulent viscosity as 

N=pC/,~ (4) 

where C^ is a constant, / is one of the LRN functions to be 
described, and k and e are the turbulent kinetic energy and 
dissipation rate function, respectively. The tilde has been 
placed over e so that differences between the meaning of e used 
in the various models can be clarified. We define 

e = e-D (5) 

where in some models the quantity D is assigned to be a func
tion of k. This change of variables is used in some models to 
provide a means whereby the wall boundary condition in the 6 
equation can be specified as zero. More will be explained 
about this later. 

The transport equations for k and e can be written as 

dk - dk 
pU^— + PV-

dx 

pU-
de 

dy 

- de 

dy 

+ /*/(-

((--*-)-£-} 
dU\2 

dy 

dy 

•J ~p(e + D) (6) 

+>*±-M<r-*-K] dx dy dy 

In the free-stream these equation reduce to 

(7) 

c» 
0.09 

Table 1 The k-t turbulence model constants 

C, C2 ak 

1.44 1.92 1.0 

Table 2 The low-Reynolds-number functions 
Jones-Launder and Lam-Bremhorst models 

°e 
1.3 

used in 

Jones-Launder model Lam-Bremhorst model 

the 

3.4 
f> e X P ( l . + .02Re,)> 

1.0 A 

Si 

E 

D 

] (l-exp(-0.0163Re>,))2(l+20Re/) 

1.0+ ( -
'0.055N 3 

IT' 

1.0-0.3exp(-Re2) 

/ dU\2 

1.0-exp (-Re2) 

0 

0 

U„-

Ur-

dke 

dx 
dee 

dx -=-c7-

(8) 

(9) 

which can be solved independently of equations (6) and (7) to 
provide the boundary conditions at the outer edge. Note that 
for the purposes of this paper, we will be assuming that the 
free-stream turbulence is both approximately constant and 
homogeneous. This implies that ee is small and that the 
following relationship between turbulence intensity and tur
bulent kinetic energy holds: 

ke = 1.5(TueUe)
2 (10) 

Contained within equations (4)-(7) are five empirical con
stants: C,,, C], C2, ok, <re, and five empirical functions:/M,/i, 
/ 2 , D, and E. The five constants all pertain to conditions away 
from very near the wall (i.e., determined independently of 
LRN model considerations), and only small differences exist 
between the values recommended by most current researchers. 
The values used in this work, given in Table 1, are those sug
gested as "standard" by Launder and Spalding (1974). 

Turbulent motions immediately adjacent to solid walls are 
significantly influenced by the presence of the wall. Here the 
magnitude of the effective turbulent viscosity becomes small, 
the effects of molecular viscosity become important, and the 
standard k-t equations are no longer valid. One of the ap
proaches to dealing with this is to introduce special functions 
into the equations, and a variety of different suggestions for 
the functions/ , fi , / 2 , D, and E have been made. These func
tions provide a modifying influence on the k-e model in the 
very near wall region, thus extending the validity of the equa
tions clear through the viscous sublayer to the wall. Various 
models have these functions dependent on one or more tur
bulent Reynolds numbers (Re,, Re^,; see nomenclature for 
definitions), or the inner wall coordinate^"1". A good discus
sion of these functions is given by Patel et al. (1985) and the 
reader is referred there for a description of each of these func
tions individually. 

The specific LRN functions of the Jones-Launder model 
and of the Lam-Bremhorst model as used in this work are 
given in Table 2. These two models were chosen for closer 
evaluation here for a number of reasons. First, they both have 
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seen application to a variety of different flows by a number of 
independent researchers. Furthermore, both have been ap
plied by previous researchers to predict transitional flows on 
turbine blades. Second, when compared with other LRN k-e 
models as reported by Patel et al. (1985), they were shown to 
be among the better models at predicting the characteristics of 
fully turbulent flow. Third, they represent two somewhat dif
ferent approaches to introducing LRN modifications. 

The major differences between these models stem from two 
basic choices: what dissipation rate variable to use, and how to 
functionalize/^. A brief discussion of these is of value and will 
now follow. 

Exactly at the wall, the value of k must go to zero. 
However, it can be shown that the dissipation rate e does not. 
The wall boundary condition for e is 

fully laminar 

d2k 
y = 0 dy2 y = 0 

(11) 

For computational reasons, some models, including that of 
Jones and Launder, have avoided this boundary condition by 
introducing a change of variables. By choosing a function D in 
equation (5) such that D I =0, the boundary condition 
for the variable e becomes zero. The function D shown for the 
Jones-Launder model in Table 2 is one such choice, which 
allows e to be specified as zero at the wall. The 
Lam-Bremhorst model on the other hand introduces no such 
change of variables. 

It should be noted that the original approach of Lam and 
Bremhorst was to apply the boundary condition (11) directly. 
However, Patel et al. (1985) found that due to the influence of 
the other LRN functions chosen, the computations are 
relatively insensitive to this boundary condition, and the 
simpler condition 

de 
= 0 

y = 0 
(12) 

can be applied without any change in predictions. 
Another significant difference between these models is the 

choice of independent variables used in correlating the f^ 
function. In the case of Jones and Launder, a single parameter 
correlation with Re, is introduced. This implies only an in
direct effect of the wall through the variables k and e. In con
trast, the Lam-Bremhorst formulation makes/^ a function of 
both Re, and Rey, which introduces a direct dependence on 
the relative proximity of the wall. The details of how each of 
the other functions were chosen can be found in the original 
papers by Lam and Bremhorst (1981), and by Jones and 
Launder (1972, 1973). It is important to recognize that 
although some of the functional dependence chosen can be 
justified directly through empirical or physical arguments, 
other choices were in essence ad hoc. 

How LRN k-e Models Simulate Transition 

The k and e equations solved in our boundary layer calcula
tions are simply advection diffusion equations with a par
ticular set of nonlinear source terms. The LRN functions in
corporated into the various models have each been derived 
after considering near-wall experimental data for fully tur
bulent channel and boundary layer flows. Stability or transi
tion criteria were not factors used in formulating the LRN 
functions in any of these models. However, when applied to 
boundary layer flows with free-stream turbulence, a simula
tion of transition is clearly provided, and the predicted 
behavior does mimic some aspects of the physical behavior we 
generally associate with stability theory. This comes through 
the nature of the LRN function "near-wall" effects on the 
source terms in the k and e equations. 

Fig. 1 Development of the turbulent kinetic energy profiles as 
simulated by the Lam-Bremhorst model 

Consider the well-known near-wall behavior of a turbulent 
boundary layer. Descriptions of its structure generally refer to 
at least three regions: the viscous sublayer immediately adja
cent to the wall, the outer turbulent "law of the wall" region, 
and the so-called buffer region between. Transposing in our 
minds the streamwise x coordinate with the cross-stream y 
coordinate, we see the following correspondence: 

developing laminar boundary layer «-> 
transitional region «-> 

turbulent boundary layer <-> 

viscous sublayer 
buffer layer 
turbulent "law 
of the wall" 
region 

Now consider a boundary layer developing on a flat plate 
where the free-stream flow is turbulent. When the boundary 
layer thickness is very thin, such as is the case at low Reynolds 
numbers (Rex), the edge of the boundary layer only extends 
out to a relatively small.)'4 . Thus the LRN functions, designed 
to simulate the proper viscous sublayer in a turbulent bound
ary layer, also damp out any turbulent production that would 
otherwise occur due to the influx of turbulent energy from the 
free stream. As the boundary layer grows and its edge extends 
to larger and larger values of y+, the LRN functions no longer 
suppress the modeled turbulence production term and the 
computed boundary layer profiles proceed through a 
simulated transition. The computational process thus 
qualitatively mimics the functional relationship between tran
sition and Reynolds number that we normally associate with 
stability theory. 

The correspondence that exists between the near-wall cross-
stream regions in a fully turbulent boundary layer, and the 
progressive stages through which developing boundary layers 
pass in the streamwise direction, is the basic reason why k-e 
LRN models are able to reproduce correctly certain qualitative 
aspects of boundary-layer transition with free-stream 
turbulence. 

It is useful here to illustrate this process with a calculation 
made with the Lam-Bremhorst model. Figure 1 shows the 
typical development of the turbulent kinetic energy profiles as 
the simulated flow proceeds from a laminar to a turbulent 
state. Initially, the kinetic energy profile is monotonic, in
creasing slowly from zero at the wall to ke at the boundary. As 
the calculations march downstream, turbulent kinetic energy 
from the free stream is convected and diffused into the 
boundary layer. As this continues, the production term in the 
model (Pk = nl(dU/dy)2) starts to become significant. This in 
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turn increases the local value of k, and thus n, (see equation 
(6)). This process feeds on itself, causing the rapid increase in 
k shown. Note that a large overshoot occurs initially, then 
slowly decays until the parameters achieve a relatively stable 
state due to the LRN functions and the wall boundary 
conditions. 

This process is initially controlled by the convection and dif
fusion of k into the boundary layer from the free stream. 
However, although the transport of k into the boundary layer 
is a necessary first step, it is not the whole story, for it is the in
teraction of this influx of k with the nonlinear source terms in 
the k and e equations that drives the solution through a 
simulated transition to the turbulent state. It should also be 
noted that these models (in their present forms) cannot predict 
transition when the free stream is perfectly quiescent (i.e., 
there is no free-stream k to transport into the boundary layer). 

Evaluating the Transition Prediction Characteristics 

That k-e LRN models do simulate a transition process is 
known, and the mechanism by which this occurs has just been 
described. However, their usefulness in predicting boundary 
layer transition can only be realized if quantitatively accurate 
predictions over a broad range of conditions can be made 
without ambiguities in the specification of starting conditions. 
To help evaluate this potential, a series of numerical ex
periments were performed to test the transition prediction 
characteristics of both the Lam-Bremhorst and the 
Jones-Launder LRN k-e turbulence models. In particular, 
answers to the following three questions have been sought 
through the completion of these tests: 

1 How important to the transition predictions is the 
specification of the initial profiles of k and e? 

2 How important to the transition predictions is the exact 
location at which the calculations are started? 

3 What are the quantitative differences in the transition 
predictions when the free-stream turbulence varies and how do 
these predictions compare with experimental evidence? 

Prior to transition, we expect the velocity boundary layer to 
behave at least approximately like a simple laminar boundary 
layer. Although this approximation degenerates as the free-
stream turbulence becomes large, in harmony with the 
previous work of others we follow this practice in all of the 
calculations to be presented here. 

Sensitivity to Starting Profiles of k and e. When perform
ing a calculation to predict transition, a marching-type solu
tion procedure must obviously start somewhere prior to where 
transition will occur. Unfortunately, very few experimental 
data exist in the literature to guide us in specifying the initial 
profiles for k and e prior to transition. The only applicable 
work of which we are aware is that of Dyban et al. (1976). 
They report measured w'2values through a "pseudo-laminar" 
boundary layer at Rex = 6.2xl03, and for several different 
levels of free-stream turbulence. However, the limited nature 
of the data presented makes it difficult to justify basing one's 
calculations upon it. From a practical standpoint, the impor
tance of knowing the correct initial profiles of k and e depends 
entirely upon how sensitive the results are to these values. 
Thus a number of basically ad-hoc methods, based primarily 
on the known boundary conditions and intuition, have been 
implemented in previous work. One such practice is that pro
posed by Rodi and Scheuerer (1985a, 1985b). They chose to 
set 

k = k\-[f-) ' " = 2 (13) 

/ dU\ 
e = alk{-j-) , e>ee (14) 

where the initial starting location x, is located such that 
Re9<100, and ax is an empirical function correlated to the 
free-stream turbulence intensity. 

The nature of these equations is such that they also provide 
a convenient way to vary the initial profiles of k and e. For ex
ample, choosing n large reduces the k profile, while setting al 
large increases the magnitude of the e profile. Since increasing 
e tends to decrease k, the combination of specifying both n 
and «j as large yields a starting profile with essentially no tur
bulent kinetic energy' except at the free-stream edge. 

To evaluate the sensitivity of the calculations to the 
specification of these profiles, calculations were performed 
for the following conditions but with two distinctly different 
starting profiles and at two different starting locations: 

• Tue = const = 3.00 percent (ee was set very small; see 
equations (8) and (9)) 

• dP/dx = 0 (constant velocity) 
• Flat plate (no curvature) 

The two profiles considered correspond to n = 2, at =0.315 
(the recommended values of Rodi and Scheuerer at this Tue), 
and n = 8, a, =2.0. The two starting locations were 
Rex = 2.27xl04 and Rex = 1.0xl03. Note that these values 
correspond to Re,, = 100 and Ree =21, respectively. When us
ing the Jones-Launder model, which uses the modified 
dissipation variable e, equation (14) was slightly modified by 
removing the restriction e > ee. This allowed e to decrease to 
zero at the wall. To represent the calculated transition process, 
we will plot the coefficient of friction {Cf) versus Reynolds 
number based on x (Rex). 

Figures 2 and 3 are plots of the calculated variation in Cf 
versus Rê . for the four test cases described using the 
Jones-Launder and Lam-Bremhorst LRN models, respective
ly. Examination of these figures leads to the following general 
conclusions, which appear valid for both models: 

• At any given starting location, specifying a k profile with 
the least amount of turbulent kinetic energy results in the 
onset of transition beginning at the farthest downstream 
location. 

• The sensitivity of the transition predictions to the initial 
profiles of k and e decreases as the starting location moves 
upstream, eventually becoming indepedent of these profiles. 

Taken together, these observations yield another important 
conclusion about these tests: 

• Appropriate specification of initial profiles at 
Rej. = 2.27x 104 (A and B) would yield transition predictions 
identical to either of those that were started at Rex = 1.0 X 103 

(C and D). However, it is not possible to specify any profiles 
that, when starting the calculations at Rex= l.Ox 103, would 
yield transition predictions identical to either of those that 
were started at Re,,. = 2.27 x 104. 

This last conclusion is especially important in relation to 
choosing a starting location for the calculation. It stems from 
the transition process (as simulated in these models) being 
strongly controlled by the transport of k into the boundary 
layer. By moving the starting location upstream, you effective
ly increase the region over which k will have been diffused and 
convected into the boundary layer before reaching any par
ticular downstream location. The next set of tests will further 
clarify this point. 

Although the abovementioned conclusions can be applied to 
both models, obvious differences between the transition 
predictions also exist. Because the differences between e and e 
mean that the starting profiles as applied to the two models are 
not exactly the same, some care must be used in comparing the 
two results directly. However, it is quite clear that the 
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Fig. 5 Plot of Cf versus Rex for different starting locations; 
Lam-Bremhorst model 

Jones-Launder model tends to predict transition farther 
downstream than the Lam-Bremhorst model. Tests to be 
presented in the succeeding sections will be beneficial in clari
fying these differences also. 

Sensitivity to the Starting Location. To explore further the 
sensitivity of the predictions to the initial starting location, a 
set of calculations were made with identical initial profiles 
(scaled on 8) but at different starting locations. The basic con
ditions were the same as the calculations presented previously, 
i.e., Tue = 3 percent, dP/dx=0, flat plate. The initial profiles 
for k and e were specified using equations (13) and (14) but 
with « = 8, ay =2. These are the same specifications used in 
runs B and D in Figs. 2 and 3. Recall that this will yield transi
tion at the farthest downstream location. 

Figures 4 and 5 show the results of these calculations. These 
results further illustrate how strongly the transition predic
tions are dependent on the initial starting location. For the 
Lam-Bremhorst model at this free-stream turbulence level, 
the location of transition is strongly dependent on starting 
location for Rex?,->103, but basically independent for 
Rex,< 103. In contrast, the Jones-Launder model calculations 
show differences until the starting location is reduced to about 
Rex, = 102, and even then a close inspection reveals a very 
slight downstream shift when compared to ReXi,-=10l. Since 

the figures are plotted using a logarithmic scale, the actual 
distance between these starting locations is of the same 
magnitude as this small shift. 

The difference between the models in this respect is ap
parently due to the direct influence of the wall introduced in 
the Lam-Bremhorst model by using Rê  as well as Re, in the/,, 
function. This is more fully explored by Schmidt (1987) and 
will not be repeated here. 

A comment is in order here concerning the implications of 
these results and the proposed method of predicting transition 
using the Lam-Bremhorst model as presented by Scheuerer 
(1983) and Rodi and Scheuerer (1985a, 1985b). To our 
knowledge, they were the first to begin explicitly to address the 
issues of initial profile specification and starting location and 

, their effect on the calculations. In fact, their excellent work in 
part stimulated the numerical experiments presented here. As 
previously noted, they correlated a starting profile parameter 
a i to the free-stream turbulence in order to achieve transition 
at the desired location. However, the indication in their work 
was that the results are relatively insensitive to the starting 
location as long as Res<100. This is at variance with the 
results presented here, which indicate a significant dependence 
on starting location down to a much smaller value of Ree. 
However, since some of the cases they calculated involved the 

Journal of Turbomachinery JANUARY 1991, Vol. 113/15 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



10 

8 

6 

H 

o 2 -

10 -

; 

- \ s 

", 

k<=0 , Re .=10 3 
1 ' x , i 

>&sG / I I I 

C £ = . 6 6 4 * ( R e x ) ~ " 5 -

i I I i I 

B 

i 

A 1 

i X 

cf= 

1 1 

[ I n 

A ; 
B; 
C; 
D; 
E; 
F ; 
G; 

i 

4 5 5 

. 0 6 * R e x ) ] 2 

/ 

Tue(%) 

1 . 0 
1.5 
2 .0 
3 .0 
4 .0 
5 .0 
6 . 0 

1 1 I 

10 H 6 810 H 6 B I O 2 H B 

Fig. 6 Plot of C, versus Rex for different levels of free-stream tur
bulence intensity; Jones-Launder model 

10 r 

- \ 

-

-

1 

k . = 0 
l 

F 

v^£^—-
\ ^ Dy 

C £=.664 

1 1 

' 

C 

* 

Re .= 1 0 3 

X , l 

V B 

(Rax) - 5 

i i i 

^ / ' " ^y 

A 
B 
C 
D 
E 

\ F 

l \ I I I 

. 455 

U n ( . 0 6 * R e x ) J 2 

Tue(%) 

1.5 
2 . 0 
3 .0 
4 . 0 
5 . 0 
6 .0 

i i l l 

10' 

10 2 H 6 810 2 H 6 8 10 2 H 6 8 

Re x 
Fig. 7 Plot of C/ versus Rex for different levels of free-stream tur
bulence intensity; Lam-Bremhorst model 

additional effect of pressure gradient, this could have sup
pressed the relative importance of starting location on their 
results. 

Response to Free-Stream Turbulence. The next set of 
computational tests consider the effect that different levels of 
Tue have on the transition predictions. The conditions con
sidered are once again flat plate, zero pressure gradient flow, 
and the computations are all started at Rexi - 103. The initial 
profiles are specified as per equations (13) and (14) with n = 8 
and «! = 2.0. Calculations were made for free-stream tur
bulence intensity levels ranging from 1.0 to 6.0 percent. Free-
stream dissipation rates were specified low enough for the 
decay in Tue to be negligible. Figures 6 and 7 show the results 
of these calculations. 

The first thing that might be noted is that a calculation with 
Tue = 1 percent is not shown for the Lam-Bremhorst model. 
This is because transition to a turbulent state was not 
predicted by this model for Tue = 1 percent. This failure was 
also mentioned by Rodi and Scheuerer (1985b), although they 
imply that the result seems physically plausible. This com
parison exercise however would indicate that the reason is 
more directly related to the LRN formulation chosen by Lam 
and Bremhorst, since the Jones-Launder model does predict 
transition under these conditions. A closer analysis of this 

O 
*— 
* 

CD 
CD 

CC 

Fig. 8 Calculated momentum thickness Reynolds numbers at the start 
and end of transition compared to the correlation of Abu-Ghannam and 
Shaw (1980) 

question, which supports this conclusion, is presented by 
Schmidt (1987) and is discussed in Part 2 of this paper, but will 
not be given here. 

In general terms the qualitative characteristics of the varia
tion of Cf during transition seem reasonable for both models 
with the onset of transition moving progressively upstream 
with increasing Tue as it should. However, significant dif
ferences between the predictions of the two models occur at 
higher Tue where the Lam-Bremhorst model shows a much 
smoother and more gradual transition region than the 
Jones-Launder model. The previously noted tendency of the 
Lam-Bremhorst model to predict transition earlier than the 
Jones-Launder model is also quite apparent. 

In Fig. 8 the momentum-thickness Reynolds numbers at the 
start (ReeJ and the end (ReeE) of transition are plotted and 
compared with the correlation of Abu-Ghannam and Shaw 
(1980). Here, the beginning and end are defined as the point of 
minimum and maximum Cf, respectively. From Fig. 8 we can 
once again see that both models predict the correct qualitative 
trends, but the onset of transition is predicted too early for 
both models. At Tue = 5 percent, both models are predicting 
transition occurring at Re9i<150. However, the Jones-
Launder model clearly does better than the Lam-Bremhorst 
model. The results shown here also illustrate an important 
deficiency apparent in all of the tests. The region over which 
transition is predicted to occur is always very short. As a 
result, both models predict values of ReeE that are consist
ently less than 50 percent of the predicted value of the 
correlation. 

Summary and Conclusions 

Boundary layer calculations using k-e LRN turbulence 
models simulate transition through the transport of turbulent 
kinetic energy from the free stream into the near-wall regions 
and the subsequent response of the LRN functions in the 
equations to this process. The correspondence that exists be
tween the near-wall cross-stream regions in a fully turbulent 
boundary layer, and progressive stages through which 
developing boundary layers pass in the streamwise direction, is 
the basic reason why these models are able correctly to 
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reproduce certain qualitative aspects of boundary-layer transi
tion with free-stream turbulence. However, their usefulness in 
predicting boundary layer transition can only be realized if ac
curate predictions over a broad range of conditions, can be 
made without ambiguities in the specification of initial 
starting conditions. To help evaluate this potential, a series of 
numerical experiments have been performed to test the transi
tion prediction characteristics of both the Lam-Bremhorst 
and the Jones-Launder LRN k-e turbulent models. The major 
conclusions associated with the results of these tests can be 
summarized as follows: 

1 The predicted location of transition is moderately sen
sitive to the initial profiles specified for k and e. Lower k and 
higher e profiles yield transition occurring somewhat farther 
downstream. This sensitivity decreases with decreasing Rexi, 
especially for the Lam-Bremhorst model. 

2 The prediction of transition is quite sensitive to the loca
tion at which the calculations are started. The reason for this is 
attributed to the basic process that must occur for the models 
to simulate transition, i.e., the transport of k into the 
boundary layer. The extent to which this can occur is largely a 
function of the distance over which the calculations have pro
ceeded. However, this sensitivity does appear to decrease with 
decreasing Re.,.,-, especially for the Lam-Bremhorst model. 

3 Both models correctly predict the basic qualitative aspects 
of boundary-layer transition with free-stream turbulence, i.e., 
the continuous transition from laminar to turbulent flow, the 
onset of which moves upstream with increasing Tue. 
However, for calculations started at low Re .̂, (where the sen
sitivity to the initial profiles for k and e is small), transition is 
generally predicted at unrealistically early locations. 

4 Both models predict transition lengths significantly 
shorter than those found experimentally. 

Although only two of the many currently available LRN 
models have been evaluated, we do not perceive any reasons 
why other current models would, in a qualitative sense, behave 
differently with respect to the issues considered here. Thus, 
these results would indicate that without further development 
or modification, current k-e models have significant limita
tions on accuracy, at least under the conditions tested here. 
However, it is not our opinion that these models should be 
abandoned as predictive tools. A comparion article (Part 2) 
will discuss an approach to overcome these shortcomings. 
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Simulating Boundary Layer 
Transition With Low-Reynolds-
Number k-e Turbulence Models: 
Part 2—An Approach to Improving 
the Predictions 
An approach for improving the prediction of boundary layer transition with k-e 
type low-Reynolds-number turbulence models is developed and tested. A modifica
tion is proposed that limits the production term in the turbulent kinetic energy 
equation and is based on a simple stability criterion and correlated to the free-stream 
turbulence level. The modification becomes inactive in the fully turbulent regime, 
but is shown to improve both the qualitative and quantitative characteristics of the 
transition predictions. Although the approach is not limited to a particular low-
Reynolds-number model, it is implemented herein using the model of Lam and 
Bremhorst (1981). 

Introduction 
Two-equation turbulence models have become a useful tool 

in simulating turbulent flow under a variety of conditions. A 
particularly popular form of these models, the "k-e" model, 
incorporates the solution of two transport-type PDEs: one for 
the turbulent kinetic energy k, the other for the dissipation 
rate e. However, in their standard form these equations are 
not valid in regions very close to solid boundaries. To deal 
with this problem, several methods have been developed, one 
of which is to introduce special "low-Reynolds-number" 
(hereafter referred to as LRN) functions into the equations for 
k and e. These functions modify and/or add to certain terms 
in the equations such that near-wall damping effects are 
simulated, k-e models that have been modified in this manner 
are commonly referred to as LRN k-e models, and a variety of 
such models have been proposed and reported in the literature 
(see Patel et al., 1985). 

LRN k-e models were initially used in calculating either ful
ly turbulent pipe flow or external turbulent boundary layer 
flow. Indeed, it was from knowledge of the near-wall structure 
that occurs in the simplest of these situations that the LRN 
functions introduced into the equations were developed. 
However, in recent years a number of articles have been 
published reporting the use of models of this type in predicting 
transition in external boundary layers with free-stream tur
bulence (see for example, Wang et al., 1985, Rodi and 
Scheuerer, 1985a, 1985b). To accomplish this simulation, a 
boundary layer calculation is started with a laminar velocity 
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profile at a point prior to where transition is expected to oc
cur. Starting profiles of k and e are specified and matched at 
the free stream with values k and e corresponding to a given 
turbulence intensity. As the calculation marches forward in 
the streamwise direction, transition is simulated through the 
transport of turbulent kinetic energy from the free stream into 
the near-wall regions and the subsequent response of the LRN 
functions in the equations to this process. 

In a companion article (Part 1) we have described work 
dedicated to clarifying certain questions relative to starting 
profile sensitivity, starting location sensitivity, and accuracy 
of the transition predictions over a range of turbulence inten
sities. This evaluation concluded that although qualitative 
aspects of boundary-layer transition under the influence of 
free-stream turbulence were clearly predicted, without further 
development or modification, current k-e models were not 
particularly accurate. The problems described included dif
ficulties associated with the sensitivity questions mentioned, as 
well as the tendency to predict transition too early and over 
too short a distance. 

The object of the work presented here was to develop an ap
proach to overcoming the deficiencies previously described, 
but without abandoning the basic LRN k-e framework. The 
idea was to seek simple modifications or empirical constraints 
that would provide a means of eliminating the deficiencies, 
without changing the basic LRN models themselves or their 
predictions for fully turbulent flow. Preliminary results of this 
work were presented earlier (Schmidt and Patankar, 1987), 
but only flat-plate zero-pressure-gradient flows were con
sidered. Here we expand upon this work, extending the regime 
explored to include accelerating flow, and present a somewhat 
revised formulation. 
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The Mathematical Equations 

A LRN k-t approach to simulating boundary layer transi
tion (with heat transfer) requires the simultaneous solution of 
five coupled partial differential equations, two coupled or
dinary differential equations (at the free-stream boundary), 
and a variety of other algebraic relationships. If we assume 
that the flow is steady and two dimensional, and apply con
ventional time averaging to the equations, then the equations 
of interest can be summarized as follows: 

Continuity: 

<f>U) + —-<j>V) = Q 
dx dy 

x-Momentum: 

dU / dU\ ~( dU\ dP d 
• + -

dx dy (<• 
dU 

~dy~~ 

(1) 

-pu'v'\ 

(2) 
k Equation: 

^h><w)--ir[(>+-Z-)-£) dy / dy 

e Equation: 

de 

•K4)+'0-srK-+-r)-F) 

(dU Y _ 
V dy ) 

~dy~i 

dU\2 

pe (3) 

+T[C^(IT) -CM (4) 

We define the relationships between the apparent turbulent 
stress, turbulent viscosity, and k and e such that 

dU 
-pu'V=lit— = pClJii-— 

k2 dU 

dy 
(5) 

In this work we adopt the concept of a turbulent Prandtl 
number defined such that 

Table 1 The k-t model constants and Lam-Bremhorst LRN functions 

Constant 

CM 

C! 

C2 

"k 

"e 

Value 

.09 

1.44 

1.92 

1.00 

1.30 

Function 

h l-

Definition 

exp(-.0163R )) (1 

1.0 - eXp(-Rt
a) 

<- 20Rt) 

- ph' v' = • 
V-t (-£) Pr, V dy 

An energy equation can then be written as 

\ dx ) \ dy ) dy IV Pr Pr, / dy ) 

(6) 

dx 

d 

dy (-" dy 
{*- dU 

dy 

M Pr, 
) + M ( l -

Pr, / dy 

Pr 

where the total enthalpy H is defined as 

U2 

H=h + -

(7) 

(8) 

In equations (3) and (4), the constants Clt C2, C^, ak, and <re 

are the k-t model constants given in Table 1. The functions/!, 
f2, and /M are the LRN functions of Lam and Bremhorst 
(1981), also defined in Table 1. The quantities l /and K are the 
time-averaged mean velocities, and u' and v' axe, the instan
taneous velocity fluctuations. The overbar implies a time-
averaged quantity, the prime a fluctuating quantity, and the 
tilde over V indicates a mass-weighted averaging where 

(9) pV=pV+p'v' 

N o m e n c l a t u r e 

fl> J2 / , 

h 
H 
k 
K 

Pr 

Re„ 

A, B = empirical parameters in the proposed 
modification 

Cf = skin friction coefficient 
constants in the k-e turbulence model 
empirical functions in the LRN model (see 
Table 1) 
mean static enthalpy 
total enthalpy (see equation (8)) 
turbulent kinetic energy 
acceleration parameter =v/U\ dUJdx 
modeled production term in the k 
equation 
molecular and turbulent Prandtl numbers 
Reynolds number based on x 
momentum thickness Reynolds number 
values of Ree at the start and end of 
transition 
Reynolds number defined as k2/ve 
Reynolds number defined as Vky/v 
Stanton number 
total turbulence intensity = 
V(«'2 + V'2 + w-2)/3/Ue 

Rex 

Re, 
Re, 6,£ — 

Re, = 
Re, = 

St = 
Tut,T = 

u'v' 
X = 

y = 
5 = 

8* = 

v 
P 

Subscripts 

= streamwise turbulence intensity = \lu>2/Ue 

= mean velocities in the x and y directions 
= apparent turbulent stress 
= streamwise distance from the leading edge 
= cross-stream distance from the wall 

boundary layer thickness 
displacement thickness 
momentum thickness 
dissipation rate 
molecular viscosity 
eddy or turbulent viscosity 
kinematic viscosity = fi/p 
fluid density 
empirical constants in the k-e turbulence 
model 

denoting free-stream value 
denoting value at the initial starting 
location 
denoting value at the wall 

Journal of Turbomachinery JANUARY 1991, Vol. 113/19 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Boundary Conditions and Starting Profiles 

If we assume that the free-stream velocity Ue is a known 
function of x then the variation in ke and ee can be found by 
solving the following two ordinary differential equations: 

U.-

£/„-

dke 

dx 
de„ 

dx 
- = - C V 

k. 

(10) 

(11) 

Note that these are just reduced forms of equations (3) and 
(4). 

At the wall, we set Uw = kw = de/dy = Q (see Patel et al., 
1985). 

For a calculation to begin, a starting location somewhere 
prior to where transition can occur must be chosen and pro
files for U, k, and e specified. Based on the work presented in 
Part 1, the starting location is always chosen such that 
Re„ <25, where the sensitivity to the starting profiles of k and 
e is insignificant. The velocity profile is approximated by a 
laminar profile, which in the case of zero pressure gradient flat 
plate flow would be the well-known Blasius profile, k and e are 
specified using the formulas introduced by Rodi and 
Scheuerer (1985a), except that here the parameter ax is con
stant. These can be written as 

k = k (-£-)• 

••*(-£) e>6„ Of! =0.1 

(12) 

(13) 

Note however, that because of the starting location chosen, 
the exact form of these profiles is not significant. More will be 
discussed about this later. 

For flat plate flows the starting enthalpy profile was derived 
from the approximate temperature-velocity profile relation
ship given below: 

T=Tw + (Te-Tw)-^- (14) 

The numerical solution method used in this work was the 
finite difference approach of Patankar-Spalding (1970) for 
boundary layer flows. The stream wise step size was restricted 
to some fraction of the calculated momentum thickness 
(generally about 0.5), and tests made to assure the solution 
was independent of this choice. A variable grid consisting of 
88 grid points, and which was refined significantly near the 
wall, was used for all the calculations presented. Tests showed 
that the grid thus specified was sufficiently refined to yield 
essentially grid-independent results. Greater details with 
respect to the numerical methods and coding can be found in 
Schmidt (1987). 

Desired Characteristics of a Model 

In developing an approach for improving the transition 
predictions, some specific characteristics were sought. It was 
felt that for flat plate, zero pressure gradient flow, the follow
ing capabilities would be required, at a minimum, for the pro
cedure to be of potential value: 

1 A well-defined region where starting profiles can be 
specified with minirAal sensitivity and without ambiguity. 

2 Transition predictions starting and ending in good agree
ment with the correlation of Abu-Ghannam and Shaw (1981) 
over its entire range of validity (i.e., 1 percent <Tue<l 
percent). 

After exploring a number of different alternatives to im
prove the model, one method was found to be fairly suc
cessful. The method is based on two ideas. The first is that 

some means of incorporating stability considerations into the 
calculational procedure should be provided. The second is that 
the process by which the model simulates transition, once 
started, must proceed at some reasonable finite rate and in ac
cord with experiment. These two ideas are directly related to 
the tendency of the model to predict transition at unrealisti-
cally early locations and over too short a period. 

A Modification to the Production Term 

In a real, physically developing boundary layer, stability 
considerations control whether perturbations introduced from 
the free stream will be amplified or damped, and thus whether 
the process of transition will begin. When this occurs, energy 
is effectively extracted from the free stream and transferred in
to the near-wall turbulent kinetic energy, yielding near-wall 
values that greatly exceed the free-stream value (i.e., the 
boundary layer becomes what we call turbulent). In our k-e 
models, the production term in the k equation (i.e., 
li,(dU/dy)2, referred to hereafter as Pk) is the only term that 
can drive the near-wall profile of k to values above that of the 
free stream. Thus, this term is a logical place for stability-
related information to be applied, and also where the transi
tion rate might be controlled. 

The turbulent kinetic energy equation (equation (3)) is 
derived through various modeling assumptions from a more 
exact form. For fully turbulent flow where the boundary-layer 
assumptions are valid, the production term in the model cor
responds to the production term in the "exact" equation as 
follows: 

-pu'v' 
dU / dU\2 k2 ( dU\2 

(15) 

The relative success of k-e modeling is evidence that this ap
proximation is quite good in many situations of interest. 
However, in a "pseudo-laminar," developing, transitional 
boundary layer—where experiments show a complex, three-
dimensional development characterized by increasingly fre
quent "bursts" of local turbulence production—there is no 
justification to assume that the "exact" term above (the term 
on the left) together with the dissipation e, are the only source 
terms that are significant. Thus from a modeling standpoint, 
there is no compelling reason precluding us from introducing 
modifications in our numerically represented production term 
in order to improve transition predictions, as long as the fully 
turbulent form is not changed. 

With these things in mind, a modification was introduced to 
limit the growth rate of the production term. Its form leaves 
the fully turbulent calculations undisturbed, but introduces a 
maximum rate at which Pk can increase in time. The time scale 
used is simply related to the local velocity. 

Preliminary tests with a number of formulations showed 
that a simple but flexible representation that worked quite well 
was the following: 

dPk 
mAV ' - ~ (16) 

dt 
-=A*Pk+B 

where A and B are empirical parameters, and the subscript 
"max" denotes the maximum allowable value. The 
dependence of the linear term on Pk itself is arbitrary, being 
suggested in analogy with reaction rate theory, but was found 
to yield acceptable results. The need for two independent 
parameters, however, stems directly from the need to predict 
both the start and the end of transition at the correct location. 

As a simple means of incorporating some stability informa
tion, we also proposed to eliminate Pk from the k equation 
below some critical momentum thickness Reynolds number 
(Re9c) (i.e., the production term in the k equation is set to 
zero). It is important to note two things with respect to this 

20 / Vol. 113, JANUARY 1991 Transactions of the ASME 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



change. First, this modification does not preclude the 
transport of k through convection and diffusion. Thus high 
levels of free-stream turbulence will still tend to influence the 
calculation even when Pk is zero. Second, only the k equation 
is modified (i.e., the term in the e equation containing 
Ht(dU/dy)2 remains as is). 

Numerical Implementation 

At this point, a brief explanation of the numerical im
plementation of equation (16) may be beneficial. We first 
define the following; 

x= stream wise location at 
the current point in the 
calculation 

dx=step size in the stream-
wise direction 

PE(j, x) = computed positive 
source term in the e 
equation of the y'th con
trol volume and at 
streamwise location x 

PK(j, x) = computed positive 
source term in the k 
equation for the y'th con
trol volume and at 
streamwise location x 

Uj = local streamwise velocity 
at the y'th control 
volume 

To compute the value of PK(J, x+dx) to be used over the 
next step in the solution, we implement the following (written 
in pseudo-Fortran): 

PEU,x+ dx) = —C,/lAt, (-j—) 

APk,m*x = (A*PK(j,x) + B)-

If Res<Re9c then 

PK(j, x + dx) = 0 

dy 

dx 

else 

PK(J,x + dx) = PK(J,x) 

+ mm[,xt(~~y -PKU,x) , Ai\m a x] 

endif 
For convenience, this modification will be referred to by the 
acronym "PTM" (for Production Term Modification). 

A Simple Modification to the yfy Function 

In Part 1 it was pointed out that calculations using the 
Lam-Bremhorst model do not predict transition when Tue is 
reduced to about 1 percent. Since experimental evidence shows 
that the location of transition is sensitive to free-stream tur
bulence levels significantly lower than 1 percent, a correction 
for this would be desirable. 

An explanation of this problem in terms of the particular 
form of Lam and Bremhorst's/j, function is given by Schmidt 
(1987) and will not be repeated here. Suffice it to say that dur
ing the computed transition process with low Tue, extremely 
high values of /M are calculated at certain locations in the 
boundary layer. Since the function /M was intended to vary 
from zero to one, this situation causes serious problems. Once 
understood, the solution to the problem was relatively 

Fig. 1 The limitation placed on the Lam-Bremhorst /„ function 

straightforward: The values of/„ simply had to be constrained 
to remain less than some reasonable upper bound during the 
transition process. The modified form of/^ chosen, which was 
used in all of these calculations, was 

/„ = min [flhLB, 1.0,0.5 + 0.0025 Re,] (17) 
where f^LB is the Lam-Bremhorst formulation for/„ given in 
Table 1. Since any restriction that remains above the fully tur
bulent behavior will not affect the fully turbulent calculations, 
the particular form chosen is somewhat arbitrary. Equation 
(17) was chosen because it was simple, and because it was suf
ficient to allow proper correlation of the transition model 
parameters. It must be emphasized, however, that this choice 
does not affect the fully turbulent predictions, and thus lies 
entirely within the realm of a modification to improve transi
tion. Furthermore, this change has no effect at all on the tran
sition predictions for Tue>2 percent, and is only really 
significant for Tue < 1.5 percent. 

Figure 1 illustrates how the limitation equation (17) imposes 
compares with a typical profile of /„ for a fully turbulent 
boundary layer. 

Determining the Transition Parameters A and B 

A series of numerical tests were performed to determine the 
appropriate values of A and B. Initially it was not known if 
they could be held constant, or if they must become dependent 
on the free-stream turbulence intensity. However, preliminary 
tests showed that for good results, they must be made func
tions of Tue. The conditions for the tests were simple flat 
plate, zero pressure gradient flow but with various levels of 
free-stream turbulence intensity. For calibration purposes, the 
free-stream dissipation was kept low so that Tue remained 
essentially constant (free-stream length scale effects will be 
discussed later). The start and end of transition was taken to 
be where Cj was at its minimum and maximum, respectively. 

Starting at one specific free-stream turbulence level, a series 
of computations were made. After an initial guess, A and B 
were appropriately adjusted after each run, so that each suc
ceeding calculation agreed more closely with the correlation of 
Abu-Ghannam and Shaw. After a number of iterations it was 
then possible to find the "correct" values so as to achieve the 
start and end of transition exactly in accord with the correla
tion of Abu-Ghannam and Shaw (1980). This correlation can 
be expressed as follows: 

Re„_s = 163 + exp (6.91- 100*7^) (18) 

Re9i£ = 2.667*Re9iJ (19) 
Once A and B were found at one free-stream turbulence inten
sity, the level was changed, and the process was repeated. 

In addition to the values of A and B, the critical Reynolds 
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K 

100 Table 2 Values of A and B for the Lam-Bremhorst model 

Tue % 

Fig. 2 Variation of A and B with free-stream turbulence intensity for 
the Lam-Bremhorst LRN model 

400 

Fig. 3 Plot of Cf versus Rex at different levels of free-stream tur
bulence intensity using the PTM Lam-Bremhorst model 

number (below which the production of k is suppressed) must 
be chosen. Initially, Reec = 125 was adopted as a constant for 
all of the calculations with the Lam-Bremhorst model. 
Although it is clear that it should be less than 163 (Blasius 
stability limit), the value of 125 may seem somewhat arbitrary. 
However, in fact it was also constrained by the following two 
practical considerations: 

1 If ReSc is too high, the correct start and end of transition 
could not be obtained through the use of equation (16) for any 
values of A and B. 

2 The lower Ree c becomes, the smaller the region near the 
leading edge within which calculations can be started without 
sensitivity to the starting profiles of k and e. 

Since insensitivity to the initial profiles of k and e is a 
desired characteristic^there was no reason to reduce Reec to a 
value less than that which satisfied constraint (1) above. The 
value of 125 was thus arrived at and the calibration tests for A 
and B were performed with this value. Afterward, tests were 
made to determine just how dependent or sensitive the com
putations were to this value. It was found that reducing Re9c 
did somewhat shorten the acceptable starting region as ex
plained above, although it did not require the values of A and 
B to be changed. At high turbulence intensities, although the 
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Res transition relationship remained unchanged, the actual 
location where transition occurred was slightly shifted 
upstream. However, for low Tue, there was no significant ef
fect at all. Greater details with respect to this issue can be 
found from Schmidt (1987). 

Calculations to determine the transition model parameters 
A and B were made for a range of turbulence intensities of 
from 0.5 to 10.0 percent. The results of these calculations are 
presented in Fig. 2 and Table 2. These values cover a larger 
range and are somewhat different from those given by 
Schmidt and Patankar (1987) due to the modification to the/^, 
function (equation (17)), and a more precise determination of 
the best values in the higher turbulence intensity range. Also 
note that both A and B have been nondimensionalized with 
respect to local free-stream conditions as follows: 

A = 

B-
By* 
P2M 

(20) 

(21) 

After these computational experiments were completed, curve 
fits were made to the data, which are also shown in the figures. 
Analytical expressions for the curve fits can be found from 
Schmidt (1987). 

Figure 3 illustrates the predicted variation of Cf during tran
sition for free-stream turbulence intensities of from 1.0 to 8.0 
percent using the values of A and B listed in Table 2. As 
before, the conditions specified were simple flat plate, zero 
pressure gradient flows with the free-stream turbulence being 
the only variable parameter. In addition to the transition 
aspects that this figure shows, it is interesting to note the 
predicted effect that high free-stream turbulence has on both 
the pseudo-laminar region prior to transition, and on the fully 
turbulent conditions. This is manifested in an increase in Cj-
over the laminar correlation and can be easily observed far 
before Cf reaches its minimum. This carries through to the 
turbulent region where with Tue = 8 percent, Cf shows a 15-20 
percent increase over the turbulent correlation. Both of these 
trends are consistent with experiment. 

Starting Location Sensitivity of the PTM Model 

To assure consistent, repeatable predictions it is important 
that the sensitivity of the method to the initial starting location 
be clearly identified. As this was done for the unmodified 
model in Part 1, it is now important to examine this for the 
PTM form of the model. To do so, tests were made for flows 
with Tue = 3 percent, and Tue = 8 percent. The initial starting 
location was then varied from Rê ,- = 100 to 22,700, and the 
results compared. Figure 4 shows the results of these 
calculations. 

The important aspects of this check on sensitivity can be 
listed as follows: 

1 As compared to the 3 percent calculations presented in 
Part 1 (using an unmodified Lam-Bremhorst model), the 
PTM Lam-Bremhorst model shows a significantly reduced 
sensitivity to starting location. 

2 At Tue = 8 percent, the actual location in x where the 
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value of ee equal to a very small number. However, in real 
flow with high Tue, the dissipation rate is also usually high. 
Thus the question might arise as to how. to properly account 
for a free-stream turbulence intensity that is changing 
significantly before transition occurs. 

One of the advantages of using a k-e approach is that the ef
fects of this type of variation are naturally included as part of 
the model. As far as the transition parameters are concerned, 
we simply base them on the local free-stream conditions. 
Computationally, since the step size is usually quite small 
relative to the rate at which ke and ee decay, it is usually suffi
cient to only update A and B after every 10 or 20 steps. 

Since the relationship between ke and Tue involves the free-
stream velocity, acceleration can also have dramatic effects on 
the free-stream turbulence intensity. If the flow accelerates, 
Tue goes down, even though ke may have remained relatively 
constant. Deceleration has just the opposite effect, yielding an 
increase in Tue. This does not present any additional difficulty 
for the model, and as before, we simply continue to base our 
calculations on the local free-stream conditions. 

Transition Calculations With the PTM Lam-Bremhorst 
Model 

Up to this point, direct comparison with specific experimen
tal data has been deferred, and the transition parameters were 
found based entirely on the empirical correlation of Abu-
Ghannam and Shaw (1981). This was deliberately done to 
avoid the potential bias that might occur if the method were 
"tuned," so to speak, to one or two specific experimental data 
sets. However, in order truly to evaluate the effectiveness of 
the model, a careful comparison with a wide range of ex
periments is crucial. 

In this section, calculations will be compared with the 
results of 16 separate experiments conducted by Rued (1983), 
Blair and Werle (1980, 1981), and Daniels (1978). These ex
periments investigate boundary layer transition under the in
fluence of free-stream turbulence ranging from 1 percent to 

Table 3 Some experimental data used in testing the calculational method 

Reference 

Rued(1983) 

• 

• 

' 
' 

Blair and 
Werle(1980) 

" 

" 
Blair and 
Werle(1981) 

• 

* 

Rued(1983) 

• 

' 
" 

Daniels 
(1978) 

" 

Identifier 

Nr 2,no grid 

Nr 2, grid 1 

Nr 2, grid 2 

Nr 2, grid 3 

Nr 2, grid 4 

grid 1 

grid 2 

grid 3 

low K grid 1 

low K grid 2 

low K grid 3 

Nr 12 grid 1 

Nr 12 grid 2 

Nr 12 grid 3 

Nr 12 grid 4 

E"D 

Ee* 

At , = ,, 

1.6 (1.71) 

2.3 (2.8) 

3.75 (4.65) 

6.5 (7.4) 

8.6 (10.8) 

1.41 (1.12) 

2.82 (2.33) 

6.2 (5.75) 

1.03 (0.94) 

2.1 (1.86) 

- (4.8) 

2.88 ( - ) 

3.95 ( - ) 

7.73 ( - ) 

11.1 ( - ) 

3.0-3.5 

3.0-3.5 

At x = x2 

T U=,T( T".,J 

m 
1.28 (1.37) 

1.36 (1.72) 

1.85 (2.68) 

2.55 (3.05) 

3.32 (4.13) 

0.80 (0.82) 

1.6 (1.5) 

3.52 (3.44) 

0.64 (0.62) 

1.1 (0.97) 

- (1.89) 

0.63 

0.89 

1.70 

1.87 

-

-

X l • X 2 

(m) 

0., .4 

0., .4 

0., .4 

0., .4 

0., .4 

0..1.6 

D.,1.6 

0..1.6 

0.,1.6 

0..1.6 

0.,1:6 

0., .4 

0., .4 

0., .4 

0., .4 

-

-

Thermal 

Boundary 

Condition 

Tw=302 K 

1̂ =302 K 

1^=302 K 

1^=302 K 

Tw=302 K 

^=850 W/m 

9^=850 W/m 

0^=850 W/m 

0^=850 W/m 

0^=850 W/m 

9^=850 W/m 

Tw=29D K 

Tw=299 K 

T„=299 K 

Tw=299 K 

1^=289 K 

Tw=289 K 

V1. 
Approx. 

0.8 

0.8 

0.8 

0.8 

0.8 

1.03 

1.03 

1.03 

1.03 

1.03 

1.03 

0.64 

0.64 

0.64 

0.64 

0.67 

0.67 

T, 

378 K 

378 K 

378 K 

378 K 

378 K 

295 K 

295 K 

295 K 

297 K 

297 K 

297 K 

467 K 

467 K 

467 K 

467 K 

432 K 

432 K 

U. 

at xt 

47 m/s 

47 m/s 

47 m/s 

47 m/s 

47 m/s 

30.5 m/s 

30.5 m/s 

30.5 m/s 

15.9 m/s 

15.9 m/s 

15.9 m/s 

27 m/s 

27 m/s 

27 m/s 

27 m/s 

*146 m/s 

"135 m/s 

Acceleration 

no 

no 

no 

no 

no 

no 

no 

no 

K=0.2»10~° 

K=0.2.10"* 

K=0.2.10"° 

Km=5.7.10~" 

K„=S.7*l(r* 

K^S.7.10 -" 

1^=5.7«10"* 

-

-
* Value upstream of the turbine blade 

minimum in Cf occurs is not very sensitive to the starting loca
tions chosen. However, a starting location such that 
Rex>/ > 103 did affect the magnitude of Cf prior to and during 
transition. 

3 For both of the conditions tested, starting the calculation 
at Rex ,• < 103 reduces the starting location effects to in
significance. Note that this implies that the calculations are 
also insensitive to the starting profiles of k and e under these 
conditions. 

High Free-Stream Dissipation Rate and Acceleration 

For the exploratory and calibration calculations presented 
up to this point, the flow conditions were specified such that 
the free-stream turbulence intensity was essentially constant. 
This is done computationally by simply setting the starting 

Rex * 10"4 

Fig. A Plot of Cf versus Rex lor diiferent starting locations 
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Fig. 5 Comparison of the predicted heat transfer during transition with 
the zero pressure gradient data of Rued (1983) 
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Fig. 7(a) Comparison of the predicted heat transfer during transition 
with the low acceleration data of Blair and Werle (1980) 
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Fig. 6 Comparison of the predicted heat transfer during transition with 
the zero pressure gradient data of Blair and Werle (1980) 

near 10 percent, and also cover a range of pressure gradient 
conditions. The data of Daniels are from a turbine blade 
cascade rig while the other data sets are all flat plate ex
periments. These calculations represent roughly half of the 
comparison calculations of Schmidt (1987), but are felt to be 
sufficiently representative for the purposes of this paper. 
Also, due to space limitations, some of the detail associated 
with these calculations and the experimental data will of 
necessity be omitted here. 

Table 3 summarizes some of the important conditions 
associated with each of these experiments. Note that the free-
stream turbulence is in general neither constant nor 
homogeneous. Therefore, when possible, Table 3 lists values 
for both TueiU, and TueT at two different locations in order to 
characterize the flow conditions better. Note also that the 
values listed in Table 3 are the values used in the computa
tions. A detailed comparison of these values with the ex
perimental data may be found in Schmidt (1987). 

Flat Plate, Zero Pressure Gradient. Figures 5 and 6 com
pare the computational predictions with the data from two 
separate data sets, Rued (1983) and Blair and Werle (1980). 
For each experiment two calculations were made, one based 
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Fig. 7(b) Comparison of the predicted shape factor (H = i>*IO) during 
transition with the low acceleration data of Blair and Werle (1980) 

on the total free-stream turbulence intensity (TueT), and the 
other based on the stream wise turbulence intensity (Tueu,). 
This is intended to help quantify the relative inhomogeneity in 
the free-stream turbulence and thus guide our assessment of 
how accurate we could ideally be. Note that the experimental 
conditions of Rued are such Tue_„. <TueT , whereas those of 
Blair and Werle yielded Tueu, > TueT. 

Excellent agreement between the calculations and the data 
of Rued is seen in Fig. 5. Only under the highest free-stream 
turbulence conditions of grid 4, where the uncertainty is 
highest in both the experimental data and the correlation of 
Abu-Ghannam and Shaw, does the calculation deviate much 
from the data. In Fig. 6 we see fair agreement with the data of 
Blair and Werle, but a definite trend to predict transition 
somewhat early as the free-stream turbulence intensity became 
larger. The momentum thickness Reynolds numbers at transi
tion associated with this experimental data also appear to be 
higher than predicted by the correlation of Abu-Ghannam and 
Shaw. Thus this result is not unexpected. 

Flat Plate, Accelerating Flow. The next three figures also 
compare the computations with transition data occurring at 
different levels of free-stream turbulence, but these data in
clude the additional effect of a favorable pressure gradient. 
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Fig. 8 Comparison of the predicted heat transfer during transition with 
the high acceleration data (No. 12) of Rued (1983) 

Note that this has a stabilizing effect on the boundary layer, 
tending to delay the onset of transition. No additional 
modifications to the computational approach are made for 
these calculations. 

The data of Blair and Werle shown in Figs. 7(a) and 1(b) are 
for flat plate flow with relatively mild constant acceleration 
(K=0.2xl0~6). In Fig. 7(a), we compare the heat transfer 
results. It is interesting that better agreement is obtained for 
the heat transfer here than in the zero pressure gradient case 
shown in Fig. 6. For these experiments, Blair and Werle also 
measured the displacement thickness 5*, the momentum 
thickness 0, and their ratio, the shape factor H=b*/8. Since 
transition is most clearly evident by looking at the change in 
H, Fig. 1(b) compares the shape factor data with the calcula
tion (see Schmidt (1987) for a comparison of S* and 6 
individually). Here we see that the shape factor found com
putationally begins to change earlier and also undergoes a 
more gradual change than the data. Comparison with the in
dividual values of 5* and 8 indicate that this is primarily 
related to differences in the displacement thickness values. 
This difference is somewhat surprising considering the close 
agreement in the heat transfer results. Unfortunately, 5* and 6 
data (during transition) are not available from the zero 
pressure gradient experiments of Blair and Werle, preventing 
comparison of this interesting result with the zero gradient 
case. 

In contrast to the relatively low and constant acceleration 
seen in the experiments of Blair and Werle, the data of Rued 
(Fig. 8) are for a very strongly accelerated flow where the ac
celeration builds to a very high value and then is quickly 
reduced. The maximum acceleration factor experienced for 
this data was K= 5.7 X 10"6. For these tests we find excellent 
agreement between the calculated transition region (as in
dicated by heat transfer) and the data for each level of free-
stream turbulence. Note however that near the leading edge, 
the experimental data indicate significantly higher heat 
transfer in the psuedo-laminar region than the calculations. 

Turbine Blade Data of Daniels. One of the major motiva
tions for the work presented here is the need for a reliable 
engineering tool for predicting the effect of transition on heat 
transfer on gas turbine blades. Thus results of an example 
calculation for an actual blade under simulated operating con
ditions will be presented. For these conditions variable 
property, compressibility, and high-speed effects are ac-

5 
i 

1 0.76 0.5 0.2B 0 
x/L (pressure side) 

0.25 0.6 0.76 1 

x\L (suction side) 

Fig. 9 Comparison of the predicted heat transfer coefficient with data 
from the turbine blade experiments of Daniels (1978) 

counted for through appropriate property equations, a ther
modynamic state equation, and the proper formulation of the 
energy equation (see equations (7) and (8)). To specify the 
free-stream velocity, the experimental velocity data were func
tionally approximated by a series of polynomials to produce a 
smooth continuous representation of the data. However, in 
the calculations presented here we have neglected curvature ef
fects and attempted to side-step the issue of a proper stagna
tion region flow calculation. This implies that although the 
calculations proceed over a streamwise distance, which cor
responds to traveling around the curved surface of the blade, 
the equations solved do not include additional terms or correc
tions to otherwise account for the curvature. (Note that in 
regions where the ratio of the boundary-layer thickness to the 
radius of curvature is small, and the local free-stream velocity 
is accurately specified, then this approximation is fairly good.) 
The stagnation region flow question is avoided by starting the 
calculation at a point somewhat downstream from the stagna
tion point and accepting only approximate profiles as starting 
conditions. Greater detail with respect to each of these issues is 
reported by Schmidt (1987). 

In Fig. 9, a comparison of the predicted versus experimen
tally determined heat transfer coefficient on the turbine blade 
studied by Daniels (1978) is shown. Two different flow condi
tions were selected from the data. These are designated with 
respect to the design operating conditions as Re^ (design 
Reynolds number) and Re+ (i.e., a higher flow rate yielding a 
Reynolds number greater than the design condition). The free-
stream turbulence intensity measured upstream of the blade 
was 4.2 percent. At the actual location of the blade, Rodi and 
Scheuerer (1985b) estimated this to have decayed to about 3 
percent based on the empirical decay rates given by Townsend 
(1976). However, Daniels and Browne (1981), who also 
presented calculations for this blade, appear to have used the 
value of 4 percent. Thus the calculations shown in Fig. 9 were 
made for both 3.0 and 3.5 percent to illustrate the sensitivity 
of the results to this parameter. As can be seen, the location 
and extent of transition (at least as represented in the heat 
transfer) are well predicted. The only significant variation be
tween the data and the computation occurs at the higher 
Reynolds number in regions downstream of transition. Also 
note that the only place where the 3 percent versus 3.5 percent 
Tue makes much difference is for the design Reynolds number 
case, where the two calculations bracket the experimental 
data. 

Closure 

A novel approach for predicting boundary layer transition 
under the influence of free-stream turbulence using k-e LRN 
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turbulence models has been developed, applied to the 
Lam-Bremhorst LRN model, and tested against a variety of 
data. The approach is based on modifying and controlling the 
growth rate of the production term in the k equation during 
the preturbulent region of the boundary layer development. 
This approach is shown to overcome many of the shortcom
ings associated with using the unmodified k-e LRN models for 
this application. In particular, the starting location and need
ed starting profiles can be specified in a consistent fashion and 
with minimal influence on the resulting predictions. Further
more, the predictions of this approach, unlike unmodified 
LRN model calculations, match the correlation of Abu-
Ghannam and Shaw (1981) for flat plate, zero pressure gra
dient flow. Comparisons with a variety of experimental data, 
including accelerating flow and flow around a turbine blade, 
show excellent predictions of the transition region location 
and length. 
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The Mass Transfer Analogy to 
Heat Transfer in Fluids With 
Temperature-Dependent Properties 
The analogy between heat transfer in a single-component fluid and isothermal mass 
transfer of a two-component fluid without chemical reaction is presented. The 
analogy is well established and frequently used for fluids with constant properties. 
However, in various applications such as in the cooling of hot components in gas 
turbines, the temperature varies widely, causing significant fluid property variations. 
The present paper reviews the constant-property situation and considers in detail 
the conditions necessary to ensure similarity of the two transport processes with 
temperature and concentration-dependent fluid properties. An application of the 
variable property analogy to mass transfer in binary mixtures is presented along 
with specific recommendations for the C02-air and Freon-air systems. It is dem
onstrated that the essential similarity conditions of the analogy are very well fulfilled 
for film cooling, total coverage film cooling, and impingement cooling when the 
heat {mass) flux into the wall in the transport process is zero. The heat/mass transfer 
analogy can, therefore, be used with confidence for these processes. 

Introduction 

The analogy between heat transfer in a single-component 
fluid and isothermal mass transfer in a two-component fluid 
without chemical reaction is well established and frequently 
used. The conditions for this analogy, which were introduced 
by Schmidt (1929) and Nusselt (1930), are well known for fluids 
with constant properties. In various applications, for instance, 
in the cooling of hot components in gas turbines, the temper
ature varies widely in the field of interest, which causes the 
properties to vary also. Eckert (1976) pointed out that the 
density variation has the strongest effect on the analogy in 
turbulent flow at high Reynolds number, and demonstrated 
that the variation of the density of an ideal gas with temperature 
is similar to the variation of density with mass fraction for a 
two-component ideal gas mixture. The present paper dem
onstrates this in detail and investigates to what extent the 
analogy still holds when the other properties are also consid
ered. Conditions ensuring an analogy for constant property 
fluids are reviewed as well. 

Governing Equations 

The governing equations describing the transfer of thermal 
energy in a pure fluid system and the transfer of chemical 
species in an isothermal fluid are presented below. In these 
equations, Fourier's law of heat conduction as well as Fick's 
law of diffusion are assumed to hold. 

Heat Transfer in a Pure Fluid. Equations (1), (2), and (3T) 

'Present address: Sandia National Labs., Albuquerque, NM 87185. 
Contributed by the International Gas Turbine Institute and presented at the 

National Heat Transfer Conference, Houston, Texas, July 24-27, 1988. Man
uscript received at ASME Headquarters November 6, 1989. 

express the conservation laws of mass, momentum, and energy 
in the heat transfer system: 

-£ + V - ( p u ) = 
at 

0 

p ( | + u . v u ) V P + V- l f/x V u + V u r j 

(1) 

(2) 

pc. / | y + u . v r j = V . ( w ) (3T) 

The following assumptions have been made in equations (1), 
(2), and (3T): 

(a) The properties including the density are temperature 
dependent only; the effect of pressure differences on density 
variation is negligible. 

(b) Body forces (including gravity) are absent or negligible. 
(c) Aerodynamic and viscous heating are negligible. This 

effect is, however, included in equation (3T) for a fluid with 
Pr = 1 providing the temperature T is interpreted as the total 
temperature (including internal and kinetic energy). 

Mass Transfer in a Two-Component Fluid. The mass trans
fer process is stipulated isothermal and without chemical re
actions. The effects of forced diffusion, pressure, and thermal 
diffusion have been assumed negligible. Equations (1) and (2) 
also describe this process with p interpreted as the mixture 
density and u as the mass-averaged velocity. In the mass trans
fer case, the fluid properties are now dependent on the mass 
fraction w, of one of the two components. Equation (3T) is 
replaced in the mass transport system by the conservation of 
chemical species I equation (3w) listed below. 
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I 

Fig. 1 Sketch of typical convective heat transfer boundary conditions 
(0 indicates the free-stream flow) 

(—- +u-Vw,\ = V- IpDVwA (3w) 

The mass fraction w„ of the other component 77 is determined 
by the equation 

wI+wII=\ (4) 

Boundary Conditions. The two systems for the heat and 
mass transfer processes must have similar geometries, and 
physical similarity must also be fulfilled in the initial and 
boundary conditions. This presents some restrictions on the 
analogy, which will be discussed in this section. In the follow
ing, the term inactive surface will be used to describe a solid 
surface to which no heat (mass) transfer takes place, i.e., 
adiabatic or impermeable surfaces. An active surface is a sur
face at which there is a nonzero heat (mass) flux into the wall. 

Heat transfer processes with inactive (adiabatic) surfaces are 
of interest in a number of convection processes. For example, 

it is often important to determine the temperature distribution 
on an insulated surface exposed to a convection environment. 
In addition, knowledge of the adiabatic wall conditions can 
be used as an intermediate step to determine heat transfer 
coefficients to physically similar nonadiabatic walls (Goldstein, 
1971). In the case of such inactive surfaces, the mass transfer 
system does not induce nonanalogous normal velocities due to 
diffusion mass transfer at the solid surface. Therefore, the 
velocity boundary conditions for the two systems are exactly 
similar. This type of "heat/mass transfer analogy is commonly 
used to determine the adiabatic wall temperature (concentra
tion) in film cooling, total coverage film cooling, and im
pingement cooling processes used for the cooling of hot 
components in gas turbines. Each of these processes, shown 
in Figs. 1(6, c, d), respectively, can readily be simulated by a 
mass transfer process in which the normal velocity on the 
surface downstream of the slot or row of holes is zero. 

This however is not the case when active surfaces are con
sidered, since the heat flux and analogously the mass flux at 
the solid surface is nonzero. This nonzero mass flux produces 
a nonzero normal velocity in the mass transfer process at the 
solid surface due to the diffusional mass transfer. This of 
course need not be a problem if the purpose is to simulate a 
heat transfer process with similar nonzero boundary velocities. 
Possible applications would be the transpiration cooling pro
cess (Fig. le) or an ablation cooling model (Eckert, 1976). 

If it is necessary to simulate active heat transfer surfaces 
with zero normal velocities, then it appears that only two 
alternatives are available.The first method uses an analogous 
mass transfer process with a fluid flowing over a catalytic 
surface where the fluid undergoes a chemical reaction (dis
sociation, recombination) as shown in Fig. 1(a). The two dif
fusional mass fluxes j , and j n are equal in magnitude and 
opposite in sign; thus the mass-averaged velocity at the wall 
surface is equal to zero (Eckert and Drake, 1972). Heat gen
erated or absorbed in the reaction has to be removed into the 
interior of the solid wall, if it is not negligible, to keep the 
mass transfer process isothermal. Experimental difficulties have 
probably prevented researchers from using this method. The 
second method is to limit mass transfer rates at active solid 
surfaces. For example, in processes such as condensation, sub
limation, or evaporation of a fluid, the surface is impermeable 
to one of the fluid components. A total flow with normal 
velocity vn occurs now at the surface, whereas the partial mass 
flow of component II by diffusion and convection is zero. The 
velocity at the wall surface is given by the equation 

1 
v„ = l-Wj. 

D 
dw 

dn 
(5) 

N o m e n c l a t u r e 

D = 
h = 

hm = 

j = 
k = 
L = 

Le = 
M = 
m = 

Nu = 
P = 

Pr = 
q = 
R = 

Re = 

specific heat s = 
coefficient of mass diffusion 
heat transfer coefficient = q/ Sc = 
At Sh = 
mass transfer coefficient = m/ T = 
Ap t = 
diffusional mass flux u = 
thermal conductivity u = 
length scale V = 
Lewis number = Pr/Sc v = 
molecular weight W* = 
mass flux per unit area 
Nusselt number = hL/k w = 
pressure x = 
Prandtl number = p,cp/k 
heat flux per unit area a = 
universal gas constant 9* = 
Reynolds number = pVL/fi 

equivalent slot width (equation 
(15)) 
Schmidt number = /x/pD 
Sherwood number = hmL/D 
absolute temperature 
time 
velocity vector 
velocity component 
reference velocity 
velocity component 
nondimensional mass fraction 
(equation (6)) 
mass fraction 
distance from injection point 
(equation (15)) 
angle 
nondimensional temperature 
(equation (6)) 

H = viscosity 
£ = variable in equation (15) 
p = density 

Subscripts 

adiabatic wall condition 
general component 
normal component 
reference quantity, free stream 
heat transfer quantity 
mass transfer quantity 
component 1 
component 2 
wall quantity, injected fluid 

aw 
i 

n 
o 
T 
w 
I 

II 
1 

Superscripts 

T = transpose 
* = dimensionless 
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where w/t is the mass fraction of the evaporating liquid or 
subliming solid (Eckert and Drake, 1972). Often these pro
cesses occur with negligibly small normal velocities in com
parison to the mainstream velocity. Equation (5) indicates that 
the low normal velocity condition requires the concentration 
gradient of the fluid component I at the surface to be small, 
and it helps also when the mass fraction wI{ at the surface is 
small. In such a case the variation of the mass fraction Wn 

throughout the region is small, and therefore this type of system 
cannot be used to simulate heat transfer at large temperature 
differences. The heat/mass transfer analogy with naphthalene 
sublimation is based on this system and is widely used to obtain 
information on convective heat transfer at small temperature 
differences. 

Dimensionless Equations. The governing equations (l)-(3), 
together with the boundary conditions, are made nondimen-
sional with prescribed reference terms taken from the boundary 
conditions. The analogy applies to a group of similar systems, 
each of which is characterized by the magnitude of a char
acteristic length L. Forced flow is scaled by a characteristic 
velocity V. No prescribed time is contained in the boundary 
conditions for steady flow, either for flow started impulsively 
or for internally generated turbulence. Therefore, a charac
teristic time L/Vis formed with the prescribed quantities above. 
When the pressure variation of density is neglected, there is 
no available reference pressure. Therefore, a reference pressure 
difference p0V

2 is used. The temperature and mass fraction 
are made nondimensional by evaluation relative to a reference 
state T0 and w0 and scaling by the reference quantities (T'j -
TJandCvf! - w0), respectively. All of the properties appearing 
in the equations are made dimensionless with the appropriately 
selected reference quantities, (p0, n0, cPo, k0, D0). The equations 
are next made dimensionless by the following change of vari
ables: 

1 Heat Transfer: 

(x*, u*, t*,P*, 9*, W*\ 
V _ / x u _ t P_ 

~\L' V L / V PoV
2' 

( * ,f, c;. *•) - (£, 

(> :"'" o ,Ht't"'t) (7W> 
The following dimensionless parameters are defined for the 
heat transfer process: 

T-

Ti-

J^r_ 

Mrn 

T 
1 0 

-To 

£JL 
CPn 

w-

wx~ 

- ) 

U 

Wo 

-w0/ 

(6) 

(7T) 

PT VL aT c„ 
Ke r - , rr0-0 t*r0

 ko 

and for the mass transfer process: 

PwnVL JX„ 
Re„o= - 2 — , Sc0= — £ -

0 Hwn PwJ->o 

(8) 

(9) 

The governing equations (l)-(3) and boundary conditions are 
now made dimensionless using the quantities introduced in the 
preceding section. 

dpf 

dt 
7 + V'(pfu*) = Q 

/du* \ 
p*T\dF + u * - V u * ) = - v P * 

+ ^ e 7 V - ^ 
' i 

Vu* + (Vu*)r 

1 

) 

(10) 

(11) 

PK(f^u*-ve* )=^v . (Vve*) (i2T) 

2 Mass Transfer. The continuity and momentum equa
tions, equations (10) and (11), respectively, hold for mass trans
fer also when the index 71s replaced by the index w. In addition, 
the conservation of species I equation becomes 

4f+u',v^i;v"(^vfr?) (12w) 

3 Boundary Conditions. The nondimensional upstream 
boundary conditions become 

Heat transfer: u=\, 9* = 0 (13T) 

Mass transfer: w = l , W* = 0 (13w) 

The boundary conditions on a solid surface with zero normal 
velocity in the heat transfer case are summarized in Table 1. 

For active surfaces, it is apparent from Table 1 that either 
the heat transfer boundary condition must be prescribed with 
the same nonzero boundary velocity or the magnitude of the 
normal velocity must be made negligible in comparison to the 
mainstream flow, i.e., v* « 1 at the wall. Clearly, this re
striction limits the mass transfer process to sufficiently low 
mass transfer rates. The nondimensional parameter St = Sh/ 
(Re„,0 Sc0) appearing in Table 1 is the mass transfer Stanton 
number. In a number of flow situations, the Stanton number 
can be estimated beforehand to check the normal velocity 
restriction. 
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Fig. 2 Comparison of Prandtl and Schmidt numbers for various com
mon transport processes 

Table 1 Comparison of boundary conditions on a solid surface 

Type 

Active 

Inactive 

Heat transfer 

v*=0, 9* = 1 

ae* 
v*=0, = 0 

dn 

Mass transfer 

Sh 

wO u 

dn 
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Fig. 3 Comparison of heat and mass transfer data for a cylinder in 
crossflow using the constant property heat and mass transfer analogy 
(Kami and Goldstein, 1987) 

Analogy Conditions 
(A) Constant-Property Fluids. In the constant fluid prop

erty situation the dimensionless property ratios in equations 
(6) and (7) all have the value 1 and the analogy depends only 
on the conditions 

Re r =Reu Pr„ = Sc„ (14) 

The Reynolds numbers, therefore, have to be equal for anal
ogous heat and mass transfer processes. Condition (14) re
quiring the equality of the Prandtl number and the Schmidt 
number can be fulfilled in various ways. Figure 2 shows that 
heat transfer processes can be designed for a large range of 
Prandtl numbers, and the same is true for mass transfer pro
cesses, which cover a considerable range of Schmidt numbers. 
A proper Schmidt number fluid can, therefore, in principle, 
be selected to match the desired Prandtl number of a heat 
transfer process. 

Practically, this is often inconvenient, and another method 
is used in which previous empirical or theoretical results furnish 
the Pr0 (Sc0) dependence for a specific transport process. Thus, 
knowing the functional relationship Sh = /(Re„,0, Sc0) or Nu 
= / (Rero, Pr0) allows experimental results for various heat 
(mass) transfer processes to be interpreted (by means of the 
analogy) for situations with Pr0 ^ Sc0. 

In a number of important transport processes, the functional 
relationship between Nu and Pr has been studied extensively 
in the past. For example, in the case of a laminar boundary 
layer on a flat plate, the analytic relation can be approximated 
with good accuracy by Nu ~ Pr1/3 for Prandtl numbers larger 
than 0.6. Most experiments also state that for a turbulent 
boundary layer on a flat plate, Nu » Pr l / 3 (Eckert, 1972). For 
other flow situations, the relationship is found to be more 
involved, but equations for those flows are often available in 
the literature. 

As an example, the results of heat and mass transfer ex
periments for flow normal to the axis of a circular cylinder 
are compared in Fig. 3 (Kami and Goldstein, 1987). It can be 
observed that results of all experiments agree in the region of 
attached flow, when Nu (Sc/Pr)037 or Sh are plotted against 
the angle a measured from the forward stagnation line. The 
larger scatter in the separated region on the downstream side 
of the cylinder (a > 80 deg) could indicate that the relation 
between Nu (Sh) and Pr (Sc) is different for separated flow. 
Results obtained by different observers at the same Pr (Sc) 
number also exhibit considerable scatter indicating that sep
arated flow is sensitive to the specific test setup. Therefore, 
no conclusion about the usefulness of the analogy in the sep
arated region is possible. 

Another important aspect of interpreting mass transfer re
sults in heat transfer studies, or vice versa, is that for a number 
of physical flow situations the influence of Pr (Sc) is known 
to be negligible. For example, in the case of high Reynolds 
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Fig. 4 Effect of Sc on mass transfer film effectiveness (Pedersen et 
al., 1977) 

number flows, it is apparent that inertia and convective mixing 
dominate molecular diffusion except in boundary layers near 
solid surfaces. It can be expected that for flow processes with 
inactive (adiabatic/impermeable) surfaces, the influence of 
molecular parameters such as Pr (Sc) will be small, since the 
gradients of temperature and concentration are zero at such 
surfaces. This expectation is confirmed by the experimental 
results of Pedersen et al. (1977) in their study of film cooling 
over an adiabatic surface by using an analogous mass transfer 
process. They determined the mass transfer film effectiveness 
Vw = (waw - w0)/(Wi - w0) over a plane, impermeable 
surface by foreign gas injection. Their results for a blowing 
ratio < 0.4,2 reproduced in Fig. 4, indicate that i}w is practically 
independent of the Schmidt number over a fairly wide range 
of this parameter. The corresponding effectiveness of film 
cooling •qT=(Taw - T0)/(Tl - T0) is then independent of 
Prandtl number. The semiempirical parameter £ in this figure, 
given by the following equation, was found to correlate ef
fectiveness with injection through a porous slot or through 
two rows of inclined holes with good accuracy. 

-0.25 
U„ 

S Pi " l 
t. ^ L i ; u AM 

Mo 
Re, (15) 

In this expression, x is distance downstream from injection, s 
is slot width or equivalent slot width. The subscripts o, 1 
indicate free-stream and injected fluid quantities, respectively. 
The injection Reynolds number is Re! = p, uxs/\>.\. It is ex
pected that for higher blowing rates the independence of the 
film effectiveness on the Schmidt number would continue for 
locations sufficiently far downstream of the injection hole/ 
slot. 

(B) Variable Property Fluids. The heat/mass transfer anal
ogy for variable property fluids requires, in addition, that the 
following nondimensional properties in equations (10)-(12) be 
identical for both processes. 

k*=P%D*, p*Tc*p=P* (16) 

= p* and pj- = p% be identical 
simultaneously is only possible when the specific heat cp is 
constant, which indicates that the specific heat ratio cp is equal 
to 1. This will be assumed in the following analysis. If the 
specific heat varies to such a degree that it cannot be assumed 
as constant, then the energy equation has to be written in terms 

2The blowing ratio appears small because the secondary fluid was injected 
into the boundary layer through a 2.434-cm-wide porous strip. 

PT = Pl HT = t*» 

The condition that pj cp 
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of enthalpy rather than temperature. The condition k* = p* 
D* can be replaced by Pr* = Sc* (or Le* = 1) according to 

Pr* = 
\iT 

k* ptD* 
= Sc* (17) 

The similarity conditions for a fluid with constant specific heat 
can, therefore, be summarized as follows: 

R e 7 . = R e „ , Pr0 = Sc0 (18) 

PT = P*„, /«f = /4> Pr* = Sc* (Le* = l) (19) 

It is apparent that the conditions (18) and (19) above put a 
significant restriction on the fluid properties of any heat and 
mass transfer system that is to be used for the analogy. In 
general, it is expected that the variation of property ratios in 
isothermal mass transfer will differ from heat transfer in pure 
fluids since a different set of physical processes is involved. 
Of course the magnitude of this deviation will depend strongly 
on the magnitude of the concentration (temperature) variation 
and upon the specific mass and heat transfer systems consid
ered. In addition, for any specific flow the relative importance 
of the density, the viscosity, and the Lewis number ratios 
cannot be established without first solving the conservation 
equations or performing experiments. Thus each application 
of the analogy must be justified in the context of the physical 
flow system involved and the particular heat and mass transfer 
systems used. This will be done in the next section for a com
monly used heat and mass transfer analogy system to simulate 
film cooling and impingement cooling. 

Even with the problems identified above, the heat and mass 
transfer analogy in variable property flows can prove to be a 
valuable experimental technique for the following reasons. 
First of all, the uncertainty generated by the nonmatching of 
fluid property ratios should be compared to the uncertainty 
present in the given heat transfer experiment. Heat transfer 
experiments with large temperature differences inherently in
volve many sources of uncertainty in the determination of the 
convective heat transfer characteristics. For example, in the 
presence of large temperature differences, it is difficult to 
eliminate unwanted conduction effects, since it is difficult to 
produce an effective adiabatic wall. However, an impermeable 
wall, which is the mass transfer equivalent of the adiabatic 
wall, is readily available. In addition, radiation heat transfer 
becomes significant at high temperatures and often cannot be 
accounted for accurately, thereby introducing uncertainty in 
the convective heat transfer measurements. This is in contrast 
to the mass transfer situation in which it is assured that the 
experiment measures convective transport, since "wall con
duction" and "radiation" can be totally eliminated. In large-
scale experiments it is also difficult to produce a uniform high-
temperature mainstream flow or to cool the injected gases 
sufficiently to produce the necessary temperature differences. 

Film Cooling and Impingement Cooling 

An evaluation of the heat/mass transfer analogy using the 
similarity conditions presented above will be carried out for 
film cooling and impingement cooling heat transfer, and the 
analogous mass transfer process employing binary ideal gas 
mixtures. Figure 1 presents sketches of these two processes. 
The surface of the wall cooled by fluid 1 is postulated adiabatic 
and impermeable. Fluid 1 is injected through the slots or rows 
of holes. The fluid, which is a mixture of the two components 
I and II, is identified by the mass fraction wr of component 
I. No component I is contained in the mainstream flow (w/o 

= 0). The heat/mass transfer analogy has been used frequently 
to simulate film cooling of hot components in gas turbines 
with air as the mainstream fluid and carbon dioxide (C02) or 
freon (F12) mixed with air as fluid 1 to increase its density. 
The similarity conditions (18) and (19) require the property 

Fig. 5 Temperature ratio in the heat transfer process corresponding to 
mass traction Wf in the injected gasses of the mass transfer process 

ratios to vary in the same way over the range existing in the 
two systems. These conditions will be examined in the following 
paragraphs. 

The variation of the density in the heat transfer process is 
assumed to be described by the ideal gas equation of state 

PT~ 
PM 

RT 
(20) 

The corresponding density variation with concentration of the 
mixture in the mass transfer process is obtained from the fol
lowing relations valid for a multiple component mixture: 

I>,.=i, £ft=Pw, £ Wi_ _ _1_ _ PjMj _ PjM/ 
M, ~ M' Pi~ RT ' Wi~ PM 

(21) 

with the index / denoting any one of the components. Using 
these relations for a two-component mixture, one obtains the 
equation 

MrMn/(Mn-Mr) 

RT 
(22) 

Wf+Mj/iMjj-M,) 

The dimensionless density ratio is obtained from equation (20) 

T0/{TX-T0) 
(23) PT~ 

Q* + T0/(Tl~T0) 

and the dimensionless density ratio of the fluid mixture is 

Mj/lw^Mn-M,)] 

WJ+M,/[wh(M„-Mi)\ 
(24) 

with the stipulation wIo = 0. Equations (23) and (24) indicate 
that the density ratio of a gas with temperature difference 9* 
varies in exactly the same way as the density ratio of a two-
component gas mixture with mass fraction Wf. Therefore, the 
similarity condition (19) for density will hold if the constant 
terms in (23) and (24) are set equal as 

Is. 
Tx 

= )l + wr. 
Mjs—Mj 

M, 
(25) 
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This equation determines the temperature ratio corresponding 
to a given injection mass fraction wh for a particular binary 
gas mixture. Equation (25) is illustrated by Fig. 5 for the 
systems freon-air and C02-air. It is apparent that a maximum 
temperature ratio of about 1.5 can be obtained in the analogy 
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Fig. 8 Variable property effects on film effectiveness 

when pure C0 2 is used as injected fluid 1, whereas a temper
ature ratio somewhat above 4 can be obtained by injection of 
pure F12. 

The ratio of the dimensionless viscosities was calculated 
using tabulated values for n(T) and Wilke's (1950) correlation 
for ji(w) and is presented in Fig. 6. These values hold for air 
in the range 300 K to 1800 K and for binary gas mixtures at 
20 °C. One recognizes that the ratio is very close to the value 
1 for the system C02-air, whereas the system freon-air ex
periences larger variations. At the temperature ratio of 1.5, 
which is the maximum temperature ratio obtainable with the 
system C02-air, the viscosity ratio of the system freon-air 
varies by approximately 20 percent. 

The variable property Lewis number ratio is plotted in Fig. 
7. This figure indicates that for a temperature ratio of 1.5 
(C02: wh = 1.0, F12: wn = 0.45) the system C02-air has a 
larger deviation of the Lewis number ratio from 1 than the 
corresponding freon-air system. 

Conditions for the similarity of the concentration and tem
perature field are especially well satisfied for film cooling and 
impingement cooling when the system COz-air is used for the 
mass transfer experiment and when the heat (mass) flux into 
the solid wall is zero. The density fields are exactly similar by 
equations (23), (24), and (25) and the viscosity fields are similar 
according to Fig. 6. The similarity of the conductivity and 
mass diffusivity fields will again be shown to have a minor 
influence since the gradients of temperature (concentration) at 
the wall surface are zero.This was demonstrated in the constant 
property situation by the fact that heat and mass transfer did 
not depend on Pr0 (Sc0) parameters. 

Support for this claim is again obtained from the experi
mental work of Pedersen et al. (1977). The authors studied 
the effect of large density differences on film cooling effec
tiveness using the binary gas systems of He-air, Co2-air, and 
freon-air. 

Their results for blowing ratios 0.03, reproduced in Fig. 8, 
indicate no observable effect from the variation of Sc (w7l) as 
would be expected in this limiting case. The independence of 
the Sherwood number from Sc is expected to continue for 
higher blowing rates for locations sufficiently far downstream 
of the injection hole/slot. The effects of density ratio and 
variable viscosity are accounted for in the abscissa variable £, 
which was defined in equation (15). The authors also present 
an analytically derived equation by Kutateladze and Leont'ev 
describing the film effectiveness for two-dimensional film cool
ing. This relationship, reproduced in the following equation 
is plotted as a solid line in Fig. 8: 

1 

1+0.249 T 
(26) 
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Rearranging this equation, the following relationship for the 
relative influence of density and viscosity ratios can be ob
tained: 

"10.8 

* 
P.v, 

Density: 

Viscosity: 

I - I / H 
1.0<Pvv*<4.17 (27) 

1 •Vw 

0.2 

.68<ixw*<1.0 (28) 

These relationships indicate a more pronounced effect for the 
inertial coefficient p j (which varies from 1.0 < p* < 4.17) 

than for the molecular diffusion coefficient term /** (which 

varies from 0.68 < / i j ( < 1.0). These results are consistent 

with the argument that in such flows inertia and convective 
mixing dominate the molecular diffusion terms when the solid 
surface is inactive. It should be noted that the similarity con
dition Cp = 1 in this situation is not a strict constraint on the 
analogy. This is because unlike the density and viscosity ratios, 
it occurs only in the energy equation (12T). Therefore, it can 
be brought to the right-hand side of (12T) where it can be 
thought of as a modification of the thermal diffusion term. 
As shown above, these terms have negligible effect on the 
analogy in such flows. 

In many applications, for instance in turbine cooling, the 
condition that the heat flux is zero at the wall surface is un
realistic. As pointed out before, a mass transfer analogy to 
heat transfer at large temperature differences with active sur
faces has not been identified. However, the availability of high
speed and large storage computers should make it possible to 
calculate such heat transfer situations in considerable detail 
with some input of fine grain turbulence parameters. Therefore 
mass transfer experiments (even with boundary conditions that 
differ from the final heat transfer application) can be used as 
an excellent check of such numerical codes, because of the 
high accuracy and spatial resolution obtainable from the mass 
transfer experiments. 

Conclusions 

1 The following dimensionless parameters must have the 
same value for a heat transfer process, and an analogous mass 
transfer process, to make the dimensionless velocity and tem
perature fields for a fluid with temperature-dependent prop
erties identical to the dimensionless velocity and concentration 
fields of a two-component isothermal fluid with concentration 
dependent properties: 

R e r = R e , „ . PrD = Sc0 

c* = \ p*T, p*w, n} = n*. Pr* = Sc*(Le* = l) 

Similarity of the mentioned fields also insures that the Nusselt 
number in heat transfer is equal to the Sherwood number in 
mass transfer. 

2 For a number of flow situations, methods are available 
to calculate Nusselt numbers from measured Sherwood num
bers and vice versa when the Schmidt number in the mass 
transfer experiment is different from the Prandtl number in 
the heat transfer process. 

3 In high Reynolds number flows with adiabatic (imperme
able) walls the importance of the Pr* (Sc*) parameters on the 
heat/mass transfer analogy has been shown to be negligible. 
In this situation, it has been demonstrated that the system 
C02-air satisfies the remaining conditions in (1) better than 
the freon-air system for 1.0 < pf < 1.5. It is therefore rec
ommended to use the system C02-air rather than freon-air 
for the mass transfer analogy. The use of freon should also 
be avoided for environmental reasons as well. 

4 The essential similarity conditions for the analogy to hold 
are very well fulfilled for film cooling, total coverage film 
cooling, and impingement cooling when the heat (mass) flux 
into the wall in the heat (mass) transfer process is zero. The 
heat/mass transfer analogy can, therefore, be used with con
fidence for these processes. 

5 The similarity conditions are not as well fulfilled when 
the heat (mass) flux at the surface is finite. The viscosity de
pendencies are still similar with excellent approximation when 
the system C02-air is used. However, Pr* (Sc*) similarity is 
now more important. Figure 7 can be used to estimate to what 
temperature (concentration) ratio the analogy can be used. 
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Calculation of Developing 
Turbulent Flows in a Rotating Pipe 
Internal rotating boundary-layer flows are strongly influenced by large circumfer
ential strain and the turbulence field is anisotropic. This is especially true in the 
entry region of a rotating pipe where the flow is three dimensional, the centrifugal 
force due to fluid rotation is less important, and the circumferential strain created 
by surface rotation has a significant effect on the turbulence field near the wall. 
Consequently, viscous effects cannot be neglected in the near-wall region. Several 
low-Reynolds-number turbulence closures are proposed for the calculation of de
veloping rotating pipe flows. Some are two-equation closures with and without 
algebraic stress correction, while others are full Reynolds-stress closures. It is found 
that two-equation closures with and without algebraic stress correction are totally 
inadequate for this three-dimensional flow, while Reynolds-stress closures give results 
that are in good agreement with measurements over a wide range of rotation numbers. 

I Introduction 
Internal rotating turbulent flows have been investigated ex

tensively because of their intrinsic importance to turboma-
chinery research. Of particular interest are boundary-layer 
flows whose rotation is induced by a rotating surface and the 
axis of rotation is parallel to the flow direction. This type of 
flow is complicated by large circumferential strain and the role 
viscosity plays in decreasing fluid rotation as the fluid elements 
move away from the wall. The turbulence field and viscous 
dissipation near the surface cease to be isotropic and viscous 
effects become very important. 

An example where all these flow features are present can be 
found in the flow through a rotating pipe. The fully developed 
characteristics of rotating pipe flow were examined by White 
(1964) and Murakami and Kikuyama (1980). On the other 
hand, the external axial boundary layer development over a 
rotating cylinder was studied by Bissonnette and Mellor (1974) 
and Lohmann (1976), and the entry flow in a rotating pipe 
was investigated by Kikuyama et al. (1983). All these studies 
reveal that turbulent energy production is greatly increased by 
fluid rotation. Concomitantly, turbulent diffusion and viscous 
dissipation rates also increase rapidly near the wall to balance 
the drastic rise in turbulent energy production. Furthermore, 
turbulent advection is significant. Therefore, production does 
not balance dissipation in the near-wall region and the tur
bulence field is not in local equilibrium as in the case of de
veloping flow in a stationary pipe. 

These flow characteristics are also a common occurrence in 
the flow through turbine blade passages and other rotating 
machines. In order to perfect the designs of gas turbines, com
pressors, etc., a computer code needs to be developed and 
validated so that the internal aerodynamics of these machines 
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can be calculated correctly. Therefore, viscous and rotation 
effects have to be modeled properly and incorporated into the 
theoretical formulation. 

Attempts to account for fluid rotation and streamline cur
vature in turbulence modeling have been made by numerous 
investigators, such as Bissonnette and Mellor (1974), So (1977, 
1981), and Launder et al. (1977). These investigations ac
counted for the effects of fluid rotation on turbulent mixing 
in the form of a correction factor applied to the turbulent 
viscosity, which was determined from a corresponding non-
rotating flow. The correction factor was expressed in terms of 
a Richardson number, which is defined as the ratio of the body 
force created by fluid rotation to a typical inertial force. How
ever, the Richardson number correction is usually linearized 
and thus cannot be expected to account for the additional 
effects of fluid rotation completely. The anisotropic turbulence 
behavior of rotating flow and the shortcoming of the Rich
ardson number correction prompted the development of a 
nonisotropic turbulence closure for the calculation of rotating 
turbulent flows. 

Recently, Gibson and Younis (1986) proposed a full Rey
nolds-stress closure for the calculation of swirling jet flows 
and obtained encouraging results. In their study, they argued 
that fluid rotation influenced turbulence redistribution as well 
as turbulent energy production. They, therefore, suggested 
modifying the pressure redistribution model by adding mean 
strain effects to the return-to-isotropy term and solving the 
full Reynolds-stress equations to account for the additional 
turbulent energy production. Unfortunately, their closure as
sumed the flow Reynolds number to be very large and the 
viscous dissipation function to be isotropic. Therefore, viscous 
dissipation was given by Kolmogorov's (1941) model. As a 
result, their closure is not suitable for near-wall flow calcu
lation in turbine blade passages. 

Turbulence closures including viscous effects near a wall 
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have been proposed by numerous researchers (Patel et al., 
1985). Chien (1982) suggested modifying the dissipation term 
in the transport equations of turbulent kinetic energy (k) and 
its dissipation rate (e) to include viscous effects, so that the 
modeled equations are applicable all the way to the wall. On 
the other hand, Launder (1984) suggested parabolizing the 
governing equations in the near-wall region and then matching 
the solution to a fully elliptic formulation of the flow outside 
of the viscous layer. Thus, the outer region can be modeled 
assuming the flow Reynolds number to be large. For more 
complicated internal flows, Kebede et al. (1985) proposed in
corporating the viscous dissipation model of Launder and Rey
nolds (1983) into the Reynolds-stress equations, while So and 
Yoo (1986) suggested another dissipation model for these equa
tions. These two approaches were examined by So and Yoo 
(1987) and were found to give identical results in the case of 
fully developed pipe and channel flows. So and co-workers 
(1987, 1988) further applied the So and Yoo (1986) model to 
calculate flows with wall transpirations and with recirculation 
and found good agreement with measurements in both types 
of flow. In view of this, the model seems to be ready for further 
extension to more complex flows, such as the three-dimensional 
developing flow along a rotating surface. 

In order to develop a comprehensive computational program 
to calculate internal flows in rotating turbomachines, the clo
sures of Gibson and Younis (1986) and So and Yoo (1986) are 
used to investigate the entry flow in a rotating pipe. Verification 
of the closures is provided by the measurements of Kikuyama 
et al. (1983). Furthermore, in order to verify that turbulent 
convection and diffusion of Reynolds stresses are important 
in any turbulence closure for this type of flow, the low-Rey
nolds-number, two-equation k-t closure of Chien (1982) cou
pled with an algebraic stress model is also used to calculate 
the flow. The results are compared with other calculations and 
with measurements so that the validity and suitability of the 
two-equation closure can be assessed. 

II Governing Equations 
Incompressible, turbulent flow through a circular pipe ro

tating about its own axis is considered. The circumferential 
velocity at the pipe surface is given by W0 = QR. If the turbulent 
flow is assumed to be axisymmetric and stationary and the 
conventional Reynolds decomposition is applied to any in
stantaneous flow variable <j>, such that 4> = * + </>, then the gov
erning mean flow equations written in cylindrical coordinates 
(x, r, 0) become 

dU 13 
— + — (rV)=0 
ox rdr 

au „au lap . 
U—+ V — = --—-+i>V2U-

ox or p ox 

ou2 1 a __/ 
— + - — (ruv) 
ox r or 

(1) 

(2) 

ox dr r 

-

-ldM^-% 
auv l a -* w2 

ox r or r 

aw aw vw / . w\ 

' 

V 

duw Id vw 
—— + - — (rvw) +— 
dx r dr r 

• * - & # $ 

(3) 

(4) 

(5) 

The complexity of developing rotating pipe flow is not just 
limited to solving one more mean flow equation (4). There are 
other complexities, however. Firstly, the boundary-layer flow 
is three dimensional. Secondly, the flow is affected by the 
introduction of the shear stresses, uw and Vw, associated with 
the rotating flow. Thirdly, these stresses are dominant only in 
the near-wall region of the developing flow where circumfer
ential strain is large. Their significance decreases toward the 
pipe core and as the flow becomes fully developed. Conse
quently, the turbulence field near the wall in the developing 
region is most likely anisotropic. This means that developing 
rotating pipe flow should not be modeled by isotropic tur
bulence closures. The present approach is to model the flow 
using anisotropic low-Reynolds-number closures ranging from 
algebraic stress closures to full Reynolds-stress closures. This 
way, the flow near the wall, where viscous and rotation effects 
are most dominant, can be examined, and it is hoped that a 
closure can be identified that can replicate correctly the flow 
behavior in this region. 

Il l Turbulence Closures 
The incompressible Reynolds-stress transport equations can 

be symbolically written as (Launder et al., 1975) 

C^DZ+Dlj+Pij+Qij- (6) 

where C,y represents the convective transport of the Reynolds 
stresses, and the terms on the right-hand side of equation (6) 
represent molecular diffusion, turbulent diffusive transport, 
production by mean shear, pressure redistribution, and viscous 
dissipation of the Reynolds stresses, respectively. If turbulence 
closure is to be effected at this level, then models are required 
for Djj, $,y, and e,-,. The turbulence closures to be considered 
here are based on equation (6), or a simplified version of it, 
and appropriate models for D'j, $„, and ey. 

So and Yoo (1986, 1987) have convincingly demonstrated 
that a low-Reynolds-number full Reynolds-stress closure can 

Nomenclature 

D = pipe diameter 
k = turbulent kinetic energy 
P = mean static pressure 

AP = pressure drop along pipe 
r = radial coordinate 

R = pipe radius 
Ro = rotation number = W0/Uav 

U, u = mean and fluctuating axial 
velocity 

u' = rms of u 
Uav = average mean axial velocity 

U0 = pipe centerline mean axial 
velocity uiu] = 

uT = friction velocity = (TW/P)W2 X = 
U-, = i'th component of fluctuat- x2 -

ing velocity 
V, v = mean and fluctuating radial e = 

velocity 
v' = rms of v n = 

W, w = mean and fluctuating cir
cumferential velocity v = 

w' = rms of w p = 
W0 = circumferential velocity of TW = 

pipe surface = QR Q = 

Reynolds stress tensor 
axial coordinate 
normal coordinate measured 
from the wall 
modified dissipation rate of 
k 
normalized wall coordinate 
= uT{R-r)/v 
fluid kinematic viscosity 
fluid density 
wall shear stress 
angular velocity of pipe 
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Table 1 The different turbulence closures considered 
Modeled Models Additional equations Wall 

Closure equations ry. *>. f e k Function 
solved Zl " I : 

Hanjalic 
A -1 Equation (6) and and Equation (7) Chien — No 

Launder (1951) (1982) 
(1972) 
Hanjalic Gibson 

A - 4 Equation (6) and and Equation (7) Chien — No 
Launder Younis (1982) • 
(1972) (1986) 

(L-k-e)RC Equation (8) — Rotta Kolmogorov Chien Chien No 
(1951) (1941) (1982) (1982) 

L-k-t — — — — Chien Chien No 
(1982) (1982) 

Hanjalic 
H-A-l Equation (6) and Rotta Kolmogorov Chien — Yes 

Launder (1951) (1941) (1982) 
(1972) 

be formulated based on equation (6) with conventional high-
Reynolds-number models proposed for D'j and $,y but with an 
anisotropic viscous dissipation model for e,y. Their closure is 
based on Hanjalic and Launder's (1972) model for Dy and 
Rotta's (1951) return-to-isotropy model for *,y, and the model 
for ey is given by 

They closed equation (6) by adopting the e transport equation 
of Chien (1982) and designated their closure A-l. Their results 
showed that the closure not only reproduced the near-wall 
region of fully developed pipe and channel flows correctly but 
also developing pipe flow with uniform suction applied through 
the pipe wall. In fact, A-l is the only closure that can correctly 
predict the axial pressure drop in the uniform suction case. 
Other high-Reynolds-number closures and Chien's (1982) low-
Reynolds-number k-e closure fail to predict the axial pressure 
drop in the uniform suction case correctly. Later, So et al. 
(1988) applied A-l to calculate flows over a backward-facing 
step where flow recirculation and reattachment occur and again 
found good agreement with measurements. In order to estab
lish the validity of A-\ for more complicated turbulent flows, 
it is proposed to use ,4-1 to close the set of governing equations 
(l)-(4), and further establish that ^4-1 is also applicable to 
three-dimensional flows with large circumferential strain ef
fects. 

Gibson and Younis (1986) argued that mean strain effects 
in *,y modeling are important for complex turbulent flows, 
especially for flows with a strong swirl component. Since the 
rotating pipe flow is also dominated by a strong circumferential 
velocity, the arguments of Gibson and Younis should be equally 
applicable to this flow. Therefore, if their $,-, model is used 
instead of the return-to-isotropy model, then improvement in 
the calculated results should be realized. If not, their arguments 
are not quite appropriate for wall-bounded flows. In order to 
demonstrate this point, another closure, based on equation (7) 
for €(,-, Hanjalic and Launder's (1972) model for D'y, and Gib
son and Younis' (1986) model for $,y, is also used to calculate 
the developing rotating pipe flow. This closure is designated 
A-4. 

The importance.of convective and diffusive transport on the 
turbulence field near the wall will be examined by considering 
a closure where the equilibrium assumption is invoked (So, 
1977). Under such an assumption, equation (6) reduces to 

0 = P,y + *,y-e i /- (8) 

Again, closure of equation (8) depends on the modeling of $,-, 
and €;,•. For the present, the algebraic stress closure proposed 
by So (1977) for swirling flows is adopted. Since the modeling 

of $,y and e,-, introduces two more unknowns, k and e, transport 
equations for k and e are required. Here, the equations pro
posed by Chien (1982) are adopted. Therefore, the proposed 
closure is a low-Reynolds-number closure with anisotropic 
stress correction applied. This closure is designated {L-k-t)RC-

For convenience, the different closures are summarized in 
Table 1. The L-k-t closure is essentially Chien's k-e model 
and is included in this study to demonstrate the inadequacy 
of an isotropic turbulence closure for complex turbulent flows. 
On the other hand, H-A-l is a high-Reynolds-number closure 
and requires the assumption of wall functions. Its difference 
with ,4-1 is in the near-wall modeling of turbulence. Therefore, 
a comparison of the H-A-l and A-l results will illustrate the 
importance of near-wall flow modeling. In each case, the mod
eling constants proposed by the various researchers are adopted 
without change. 

IV Method of Solution 

The no-slip boundary condition is specified at the wall. As 
a result, all velocity components except W are set to zero. As 
for W, it is specified as W= W0. In addition, the modified 
dissipation rate e and ujuj are also set to zero at the wall. At 
the symmetry plane, the radial gradients of all flow properties, 
except pressure and the turbulent shear stresses, are specified 
as zero. The shear stresses, on the other hand, are assumed 
zero at r = 0, the symmetry axis. Inlet conditions are determined 
from measurements and the equilibrium assumption, while 9/ 
dx of all flow properties, except pressure, is specified as zero 
at the pipe exit. 

The coupled equations (l)-(4) and boundary conditions are 
solved numerically using either a hybrid or a quadratic upwind 
finite differencing scheme, staggered grids, and the SIMPLE 
algorithm of Patankar and Spalding (1972). The transport 
equations for all turbulent quantities are solved based on an 
intermediate calculated velocity field. These calculations are 
updated as the velocity field is improved until a convergent 
solution is obtained. The convergency criterion is specified as 
< 1 percent of the relative mass and momentum residuals. 

A nonuniform grid system is used to resolve the flow in the 
domain of interest {Q<x/2R< 100). In the axial direction, 51 
grid points are specified. As for the grid spacing in the radial 
direction, So and Yoo (1986) have previously found that a 
minimum of 10 grid points is required between the wall (r=R) 
and the grid point just outside the viscous sublayer. Although 
this spacing works well for So and Yoo (1987), the present 
radial grid spacings are specified as follows: 5 grid points 
between 0<?7<5, 15 grid points between 5<??<65, and 36 
grid points from r; = 65 to pipe centerline. This grid spacing 
allows the flow near a wall to be resolved correctly, especially 
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Fig. 2 Comparison of calculated and measured U for Ro = 0 

the rapid change of Win this region. As a result, all calculations 
were carried out with a 51 x 56 grid. 

V Discussion of Results 
The primary objective of the present study is to develop an 

anisotropic turbulence closure for flows with large circumfer
ential strain. In particular, the circumferential strain is created 
by a rotating surface and, as a result, viscosity plays an im
portant role in the near-wall flow. Therefore, the turbulence 
closure should be able to account for viscous effects near a 
wall and avoid the assumption of wall functions. Furthermore, 
the closure should be able to account for the effects of fluid 
rotation. Here, conventional wisdom dictates that the pressure 
redistribution model should include mean strain effects. A 
second objective of the present study is to make an attempt 

Ro =0.0 
• a o KIKUYAMA et al. (1983) 
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0.0 v 

Fig. 3 Comparison of calculated and measured normal stresses for 
Ro = 0 
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to resolve this question, particularly for wall-bounded flow. 
Consequently, two similar closures with different pressure re
distribution models are examined for their suitability. Since 
experimental measurements of rotating boundary-layer flows 
reveal that turbulent convection and diffusion of the Reynolds 
stresses are quite significant near the wall, a third objective of 
the present study is to examine the necessity of incorporating 
these effects into the turbulence closure. As a result, a low-
Reynolds-number algebraic stress closure is also used to cal
culate the developing rotating pipe flow and the results com
pared to the other closure calculations. Finally, the suitability 
of wall function assumptions and the applicability of an iso
tropic turbulence closure for this kind of complex turbulent 
flow are also examined. 

The developing pipe flow experiments of Kikuyama et al. 
(1983) are used to compare the performance of different clo
sures. Whenever possible, the comparisons are made with U, 
W, u', v' — uv, -vw, -uw, and k=(u +v +w'2)/ 
2. Three sets of experiments are available, each with a different 
rotation number. Kikuyama et al. (1983) defined the rotation 
number as Ro = W0/Uau. The three cases are: Ro = 0, 0.5, and 
0.83. Therefore, they cover a wide range of Ro and provide 
a severe test for any proposed turbulence closure. 

The 51 x56 grid has been used by So and Yoo (1987) to 
calculate developing flow in a pipe with and without uniform 
suction. They found the calculated results to be grid inde
pendent. Since the same has not been demonstrated for rotating 
developing pipe flow, experimental runs with A-l and (L-k-
e)RC were carried out for the Ro = 0.83 case using 51 x56 and 
71 x 56 grids. Some sample results of the (L-k-e)RC calculations 
are shown in Fig. 1. As expected, the calculations of the ro
tating pipe flow are also grid independent as long as the grid 
size is 51 x 56 or finer. The same is also true of the A-l cal
culations. Consequently, all calculations were carried out using 
a 51 x 56 grid. 

The boundary-layer flow in the entry region of a rotating 
pipe is three dimensional and very complex. Since the boundary 
layer in this region is very thin, fluid rotation is confined to 
within this thin layer. As a result, the boundary-layer flow is 

Ro = 0.83 
KIKUYAMA et el. (1983) 
MODEL A-l CALC. 
MODEL A-4 CALC. 

\ 
$ 

00.0 

0.5 

0.0 
.0 0.5 0.0 

r /R 
Fig. 6 Comparison of calculated and measured W for /to = 0.83 

dominated by a destabilizing effect created by the large cir
cumferential strain. Outside the boundary layer, the flow is 
irrotational. As the boundary layer becomes thicker and thicker, 
the intensity of the destabilizing effect decreases. When the 
flow becomes fully developed, the fluid inside the rotating pipe 
rotates as a solid body. Since the solid-body rotation curve 
has a zero slope, turbulence production due to circumferential 
strain is also zero, and rotation gives rise to a stabilizing effect. 
It follows that, as the flow develops through the pipe, the 
destabilizing effect will give way to the stabilizing centrifugal 
force effect and the turbulence field will pass through a region 
where both effects are of equal importance. Therefore, the 
flow is very complicated and provides a severe test for any 
turbulence closure. The low-Reynolds-number full Reynolds-
stress closure of So and Yoo (1986) has been validated against 
a variety of complex turbulent flows. If it also performs well 
for developing rotating pipe flow, the closure can also be 
claimed to work for three-dimensional complex turbulent flows. 

The baseline case (Ro = G) is first examined and the A-l 
results are compared with measurements in Figs. 2-4. This is 
a simple developing pipe flow and, as expected, all four closures 
(A-l, A-4, L-k-e, and (L-k-e) RC) give essentially the same 
results. Therefore, the other three closure results are not shown 
in Figs. 2-4. As expected, the boundary-layer development is 
predicted correctly and so is the flow near the wall, shown as 
insets in Figs. 2-4 with the flow properties plotted versus r/. 
Since measurements are not available beyond x/D = 28.5, the 
present comparison cannot be made with the approach to fully 
developed flow. However, this last point has already been 
examined by So and Yoo (1987) and good agreement with 
measurements was obtained. 

A second comparison is carried out with the most severe 
case, namely, Ro = 0.83. The results are shown in Figs. 5-8 
with the comparisons of the near-wall flow given in the insets. 
In all of these plots, the comparison is made with A-l and A-
4, while in some of these plots the comparison is also made 
with H-A-l. The results obtained from (L-k-e)RC and L-k-e 
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are not shown. Therefore, this comparison answers the fol
lowing important questions: (1) the ability of A-l to replicate 
the near-wall flow, (2) A-Vs capability, to mimic the flow 
development from being dominated by the large circumfer
ential strain to being controlled by the centrifugal force, (3) 
the necessity of accounting for mean strain effects in the mod
eling of pressure redistribution, (4) the suitability of wall func
tions, and (5) the correctness of the calculated results. 

In general, both A-l and A-4 give excellent comparison 
with the mean flow measurements (Figs. 5 and 6). The only 
difference between the two calculations occurs in the prediction 
of u' and the shear stresses (Figs. 7 and 8). Furthermore, the 
calculated Reynolds stresses are not in as good an agreement 
with data as the mean flow calculations. Model A-4 tends to 
overpredict the maximum reached by u' compared to A-l. 
Initially, model predictions of u', v', and w' are in good 
agreement with measurements, but farther downstream, the 
disagreement increases. This trend could be due to the inability 
of the models to mimic the combined stabilizing and desta
bilizing effects correctly. Near the pipe entrance, A-4 gives 
larger shear stresses than^l-1. Even then, both results compare 
favorably with measurements. Farther downstream at x/ 
D = 28.5,A-4 give a larger - uw but a smaller - Vw compared 
to A-l. However, their prediction of -uv is essentially iden
tical. Therefore, it can be concluded that, for this particular 
flow, mean strain effects are not important in the modeling 
of pressure redistribution. The reason is simple, because in the 
pipe entry region, a great portion of the flow is not affected 
by rotation effects. In the region where rotation effects are 
present, viscous effects are dominant. Hence, it is more im
portant to account for viscous effects in this region. 

Both A-l and A-4 have the ability to predict the near-wall 
flow correctly. They can also mimic the effects of circumfer
ential strain in the entry region very well. However, their ability 
to reproduce the interaction between the destabilizing and sta
bilizing effects is not as good. This is evident in the comparison 
of the normal and shear stresses at x/D = 28.5, where the cor
relation with measurements is deteriorating. 

The applicability of the wall function assumption is exam
ined next. Therefore, the results of H-A-l are compared with 
those of A-l or A-4. In general, there is very little difference 
in the U and W profiles obtained for the flow away from the 
wall. Consequently, the H-A-l results are not shown in Figs. 
5 and 6. On the other hand, there are significant differences 
between the Reynolds stresses obtained from H-A-l and A-
1 closures, especially in the near-wall region. These differences 
impact on the calculations of wall shear and hence the axial 
pressure drop. The H-A-l results are also shown in Figs. 7 
and 8 for comparison. It can be seen that failure to account 
for viscous effects near the wall leads to incorrect prediction 
of the Reynolds stresses not only in the near-wall region but 
also in the region away from the wall. This points to the 
inadequacy of the wall function assumption. The effect of this 
assumption on wall pressure drop prediction is discussed in 
the next paragraph. 

A third comparison is made to illustrate the inadequacy of 
an isotropic closure and the incorrectness of an equilibrium 
turbulence assumption. The comparison is again made with 
thei?o = 0.83 case. Only results for W, k, and -uv are shown 
in Fig. 9. It is clear that L-k-e and {L-k-e)RC give essentially 
the same results for If and k. However, (L-k-t)RC is far better 
than L-k-e in the prediction of -~uv. In general, their results 
are substantially different from those obtained from A-l and 
A-4 and show significant disagreement with measurements. 
Further evidence that L-k-e and (L-k-e)RC are not suitable 
closures for this kind of flow is provided by a comparison of 
the different calculated axial pressure drop (AP/pUl0) for the 
case Ro = 0.83 (Fig. 10). In this comparison, a fifth calculation 
is also performed. Closure H-A-l is used for this calculation. 
Therefore, its comparison with (L-k-e)RC tends to illustrate 
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the relative importance of accounting for viscous effects com
pared to transport effects in the near-wall region. It can be 
seen that the {L-k-e) and (L-k-e)RC models give the steepest 
pressure drop while the model calculations of A-l and A-4 
are essentially the same and the calculated pressure drop is the 
mildest. The H-A-l result is between these two limits. These 
results are consistent with the predictions obtained by So and 
Yoo (1987) in their analysis of turbulent pipe flow with uniform 
wall transpiration. They found that model A-l results are in 
good agreement with measurements. In view of this, the (L-
k-e), (L-k-e) Rc, and H-A-l model results are not likely to be 
correct. The result, therefore, shows that the turbulence field 
is greatly affected by convection and diffusion near the wall 
and hence is not in local equilibrium. Furthermore, it is far 
more important to account for the nonequilibrium turbulence 
effects than viscous effects. 

Based on the above analysis, it can be concluded that models 
A-l and A-4 are equally valid for this type of three-dimen
sional complex turbulent flow. However, the results seem to 
indicate that the added complexity of the <*>,-, model of Gibson 
and Younis (1986) does not contribute to any significant im
provement of the predictions. 

Finally, the comparison with measurements for the case 
Ro = 0.5 is given in Figs. 11-13. Only A-l results are shown. 
As expected, the mean flow calculations agree with measure
ments very well. The discrepancy noted in the u' comparison 
for the 7?o = 0.83 case has disappeared, while the discrepancy 
noted in the comparison of the shear stresses, though much 
decreased, still remains, especially at x/D = 28.5. This means 
that model A-l could better account for the weakened com
bined stabilizing and destabilizing effects when Ro = 0.5. In 
other words, for low to moderate Ro, A-l could replicate the 
interaction between the destabilizing and stabilizing effects 
more accurately. 

VI Conclusions 
The present study on developing rotating pipe flow reveals 

the following: 
1 An anisotropic turbulence closure is required for the 

calculation of this complex three-dimensional flow. 
2 It is also important to account for viscous effects near 

the wall because of the dominance of the large circumferential 
strain. 

3 It is not sufficient to take into account the anisotropic 
behavior of the turbulence field by invoking the local equilib
rium assumption. The turbulence field near the wall is not in 
equilibrium. Therefore, it is just as important to have this 
characteristic modeled in the closure. 

4 Mean strain effects in pressure redistribution modeling 
have little influence on the calculated flow. Consequently, their 
inclusion in the pressure redistribution model is unnecessary 
for this kind of complex turbulent flow. 

5 The resultant A—l closure takes all these points into 
account and gives results that are in good agreement with 
measurements. 

6 A—1 can mimic the destabilizing circumferential strain 
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effect in the flow development correctly and also the interaction 
between this effect and the stabilizing centrifugal force effect 
that becomes more and more dominant downstream of the 
pipe entrance. 

7 In view of the fact that A—1 also performs well for a 
wide variety of internal, two-dimensional complex turbulent 
flows, it can be concluded that A—1 is a valid closure for two-
and three-dimensional, wall-bounded, complex turbulent shear 
flows. 
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Heat Transfer in Rotating 
Passages With Smooth Walls and 
Radial Outward Flow 
Experiments were conducted to determine the effects of rotation on heat transfer 
in turbine blade internal coolant passages. The experiments were conducted with a 
smooth wall, large-scale heat transfer model. The objective was to obtain the heat 
transfer data base required to develop heat transfer correlations and to assess com
putational fluid dynamic techniques for rotating coolant passages. An analysis of 
the governing equations showed that four parameters influence the heat transfer in 
rotating passages (coolant density ratio, Rossby number, Reynolds number, and 
radius ratio). These four parameters were varied over ranges that exceed the ranges 
of current open literature results, but that are typical of current and advanced gas 
turbine engine operating conditions. Rotation affected the heat transfer coefficients 
differently for different locations in the coolant passage. For example, heat transfer 
at some locations increased with rotation, but decreased and then increased again 
at other locations. Heat transfer coefficients varied by as much as a factor of five 
between the leading and trailing surfaces for the same test condition and streamwise 
location. Comparisons with previous results are presented. 

Introduction 
In advanced gas turbine engines, increased speeds, pressures, 

and temperatures are used to increase thrust/weight ratios and 
reduce the specific fuel consumption. As a result, the turbine 
blades are subjected to increased gas path temperatures in 
addition to increased levels of stress. Internal convection cool
ing is usually required to maintain acceptable airfoil metal 
temperatures and to obtain an acceptable blade life. Knowledge 
of the local heat transfer in the cooling passages and around 
the external blade surface is essential to predict blade metal 
temperatures. It has been demonstrated that rotation can sig
nificantly alter the local heat transfer in the internal coolant 
passages. Therefore, the turbine blade designer needs accurate 
local heat transfer predictions for blade coolant passages under 
conditions of rotation to estimate blade life effectively. 

Predictions of heat transfer and pressure loss in airfoil cool
ant passages currently rely on correlations derived from the 
results of stationary experiments. Adjustment factors are usu
ally applied to these correlations to bring them into nominal 
correspondence with engine experience. This practice is un
satisfactory when blade cooling conditions for new designs lie 
outside the range of previous experience. 

Heat transfer and pressure loss data are difficult and costly 
to obtain under conditions of rotation. As a consequence, there 
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are limited amounts of data in the open literature that a turbine 
designer can use to account for the effects of rotation in typical 
turbine blade designs. The data available are far from com
prehensive and are limited in scope. 

Rotation of turbine blade cooling passages gives rise to Cor-
iolis and buoyancy forces. Both of these forces can substan
tially affect coolant flow patterns, which influence the heat 
transfer inside turbine blade cooling passages. The complex 
coupling of the Coriolis and buoyancy forces has prompted 
many investigators to study the secondary flows generated in 
unheated, rotating circular and rectangular passages without 
the added complexity of heat transfer and buoyancy. Much 
of the earlier work was conducted for laminar flow, because 
rig limitations (i.e., unpressurized passages) allowed only low 
Reynolds number flows with corresponding low rotation num
bers (i.e., high Rossby numbers). The effects of rotation on 
secondary flow and stability have been investigated by Hart 
(1971), Wagner and Velkoff (1972), Moore (1967), and John
son et al. (1972). These investigators have documented strong 
secondary flows and have identified aspects of flow stability 
in near-wall flow in rotating radial passages. 

Buoyancy forces in gas turbine blades are substantial because 
of the high rotational speeds and large blade-wall-to-coolant 
temperature differences. The effects of buoyancy on heat 
transfer without the complicating effects of Coriolis-generated 
secondary flow have been studied in vertical stationary pas
sages. Early experiments in this area were reported by Eckert 
et al. (1953), Metais and Eckert (1964), and Brundrett and 
Burroughs (1967). Flow criteria for forced, mixed, and free-
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convection heat transfer was developed for parallel flow and 
counterflow configurations by Eckert et al. (1953) and Metais 
and Eckert (1964). Based on previous stationary combined, 
free, and forced-convection experimental results and turbine 
blade operating conditions, buoyancy forces are expected to 
cause significant changes in the heat transfer in the rotating 
coolant passages. 

The combined effects of Coriolis and buoyancy forces on 
heat transfer have been studied by a number of investigators. 
Heat transfer in rotating, smooth wall models has been in
vestigated by Mori et al. (1971), Johnson (1978), Morris and 
Ayhan (1979), Lokai and Gunchenko (1979), Morris (1981), 
Iskakov and Trushin (1983) and, more recently, Guidez (1988). 
Large increases and decreases in local heat transfer were found 
by some investigators to occur under certain conditions of 
rotation while others showed lesser effects. Analysis of these 
results does not produce consistent trends in the effects of 
rotation on heat transfer. The disparity of the results is in
dicative of differences in the measurement techniques and 
models used in the experiments as well as the nonuniformity 
of the test conditions. 

A comprehensive experimental program was formulated to 
identify the separate effects of Coriolis and buoyancy for the 
range of dimensionless heat transfer and flow parameters en
countered in large aircraft gas turbines. The overall objective 
of the program was to acquire and correlate benchmark-quality 
local heat transfer and pressure loss data for multipass, rotating 
coolant passages under conditions similar to those expected in 
the first stages of advanced aircraft gas turbines. Heat transfer 
data were obtained under varying conditions of flow rate, 
rotation, model radius, and wall-to-coolant temperature dif
ference. The experiments were conducted by varying each pa

rameter while holding the remaining parameters constant. The 
data were analyzed to separate the effects of Reynolds number, 
Coriolis forces, buoyancy, streamwise location, and the geo
metric location in the coolant passage (i.e., leading or trailing 
surfaces). 

The results presented in this paper are from the first phase 
of a three-phase program, which studied the effects of rotation 
on a multipass model with smooth and rough wall configu
rations. The first phase utilized the smooth wall configuration. 
Subsequent phases will include normal and skewed trip ge
ometries. This paper presents heat transfer results obtained in 
the first, radially outward flowing passage of a four-pass, 
smooth wall, square passage model. The results will show (1) 
agreement with previous investigators for stationary condi
tions, (2) effects of Coriolis forces, which cause the leading 
and trailing side heat transfer to vary by factors as large as 
five, and (3) effects of buoyancy, which cause heat transfer to 
increase by as much as a factor of two. 

Description of Experimental Equipment 
Rotating Heat Transfer Facility. The experimental facility 

consists of the containment vessel with rotating arm assembly 
and a motor with controller (Fig. 1). The containment vessel 
is 6 ft (1.83 m) in diameter. The vessel was designed for op
eration at pressures as low as 5 mm Hg absolute to reduce the 
power required to rotate the arm. The rotating arm assembly 
was turned by a 15 HP DC motor via a toothed belt. Shaft 
rpm was controlled by an adjustable feedback electronic con
troller. For this series of experiments, shaft speed was varied 
from 0 to 1100 rpm producing maximum gravitational forces 
on the model of approximately HOOg at the tip of the model 
and approximately 800g at the root. 

The shaft assembly is comprised of a main outer shaft with 
two shorter inner shafts. This shaft arrangement was designed 
for dual fluid paths from each rotary union mounted on the 
ends of the shaft to the rotating assembly. The rotary unions 
had carbon faced seals and were tested at assembly to be 
"bubble tight" to 150 psia (1034 kPa). The total leakage rate 
through all the components in stationary tests was less than 
0.2 percent of the baseline flow rate. Grooves located on the 
exterior surface of the outer shaft allow instrumentation and 
power leads to extend from the rotating arm to the rotating 
portion of the instrumentation slipring. Two slipring assem
blies (a 40-channel unit located on the upper end of the shaft 
and a 200-channel unit located on the lower end of the shaft) 
were used to transfer heater power and instrumentation leads 
between the stationary and rotating frames of references. 

Heat Transfer Model. The heat transfer model was de
signed to simulate the multipassage geometry of an internally 
cooled turbine blade (Fig. 2). The model consists of three 
heated straight sections, three heated turn sections, and one 

Nomenclature 

A = cross-sectional area of cool
ant passage Re 

Cp = specific heat of coolant 
D = hydraulic diameter Ro 

Gr = rotational Grashof number T 
h = heat transfer coefficient V 
k = thermal conductivity x 
m = mass flow rate 

Nu = Nusselt number = hD/k kp/p 
Pr = Prandtl number /n 
Q = heat flux p 
R = radius fl 

Reynolds number = 
mD/p/A • 
Rotation number = QD/V 
temperature 
mean coolant velocity 
streamwise distance from in
let 
density ratio = (pb-p„)/pb 
absolute viscosity 
coolant density 
rotational speed 

Subscripts 
b 
d 

H 
i 

u 

w 
0 0 

= local bulk condition 
= outlet of system of heated 

surfaces 
= constant heat flux 
= inlet to coolant passage 
= inlet to system of heated sur

face 
= heated surface location 
= fully developed, smooth tube 

Superscripts 
= average 
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Fig. 2 Typical turbine blade internal convection cooling configuration 
(from Han et al., 1984) 

unheated straight section, as shown in Fig. 3. All data presented 
herein were obtained in the first heated passage with radially 
outward flow. The model passages are square with a sidewall 
dimension of 0.5 in. (12.7 mm). The heated length of the first 
passage is 14 hydraulic diameters and is comprised of 16 heated 
copper elements at four stream wise locations. Four elements 
form the walls of the square coolant passage at each streamwise 
location. The two cross-sectional views shown in the figure 
show the orientation of the leading, trailing, and side wall 
surfaces. Each copper element is heated on the side opposite 
the test surface with a thin-film, 0.003 in. (0.1 mm) resistance 
heater. Each element is 0.150 in. (3.8 mm) thick and is ther
mally isolated from surrounding elements by 0.060 in. (1.5 
mm) thick fiberglass insulators. The power to each element 
was adjusted to obtain an isothermal wall boundary condition. 
The heat flux between elements with a2°F(l°C) temperature 
difference was estimated to be less than 2 percent of a typical 
stationary heat flux from a test element. The combination of 
distributed heating on the back of the copper element and the 
thickness of the element produced an almost uniform (<2°F) 
temperature element. 

The heat transfer model was operated at dimensionless flow 
conditions typical of current and advanced gas turbine designs. 
The required dimensionless rotation numbers were obtained 
with rotation rates of 1100 rpm or less by operating the model 
at a pressure of approximately 10 atm. The inlet coolant tem
perature was typically 80 °F (27 °C) and the copper test surface 
elements were 120°F, 160°F, 200°F, and 240°F (49°C, 71 °C, 
93°C, and 116°C) for coolant-to-wall temperature differences 
of 40°F, 80°F, 120°F and 160°F (22°C, 44°C, 67°C, and 
89°C). Temperatures of the copper elements were measured 
with two chromel-alumel thermocouples inserted in holes drilled 
in each copper element. Heat transfer coefficients were ob
tained for each heated surface location by the method described 
below. 

Data Reduction. Data acquisition/analysis consisted of two 
tasks: determination of the conduction back-loss of the model 
and determination of the heat transfer coefficients. Model 
back-loss measurements were obtained with no coolant flow 
and uniform wall temperature under steady-state conditions 
with rotation, identical to the heat transfer experiments, but 
without coolant flow. The model back-losses in the first pas
sage ranged from 10 to 20 percent of the total heat generated 
for stationary heat transfer levels. Heat transfer coefficients 
were determined for each wall section by applying an energy 
balance on each heated surface. The net heat added to the 

side B 

T O 0 0 S i d e A/^ f Direction 
Trailing | of Rotat,on 
Side 

Cover 

Side A 

Bulk Inlet 
Thermocouple 

Bulk Outlet 
Thermocouple 

Axis of Rotation 

Fig. 3 Cross-sectional views of coolant passage heat transfer model 
assembly 

coolant by convection was determined from the electrical power 
used to heat each surface less the heat conducted from the 
element to the model support structure. 

The coolant temperature was determined with a thermo
dynamic energy balance through each set of heated surfaces. 
The mean bulk temperature was determined by marching along 
the test section and calculating the temperature rise due to the 
net heat addition to the coolant. The calculation was started 
at the inlet of the coolant passage where the coolant temper
ature was measured. The average coolant temperature for each 
heated surface was determined by averaging the inlet and exit 
calculated bulk temperatures for each set of four heated sur
faces 

Td = VQaa/{mCp) + Tu (1) 
where Qnet is the convective heat flux from each of the four 
test surfaces at the specific streamwise location. 

Variations of coolant bulk temperature relative to the typical 
inlet coolant temperature of 80°F are shown in Fig. 4 for 
rotation numbers of 0.0 and 0.48. The shaded symbols are the 
calculated coolant temperatures from equation (1). The open 
symbols are the average coolant and wall temperatures for 
each element. The uncertainty of the measurement of tem
perature is estimated to be ±2.5°F (±1.4°C). 

The average heat transfer coefficient for each element was 
determined by dividing the net heat input to the coolant by 
the projected heated surface area and the temperature differ
ence between the average heated surface temperature and the 
calculated average coolant bulk temperature: 

h = 
Surface Area * (T„ - Tb) 

(2) 

Dimensionless heat transfer and flow parameters were cal
culated for each element (e.g., Nu and Re). The properties in 
the Nusselt and Reynolds numbers were evaluated at the film 
temperature, i.e., Tf= (T„+ Tb)/2.All the heat transfer results 
presented herein have been normalized with a smooth tube 
correlation for fully developed, turbulent flow. The constant 
heat flux Colburn equation adjusted for constant wall tem
perature was used to obtain the Nusselt number for fully de-
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Fig. 4 Variation of coolant bulk temperature with streamwise location; 
Re = 25,000, (Ap/p), = 0.13 

veloped, turbulent flow in a smooth tube (Kays and Perkins, 
1973) 

NuH=0.022*Re^8*Pr06 (Colburn equation) (3) 
with Pr = 0.72 

Nu„ = 0.0176 *Re£8 (4) 
An uncertainty analysis of the data reduction equations 

showed that approximately 3/4 of the estimated uncertainty 
in calculating heat transfer coefficient was due to the temper
ature measurement. Estimates of the uncertainty in calculating 
heat transfer coefficient typically varied from approximately 
± 6 percent at the inlet of ± 8 percent at the exit of the first 
passage of the heat transfer model for the baseline test con
dition. The uncertainty of the heat transfer coefficient is in
fluenced mainly by the wall-to-coolant temperature difference 
and the net heat flux from each element. Uncertainty in the 
heat transfer coefficient increases when either the temperature 
difference or the net heat flux decreases. For increasing x/D, 
the uncertainty increases because the wall-to-coolant temper
ature difference decreases (see Fig. 4). For low heat fluxes 
(e.g., for low Reynolds numbers and on the leading surfaces 
with rotation) the uncertainty in the heat transfer coefficient 
increased. The uncertainty in the lowest heat transfer coeffi
cient on the leading side of the passage with rotation was 
estimated to be 20 percent. 

Coolant Passage Inlet Documentation. Velocity and tur
bulence measurements were obtained at the exit of the screen 
assembly (inlet of coolant passage; see Fig. 3) for a Reynolds 
number of 15,000 with no rotation. For these measurements, 
the four-legged duct was removed from the model. The meas
urements were obtained by traversing a hot-film probe across 
the 0.5 by 0.5 in. (12.7 by 12.7 mm) opening downstream of 
the coolant inlet assembly. Average and rms voltages from the 
linearized hot-film signal were used to determine the local mean 
velocity and local turbulence intensity. The mean velocity and 
turbulence intensity results for the flow from the exit of the 
screen assembly (entrance to the coolant passage) are shown 
in Fig. 5. The inlet screen system was designed to produce an 
inlet velocity profile similar to that for a fully developed tur
bulent pipe flow. The mean velocity profiles have an approx
imately parabolic shape but are slightly skewed toward the 
outside (side A) and trailing side of the passage. Turbulence 
profiles at the exit of the screen assembly show increases in 
local turbulence intensity near the edges of the flow with a 
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Fig. 5 Mean axial velocity and turbulence intensity profiles at heat 
transfer passage inlet plane; Re = 15,000, fi = 0, o — plane through axis 
of rotation, o — plane perpendicular to axis of rotation 

centerline turbulence level of approximately four percent. The 
mean velocity and turbulence profiles are in good agreement 
with those of Sandborn (1955) for fully developed pipe flow. 
The effects of rotation on the inlet velocity distribution are 
not known. However, an analytical study is being initiated to 
determine the effects of rotation on the inlet velocity distri
bution and results will be reported at a future date. 

Results 
Heat transfer in stationary experiments with smooth pas

sages is primarily a function of the Reynolds number (a flow 
parameter) and the streamwise distance from the inlet, x/D (a 
geometric parameter). However, when rotation is applied, the 
heat transfer is also strongly influenced by the coupled effects 
of Coriolis and buoyancy and becomes asymmetric around the 
passage. An unpublished analysis of the equations of motion 
by Suo (1980), similar to that of Guidez (1988), showed that 
the basic dimensionless fluid dynamic parameters governing 
the flow in a radial coolant passage were the Reynolds number, 
the rotation number QD/V, fluid density ratio Ap/p, and the 
geometric parameter R/D. (Note that the rotation parameter 
is the reciprocal of the Rossby number, V/QD.) The rotation 
number QD/V, the fluid density ratio Ap/p, and the geometric 
parameter R/D can be combined to form a buoyancy param
eter (Ap/p)(R/D)(QD/V)2. This combined parameter influ
ences the formation of both cross-stream and buoyancy-driven 
secondary flow and, consequently, also influences the heat 
transfer. Thus, with rotation, the heat transfer is primarily a 
function of two geometric parameters (x/D and surface ori
entation relative to the direction of rotation) and three flow 
parameters (Reynolds number, rotation number and buoyancy 
parameter). 

The effect of each of the five parameters on the heat transfer 
is difficult to determine when most of the parameters influence 
the heat transfer by similar amounts. Our approach to devel
oping understanding of the cause/effect relationships is, first, 
to show the effects of each primary variable about a baseline 
flow condition and then, second, to examine our entire body 
of experimental results to determine regimes where each of the 
three flow parameters dominates the heat transfer. 

Baseline Experiments. Two baseline experiments, one sta
tionary and one rotating, were conducted to obtain data for 
comparison with all other data generated in this program. The 
stationary and rotating baseline experiments had dimensionless 
flow conditions, which consisted of a Reynolds number of 
25,000 and an inlet density ratio, (Ap/p)j=(Tw-Tb)/Tw, of 
0.13. The rotating baseline experiment had a rotation number 
QD/V of 0.24 and a radius ratio at the average model radius 

JANUARY 1991, Vol. 113/45 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



3.0 

2.0 

1.5 

1.0 

0.9 

— Yang & Liao: Square Duct 
Measured Data Re=23,500 

_ _ — Boelter, Young & Iversen: 
Combined Hydrodynamic + 

-p Thermal Development 
f Re=50,000 . 

Aladyev: Circular Duct 
Experiment with Water 
Re=20,000 

• First Outward Straight 
Section Average of all 
Four Walls 

I Wall-to-Wall Variation 
of Measured Data 

12 16 

x/D 

Fig. 6 Variation of heat transfer with streamwise location for "nonro-
tating" baseline flow conditions; Re = 25,000, (Ap/p), = 0.13, average of 
B= - 1 5 , 0, +15 rpm, Ro = 0.006 

R/D of 49. These parameters were selected because they are 
in the central region of the operating ranges of current large 
aircraft gas turbine engines. 

Stationary. The streamwise distribution of the average heat 
transfer ratio for the stationary (and very low rotation rate) 
baseline experiments are shown in Fig. 6. The wall-to-wall 
variation of the heat transfer results from the four surfaces 
around the circumference of the coolant passage are also shown. 
Results from other investigators (Boelter et al., 1948; Aladyev, 
1954; Yang and Liao, 1973) are shown for comparison. 

The streamwise variations in average heat transfer ratio are 
indicative of developing flow in the entrance region of a pas
sage. Note that the heat transfer ratio decreases from over 2.0 
near the inlet of the first passage to about 1.0 near the exit. 
A heat transfer ratio of 1.0 is that expected for fully developed, 
turbulent flow with a constant wall temperature. Although the 
mean inlet velocity profiles were conditioned to be hydrody-
namically "fully developed" for a circular passage, the heat 
transfer results indicate that an additional development process 
occurs along the passage length. This development is attributed 
to thermal and near-wall flow development as well as the hy
drodynamic development of flow in a square cross-sectional 
passage. The wall-to-wall variation in heat transfer ratio for 
each streamwise location is less than 15 percent, indicating 
good passage symmetry. The wall-to-wall variation was ran
dom in nature except at x/D =12.4, where the wall-to-wall 
variation was judged to be systematic. The greatest wall-to-
wall difference in heat transfer ratio occurred at x/D =12.4 
and was attributed to upstream effects of the turn. In general, 
consistent wall-to-wall heat transfer results were obtained. 

Rotating. The streamwise distributions of heat transfer ra
tio for the rotating baseline condition for the four surface 
locations around the coolant passage are shown in Fig. 7. The 
streamwise distribution of the average heat transfer ratio from 
all four surfaces from the stationary baseline test is also shown. 

With rotation, heat transfer increases and decreases by fac
tors of more than two from the trailing and leading surfaces, 
respectively, compared to the heat transfer from the stationary 
model. The heat transfer from the sidewall surfaces increases 
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Fig. 7 Variation of heat transfer ratio with streamwise location for 
"rotating" baseline flow conditions; Re = 25,000, Ro = 0.24, (Ap/p),= 0.13 

by factors of 1.2 to 1.5. Note that the local heat transfer ratio 
on the leading side of the coolant passage decreases rapidly 
with increasing streamwise distance to about 40 percent of the 
stationary value at x/D =8.5 and then increases at the larger 
x/D location. The heat transfer ratio on the trailing side in
creases with increasing streamwise distance to almost 2.5 times 
that of a fully developed, smooth tube. This results in a 6-to-
1 ratio of the heat transfer coefficients between the trailing 
and leading surfaces. 

The difference in heat transfer between the rotating and 
nonrotating flow conditions on the trailing and sidewall sur
faces is attributed to both the increasing strength of the sec
ondary flow cells associated with the Coriolis force and the 
buoyancy. The decrease in heat transfer near the inlet of the 
passage on the leading surfaces is attributed to the stabilizing 
of the near-wall flow, as observed by Johnston (1972). The 
subsequent increase in heat transfer near the end of the passage 
is postulated to occur when the secondary flow cells become 
more developed and interact with the buoyant, stabilized near-
wall flow on the leading side of the passage. Further discussion 
of this interaction will be presented in subsequent sections. 
The heat transfer effects described above are characteristic of 
radially outward flow in rotating passages and are attributed 
to the combined Coriolis and buoyancy forces. 

As noted above in the discussion of the baseline results, 
rotation significantly changes the heat transfer from the leading 
and trailing surfaces but causes smaller changes on the sidewall 
surfaces. Therefore, the following discussion will focus on the 
heat transfer results from only the leading and trailing surfaces. 

Varying Rotation Number. The rotation number QD/V 
was varied from 0 to 0.48 for this series of flow conditions. 
The Reynolds number, inlet density ratio, and radius ratio 
were held constant at the nominal values of 25,000, 0.13, and 
49, respectively. 

Trailing Surfaces. Increasing the rotation rate causes sig
nificant increases in heat transfer on the trailing surfaces (Fig. 
8a). As the rotation parameter is increased from 0 to 0.12, the 
heat transfer ratio increases more than 50 percent above the 
stationary values in the latter half of the coolant passage and 
only slightly in the first half. As rotation is further increased, 
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Fig. 8(a) Effect of Rotation number on heat transfer ratio for trailing 
surfaces; Re = 25,000, (ApH = 0.13, fi/D = 49 
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Fig. 8(6) Effect of Rotation number on heat transfer ratio for leading 
surfaces; Re = 25,000, (Aj>//>), = 0.13, fl/D=49 

the heat transfer ratio increases over the whole passage length 
to values of almost 4 for the rotation number of 0.48. 

The large increases in the heat transfer ratio in the latter 
half of the passage for low rotation numbers are attributed to 
the development of Coriolis generated secondary flow cells. 
The general increase in heat transfer ratio on the entire trailing 
side of the passage for larger rotation numbers is attributed 
to the upstream movement of the onset and the increasing 
strength of these secondary flow cells. The coolant near the 
trailing side of the passage (high pressure side for radially 
outward flow) is also believed to be influenced by the desta-
bilization of the wall shear layers due to rotation. Additionally, 
cooler mainstream fluid is accelerated towards this side of the 
passage by the Coriolis forces. The large increases in the heat 
transfer from the trailing surfaces are attributed to a combi
nation of these effects. 

Leading Surfaces. Heat transfer from the leading surfaces 
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Fig. 9 Effect of wall-to-coolant density difference on heat transfer ratio; 
Re = 25,000, Ro = 0.24, fl/D = 49 

is also strongly influenced by rotation (Fig. Sb). However, the 
effect of rotation is markedly different from that observed on 
the trailing surfaces. In contrast to the continual increase in 
heat transfer with increasing rotation number on the trailing 
side, the heat transfer ratio decreases with increasing rotation 
number on the leading side of the passage near the inlet. For 
all of the remaining locations on the leading side of the passage, 
the heat transfer ratio decreases and then increases again with 
increasing rotation number. Examination of the leading side 
results shows that the location of the local minimum in the 
heat transfer ratio for each rotation number moves toward the 
inlet of the passage as the rotation number is increased. 

Significantly lower heat transfer rates were measured along 
the leading side of the coolant passages for even low values 
of rotation numer. The decreases in the heat transfer ratio are 
attributed, for the most part, to the cross-stream flow patterns 
in the passage as well as the stabilization of the flow near the 
leading side of the passage (discussed in the previous section). 
The cross-section flows cause already heated, relatively quies
cent fluid from the trailing and sidewall surfaces to accumulate 
near the leading side of the coolant passage. In addition, the 
rotation stabilizes the shear layers along this wall and further 
reduces the potential for heat transfer from turbulent trans
port. The increase in the heat transfer ratio in the latter half 
of the coolant passage for the larger rotation numbers is at
tributed to the large-scale development of the Coriolis-gen-
erated secondary flow cells. 

Varying Density Ratio. The inlet density ratio (Ap/p), was 
varied from 0.07 to 0.22 for this series of flow conditions. The 
Reynolds number, rotation number, and radius ratio were held 
constant at the nominal values of 25,000, 0.24, and 49, re
spectively. 

Increasing the inlet density ratio (i.e., the wall-to-coolant 
temperature difference) from 0.07 to 0.22 causes the heat trans
fer ratio to increase on all trailing surfaces by as much as 50 
percent and on the two downstream leading surfaces by as 
much as 100 percent (Fig. 9). The largest increases in heat 
transfer with increasing density ratio are in areas of the passage 
where the effects of Coriolis are also strong. The exception to 
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Fig. 10 Effect of Reynolds number on heat transfer ratio; Ro = 
(ApH = 0.13, fl/D = 49 

0.24, 
Fig. 11 Effect of model radius on heat transfer ratio distribution; 
Re = 25,000, Ro = 0.24, (Ap/p), = 0.13 

the general increase in heat transfer with increasing density 
ratio occurred near the inlet on the leading side of the passage, 
where the heat transfer ratio is observed to decrease slightly. 
The heat transfer for this particular location, as noted above, 
is relatively unaffected by the Coriolis-generated secondary 
flow for this rotation number and is believed to be dominated 
by near-wall flow stabilization. Increasing the density ratio in 
this region adds an additional stabilizing effect due to the 
opposing signs of the buoyancy force and the direction of the 
mainstream flow. This localized decrease in heat transfer ratio 
is also consistent with the results of Morris and Ayhan (1979) 
and Morris (1981), who found a decrease in heat transfer on 
leading surfaces with increasing Grashof number (i.e., either 
increasing density ratio and/or increasing rotation number). 
This decrease was observed by Morris at values of rotation 
number of approximately 0.05. 

Varying Reynolds Number. The Reynolds number was 
varied from 12,500 to 50,000 for this series of flow conditions. 
The rotation number, inlet density ratio, and radius ratio were 
held constant at the rotating baseline values of 0.24, 0.13, and 
49, respectively. 

The streamwise distributions of heat transfer ratio for three 
Reynolds numbers are shown in Fig. 10. For these tests, the 
coolant mass flow rate, m, and rotation rate, Q, were varied 
to maintain a constant rotation number of 0.24. Changing the 
Reynolds number about the rotating baseline condition yielded 
a variation of heat transfer ratios with streamwise location 
similar to those for the rotating baseline flow condition. There 
is no consistent trend in the heat transfer results with variations 
in the Reynolds number for this rotation number. However, 
there is a significant decrease in heat transfer ratio with in
creasing Reynolds number on the leading side of the passage 
at the most downstream location, x/D = 12.4. 

Varying Model Radius. In order to isolate the effect of the 
radius ratio R/D, the mean model radius was decreased to 
about two-thirds of its baseline value (from R/D = 49 to 33). 
The Reynolds number, rotation number, and inlet density ratio 
were held constant at the baseline values of 25,000, 0.24, and 
0.13, respectively. 

The effects of decreasing the model radius on the heat trans

fer ratio are shown in Fig. 11. Heat transfer ratios near the 
inlet of the passage on both the leading and the trailing surfaces 
are relatively unaffected by the radius change. However, the 
heat transfer ratio did decrease with a decrease in model radius 
in the latter half of the passage. These results are similar to 
those discussed above where density ratio was decreased from 
the baseline value of 0.13 to 0.07. Because the effects of buoy
ancy are coupled as the product of two flow parameters and 
one geometric parameter into a combined buoyancy parameter; 
(Ap/p) (R/D)(QD/V)2, varying the density ratio or the radius 
ratio by similar amounts should cause similar variations in the 
heat transfer distributions. 

Varying Rotation Number and Density Ratio. Additional 
data from parametric variations of density ratio and rotation 
parameter were necessary to isolate the effects of rotation and 
buoyancy. The inlet density ratio was varied from 0.07 to 0.22 
for selected rotation numbers. Heat transfer results from these 
experiments were plotted versus inlet density ratio with rotation 
number as a secondary variable. The distributions of heat 
transfer ratio with density ratio (not shown) were extrapolated 
for each value of the rotation number to obtain a value of the 
heat transfer ratio for a density ratio of 0.0 (i.e., limit as AT 
approaches 0). The heat transfer results obtained from the 
experiments plus the extrapolated values for a density ratio of 
0.0 are presented in Fig. 12 as the variation of heat transfer 
ratio with the rotation number with the density ratio as the 
secondary variable for three streamwise locations. 

Trailing Surface. The heat transfer ratios for the trailing 
surfaces increase with increases in either the density ratio or 
the rotation number. The heat transfer from the two down
stream surfaces on the trailing side increases by a factor of 
almost two as density ratio increases from 0 to 0.22 at values 
of rotation number from 0.18 and 0.35. Note that there is no 
effect of density ratio on the heat transfer ratio for a rotation 
number of 0 when film properties are used for the dimen-
sionless heat transfer and flow parameters. Increasing the ro
tation number causes local increases in the heat transfer by 
factors as much as 3.5 compared to the heat transfer for a 
rotation number of 0. The trend (but not the magnitude) for 
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Fig. 12 Variation of heat transfer ratio with Rotation number at selected 
density ratios and streamwise locations; Re = 25,000, R/D = A9 

continuously increasing heat transfer coefficients with increas
ing density ratio and rotation number is consistent with the 
combined free and forced convection results of Eckert et al. 
(1953) and Metais and Eckert (1964) where the buoyancy force 
direction is opposite to the mean flow direction as it is for 
radially outward flowing rotating passages. However, the flow 
in the present experiment with rotation is more complicated 
than the flow in stationary experiments because all surfaces 
do not behave in a similar manner. 

Leading Surfaces. The heat transfer from the leading sur
faces is more complex than that from the trailing surfaces. 
Heat transfer decreases with increasing rotation number for 
low values of rotation number (i.e., UD/V<0.2 at the down
stream location) and then subsequently increases again with 
increases in rotation for larger values of rotation number. 
Additionally, as with the trailing surfaces, heat transfer in
creases with increases in the density ratio. The more compli
cated heat transfer distributions on the leading side of the 
coolant passage are attributed to (1) the combination of buoy
ancy forces and the stabilization of the near-wall flow for low 
values of the rotation number and (2) the developing, Coriolis-
driven secondary flow cells for the larger values of the rotation 
number. 

Variations in the absolute and relative changes of the heat 
transfer coefficients on the leading and trailing surfaces can 
be deduced from the results shown in Fig. 12. The relative 
increase in heat transfer ratio for the downstream location on 
the leading side is greater than 3 as the inlet density ratio is 
increased from 0 to 0.22 for a rotation number of 0.25. How
ever, note that the absolute increase in the heat transfer ratio 
is 0.8. This absolute increase is substantially less than the 
absolute increase in the heat transfer ratio from the trailing 
side for this rotation number and same increase in inlet density 
ratio (approximately 1.3). The difference in the increase in 
heat transfer ratio for the same increase in inlet density ratio 
suggests that the interaction of the Coriolis and buoyancy 
effects is different for the leading and trailing surfaces, even 
where the effects of Coriolis-driven secondary flows are strong. 

Correlating Parameters 

The analysis of the equations of motion for flow in a rotating 
radial passage by Suo (1980), discussed above, showed that 
(1) the variations in the momentum of the flow in the plane 
perpendicular to the passage centerline (cross-stream flow) will 
be proportional to the rotation number, QD/V, and (2) the 
variations in the momentum of the flow parallel to the passage 
centerline (buoyant flows) will be proportional to the buoyancy 
parameter, (Ap/p)(R/D)(QD/V)2. The buoyancy parameter de
fined above is equivalent to the ratio of the Grashof number 
(with a rotational gravitation term, RQ2) to the square of the 
Reynolds number and has previously been used to characterize 
the relative importance of free and forced convection in the 
analysis of stationary mixed-convection heat transfer. Guidez 
(1988) used a similar analysis to establish appropriate flow 
parameters for the presentation of his results. These param
eters, QD/Vand (Ap/p)(R/D)(UD/V)2, will also be used in the 
present discussion of the effects of Coriolis and buoyancy 
forces on the heat transfer. 

The data and extrapolated results presented in Fig. 12 show 
that the effect of Coriolis and buoyancy forces are coupled 
through the entire operating range investigated. The results 
from Fig. 12, combined with those for R/D= 33, are presented 
in Fig. 13 as the variation of the heat transfer ratio with the 
buoyancy parameter. The local density ratio and radius, R, 
are used in the buoyancy parameter. Thus, the range of the 
buoyancy parameter decreases with increasing values of x/D. 
Results for the same value of the rotation number are connected 
with dashed lines where the results are not well correlated by 
the buoyancy parameter. The lines at constant rotation number 
are extrapolated to the value of the heat transfer ratio estimated 
for a density ratio (and also buoyancy parameter) of 0 as 
described in the discussion of Fig. 12. 

The heat transfer ratios for the trailing side of the passage 
increase with the buoyancy parameter. The rate of increase in 
the heat transfer ratio with increasing buoyancy parameter is 
greatest at the x/D =12.4 location for values of buoyancy 
parameter less than 0.4. For values of the buoyancy parameter 
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greater than 0.4, the rate of increase is less. Thus, two ranges 
of buoyancy parameter appear to exist with different heat 
transfer characteristics. Generally, the heat transfer variations 
from the trailing side form a one-to-one correspondence with 
the buoyancy parameter (i.e., singled valued function) and are 
well correlated by the buoyancy parameter for all values of x/ 
D shown. 

Examination of the heat transfer results from the leading 
side suggests that at least three ranges of buoyancy parameter 
exist where the heat transfer is dominated by different fluid 
dynamic mechanisms (i.e., Coriolis, buoyancy, etc.). Com
paring the results at x/D =12 A from the leading side with 
those from the trailing side, note that there is a range of 
buoyancy parameter for values less than 0.1 where the heat 
transfer ratios decrease sharply with increasing values of the 
buoyancy parameter. Within the second range from 0.1 to 
approximately 0.5, the heat transfer ratios increase sharply 
with increasing values of the buoyancy parameter. For the 
third range, with values of the buoyancy parameter greater 
than 0.5., the heat transfer ratio increases at a lower rate, with 
increasing values of buoyancy parameter. For lower values of 
x/D, the values of buoyancy parameter that define the limits 
of the three ranges increase in magnitude. The heat transfer 
on the leading surface at values of x/D = 4.7 and 8.5 is governed 
by a more complex relationship of streamwise distance, ro
tation number, and buoyancy parameter. However, the results 
from the leading side for x/D= 12 A are well correlated by the 
buoyancy parameter for values of the buoyancy parameter 
greater than 0.2. 

The analyses of these heat transfer results show that (1) the 
buoyancy parameter correlates the heat transfer ratio data 
from the trailing side of the coolant passage and from the 
leading side at the downstream location, (2) the data were not 
correlated by the buoyancy parameter near the inlet on the 
leading surface due to a complex interaction of stabilization, 
buoyancy forces, and Coriolis effects, and (3) the heat transfer 
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in rotating, smooth passages is governed by complex inter
actions of the viscous, Coriolis, and buoyancy forces on the 
fluid. 

Comparison With Previous Experimental Results 
The heat transfer results from the leading surface at x/ 

D=12A are compared in Fig. 14 with the correlation from 
Morris (1981). Morris' experiment consisted of a rotating cir
cular tube with radially outward flow with constant wall heat 
flux. The solid lines on the figure indicate the range of Morris' 
data, while the dashed lines represent extrapolations of his 
correlation. The heat transfer results (and symbols) shown in 
the figure are identical to those in Figs. 12 and 13 for the 
leading surface elements with x/D =12.4. The heat transfer 
results obtained on the leading surface at the low rotation 
number of 0.06 are within 20 percent of Morris' correlation. 
This agreement occurs within Morris' experimental range, 
which is indicated in the figure. For values of the buoyancy 
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parameter and rotation number that fall outside the Morris 
data range, the present data show increases with rotation num
ber that are in general agreement with the Morris correlation. 
However, the present data show increases in heat transfer with 
increasing density ratio or buoyancy centripetal parameter, 
whereas the Morris correlation would predict a decrease in 
heat transfer with increasing density ratio. 

The more recent results of Guidez (1988) for a smooth rec
tangular passage (aspect ratio 2:1) were obtained at rotation 
numbers up to 0.2 and values of the buoyancy parameter up 
to 0.1. The present results from the trailing side of the coolant 
passage are compatible with those of Guidez (1988), who 
showed heat transfer ratios of 1.7 for a Reynolds number of 
24,000 and a rotation number of 0.2. However, the decrease 
in heat transfer ratio on the leading side of the passage shown 
by Guidez (i.e., Nu/Nu„ = 0.7 at x/D =11.5) was considerably 
less than that obtained in the present experiment (i.e., Nu/ 
Nuoo = 0.5) for similar conditions. These differences are at
tributed to differences in the aspect ratios of the passages (i.e., 
2:1 for Guidez's experiment compared to 1:1 for the present 
experiment). 

Concluding Comments 
This paper has presented an extensive body of experimental 

data from heat transfer experiments in a rotating square pas
sage with smooth walls. It is believed that the large range of 
test parameters makes this data set unique. The extensive data 
base aided greatly in the data analysis and correlation and in 
developing physical models for the complex heat transfer char
acteristics. 

The analysis of these experimental results to determine the 
separate effects of forced convection, Coriolis, and buoyancy 
on the heat transfer in a rotating, smooth-wall, square passage 
has produced the following observations and conclusions: 

1 The streamwise distribution of heat transfer in the first 
passage from the stationary baseline experiment is similar to 
that from developing flow in the entrance region of a passage 
and is in good agreement with previous investigator's results. 

2 Heat transfer is strongly affected by rotation, causing 
increases in heat transfer up to 3.5 times fully developed, 
smooth tube levels on the trailing surfaces and decreases to 40 
percent of fully developed, smooth tube levels on the leading 
surfaces. 

3 The decreases in heat transfer on the leading surfaces 
with increases in rotation number are attributed to the com
bined effects of stabilization of the near-wall flow and cross-
stream flows. 

4 The increases in heat transfer at the downstream loca
tions on the leading side and the increases on the trailing side 
are attributed to the effects of the large-scale development of 
Coriolis-generated secondary flows. 

5 Local heat transfer increases with increases in density 
ratio over most of the passage surface area. 

6 Heat transfer decreases with increases in density ratio 
on the leading side of the passage near the inlet. These decreases 
are believed to be governed by both the interaction of the near-
wall flow stability and the buoyancy effects. 

7 The effects of varying Reynolds number on heat transfer 
ratio are reasonably well correlated by normalizing the heat 
transfer results with a correlation for fully developed, turbulent 
flow in a stationary environment. 

8 Similar changes in the distributions of heat transfer oc
curred when either density ratio or model radius ratio were 
varied. 

9 Increases in heat transfer ratio on the trailing surfaces 
were 60 percent greater than increases on the leading surfaces 
for the same increases in density ratio and for the same rotation 
number. This difference in heat transfer increase suggests that 

the interaction of the Coriolis and buoyancy effects is different 
for the flow near leading and trailing surfaces. 

10 The buoyancy parameter correlates the heat transfer 
ratio results from the trailing side and from the most down
stream location of the leading side. The results were not cor
related by the buoyancy parameter near the inlet on the leading 
surface. The lack of correlation was attributed to a complex 
interaction of stabilization, buoyancy, and Coriolis effects. 
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Transient Liquid Crystal 
Measurement of Local Heat 
Transfer on a Rotating Disk With 
Jet Impingement 
An experimental technique has been developed for measurement of local convection 
heat transfer characteristics on rotating surfaces, utilizing thin liquid crystal surface 
coatings in a thermal transient test procedure. The encapsulated liquid crystal coat
ings used are sprayed directly on the test surface and their response is observed and 
processed during the transient with automated computer vision and data acquisition 
systems. Heat transfer coefficients are calculated from the thermal transient response 
of the test surface, as determined from the color indication from the thin coating. 
A significant advantage of the method, especially for convection in disk/shroud 
cavities that may contain recirculating fluid regions, is that appropriate thermal 
boundary conditions are naturally imposed on all of the boundary surfaces. The 
method is also relatively fast and inexpensive, and allows the geometry of the disk 
and stator surfaces to be changed easily, without the expenses of mounting discrete 
heat flux and temperature sensors and equipment to transfer information to a 
stationary frame of reference. Application of the experimental technique is dem
onstrated with detailed radially local surface Nusselt number distributions acquired 
for cases involving jet impingement onto a smooth disk, rotating in close proximity 
to a parallel plane stator disk. A single circular jet, with nozzle exit flush mounted 
in the stator, is oriented normal to the disk surface at various radii and flow rates. 
Local Nusselt numbers are presented nondimensionally as functions of both disk 
and flow Reynolds numbers. The results indicate that the local radial heat transfer 
distribution can be controlled by varying the impingement radius, but maximum 
radially averaged heat transfer is obtained with impingement at the disk center. 

Introduction 
Heat transfer on rotating disks is a commonly occurring 

topic in convection heat transfer, especially in rotating ma
chinery. Rotating disks are also found in various manufac
turing processes where materials are dropped onto and spun 
off of the rotating disk face or in applications where the edge 
of the disk is used in rolling operations. 

In most of these applications, it is important to have knowl
edge of the disk temperature and the ability to control it. In 
gas turbine engines, for example, knowledge of the temperature 
distribution on turbine disks is needed in order to predict 
stresses and durability, and is also important from the stand
point of dimensional control. The temperature distribution 
throughout the entire disk plays a major role in determining 
the radial position of the turbine blade tips and thus in estab
lishing the clearance space between blade tip and stationary 
outer seal. 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, 
Toronto, Ontario, Canada, June 4-8,1989. Manuscript received at ASME Head
quarters February 14, 1989. Paper No. 89-GT-287. 

On all rotating disks, whether smooth or roughened, there 
is an inherent, unavoidable pumping of fluid radially outward 
along the disk surface. If not counteracted in some way, this 
pumping action will also act to induce a radially inward flow 
of fluid from the disk rim region to replenish the flow pumped 
from the radially in-board regions. In a gas turbine engine this 
radially inward flow will often consist of hot combustion gases, 
causing elevated disk temperatures, temperature differences, 
and shortened disk life. In the gas turbine application, cooling 
air is generally bled from the compressor section and routed 
to the wheel space where it is used both for cooling the rotating 
and stationary components and for sealing the wheel space 
against ingress of hot combustion gases. Since the bleeding of 
compressor gas imposes a performance penalty on the engine 
cycle, the designers of cooling and sealing systems want to 
accomplish these tasks with the minimum possible amount of 
bleed air. For this to be accomplished, the designer must have 
accurate and detailed knowledge of the convection heat trans
fer and flow characteristics associated with the wheel-space 
flows. Moreover, detailed local knowledge of the convection 
heat transfer on the disks themselves is a necessary prerequisite 
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to the calculation of disk temperature distribution and the 
corresponding disk stresses, radial growth, and predicted du
rability. 

Despite the recognized need for detailed heat transfer in
formation on rotating surfaces, such information has been 
acquired slowly starting with, among others, the analysis of 
von Karman (1921) and the experiments of Cobb and Saunders 
(1956) and Kreith et al. (1959). A concise review of literature 
addressing both the fluid mechanics and heat transfer aspects 
of the subject through 1982 is provided by Owen (1984). 

The majority of published work deals with the flow aspects 
of the problem rather than with the heat transfer, e.g., Daily 
and Nece (1960) and Bayley and Owen (1970). The acquisition 
of heat transfer information has been slowed and is still in
complete because of the expense and complexity involved with 
making local heat transfer measurements on rotating surfaces. 
Conventionally such measurements involve mounting expen
sive heat flux gages, or spot heaters and thermocouples, on 
the disk surface, and transmitting electrical power and meas
urement signals from and to the rotating apparatus through 
slip rings. The expense and time factors involved usually result 
in testing of only limited geometric arrangements of the disk 
and stator system, and in most previous work both the disk 
and shroud surfaces used in tests have been plane and smooth. 
In contrast, in gas turbine applications both the disk and ad
jacent stator are generally not plane and often not smooth. 
Moreover, the flow in the wheel space between rotor and stator 
often contains recirculating regions where the flow exchanges 
heat with both the stator and the rotor. In conventional testing, 
the disk is usually the only active heat transfer surface and 
heat transfer to or from the stationary surfaces is not properly 
modeled or accounted for in the experiments. 

The main objective of the present work has been to develop 
a method capable of making local convection heat transfer 
measurements on rotating surfaces without the difficulty and 
expense of conventional techniques. The technique developed 
utilizes thin crystal surface coatings in a thermal transient test 
procedure. 

Thermochromic liquid crystals have been utilized in heat 
transfer experimentation for several years. Early experimental 
applications in convective heat transfer problems were made 
by den Ouden and Hoogendoorn (1974), Cooper et al. (1975), 
and Butefisch (1976) using conventional steady-state test meth
ods. More recent applications of liquid crystals include the 
work of Hippensteele et al. (1983) using a composite heater 
element and liquid crystal sheet, and studies of Ireland and 
Jones (1985) using a semi-infinite transient experimental tech
nique. 

In the present study, encapsulated liquid crystal coatings are 
sprayed directly on the test surface and their response is ob
served and processed during an imposed thermal transient with 
automated computer vision and data acquisition systems. Heat 
transfer coefficients are calculated from the transient response 
of the test surface, as indicated by the color reflected from the 

thin coating. A significant advantage of the method, especially 
for convection in disk/shroud cavities that may contain recir
culating fluid regions, is that appropriate thermal boundary 
conditions are naturally imposed on all of the boundary sur
faces. The method is also relatively fast and inexpensive, and 
allows the geometry of the disk and stator surfaces to be changed 
easily, without the expenses of mounting discrete heat flux and 
temperature and equipment to transfer information to a sta
tionary frame of reference. 

A second objective of the present work was to apply the 
experimental method developed to the acquisition of local data 
for heat transfer between a rotating disk and impinging jet. 
This situation, for which there is only sparse local heat transfer 
information available, has been investigated only for the case 
of free, unenclosed disks in studies by Popiel et al. (1974), 
Metzger and Grochowsky (1977), Metzger et al. (1979), Bogdan 
(1982), and Popiel and Boguslawski (1986). Jet impingement 
has been used, most recently on the space shuttle main engine, 
as a method for cooling turbine disks, particularly for localized 
cooling of the blade attachment regions. In gas turbine engines, 
the disks invariably rotate in the presence of some type of 
nearby stator arrangement, and if the axial spacing between 
disk and stator is small, both the disk windage and the tendency 
to ingest hot gases can be reduced. The present study uses the 
experimental method developed to investigate jet impingement 
heat transfer in such a confined disk/stator wheel space. 

Experimental Apparatus and Procedures 
A schematic of the test apparatus is shown in Fig. 1. The 

disk is rotated at speeds up to 10,000 rpm by a 3/4 hp motor 
connected by flat belt to a high-speed quill, consisting of pre
cision sealed shaft and bearings. The disk is composed of two 
pieces as shown in the detailed test section schematic of Fig. 
2. The disk test surface is made of black, cell-cast acrylic plastic 
of 0.635 cm thickness and 10.16 cm radius. The plastic disk 
is tightly fit into an aluminum retaining disk, and the two-
piece disk assembly is fastened to the quill shaft. 

The rotating disk is faced by a plane stationary shroud, or 
stator disk, at a spacing of z- The stator surface is maintained 
parallel to the disk surface and positioned laterally with a 
shroud support assembly attached to the quill housing. The 
shroud includes an attached rim at the stator disk edge to 
discourage entrainment of air into the disk-shroud cavity from 
the rim region. The shroud rim is positioned and angled to 
direct jet supplied air out of the disk-shroud cavity and away 
from the apparatus. The stator disk contains an insert piece 
along one radial location for the purpose of positioning the 
jet nozzle. By means of various inner pieces the radial location 
of jet impingement may be varied in a continuous fashion from 
the disk hub to the disk rim. The jet nozzle, which affixes 
perpendicularly to the insert piece at a desired position, uses 
a circular jet of 0.476 cm diameter and is fitted with a ther
mocouple to indicate the jet transient temperature. The shroud, 
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Fig. 2 Disk and shroud details 

nozzle positioning insert, and jet nozzle are all made of clear 
acrylic plastic. 

The present experiments utilized a fixed shroud spacing of 
z/r0 = 0.1 together with discrete jet nozzle radial locations of 
r/r0 = 0, 0.2, 0.4,0.6, and 0.8. The rotational Reynolds number 
Rero is determined using angular speed co detected by a pho
toelectric tachometer head and electronic counter. The flow 
Reynolds number Rem is determined by metering the jet supply 
air through an ASME standard orifice. Both Rero and Re„, are 
varied in this study. Additional details of the experimental 
apparatus are given by Bosch (1988). 

Laboratory compressed air, filtered, dried, and accurately 
metered, is supplied to a heating section followed by a diverter 
ball valve. Local surface heat transfer is determined from the 
color response pattern of a thermochromic liquid crystal (TLC) 
coating sprayed onto the acrylic plastic disk surface. Each test 
run is a thermal transient, initiated by the sudden introduction 
of heated air to the test section, resulting in the sequential 
color change display of the surface coating. The experimental 

method and procedures used are similar in most respects to 
those described previously by Metzger and Larson (1986) using 
a melting point surface coating, so only a brief description will 
be given here with specific attention given to the TLC coatings. 

A test run begins with heated air first diverted away from 
the test section so that the test section and upstream duct remain 
uniformly at the laboratory ambient temperature. The valve 
remains in the diverted position until steady flow and a steady-
state temperature (above the selected color indicating temper
ature of the TLC coating) have been achieved in the diversion 
channel. At that time the valve is used suddenly to route the 
heated air flow through the test section. A data acquisition 
program in the IBM PC is initiated simultaneously with the 
change of valve position. 

A thin layer of the TLC coating (less than 5 x 10"3 cm) is 
sprayed evenly on the test surface. The coating material used 
in the present study is a commercially available, chiral nematic 
TLC (Hallcrest, Type B-M/R38C5W/C17-10, Glenview, IL). 
This very sensitive encapsulated TLC is essentially clear when 
sprayed onto the surface in a very thin layer. The strongest 
intensity (near primary) colors displayed are red, green, and 
blue, in that order. For this TLC, the nominal temperatures 
at which red, green, and blue are initiated in the display are 
38.4°C, 39.8°C, and 43.5°C, respectively, as viewed under 
room lighting conditions without filters or other modifying 
factors. After proceeding through the full display of colors, 
this TLC returns to a clear coating again. The color display 
of the TLC is a result of a re-orientation (rotation) of the 
crystal's lattice such that different wavelengths of light are 
reflected more or less strongly depending upon the tempera
ture. While all TLC types experience a finite time response for 
the lattice rotations, Ireland and Jones (1987) have shown that 
micro-encapsulated chiral nematic coatings on the order of 
10~3 cm thick require only a few milliseconds for this action. 
This time lag is negligible in comparison with the thermal 
transients of the present study. 

A particular surface temperature is determined by detecting 
a desired color in a monochromatic manner. The system utilizes 
a color CCD camera with an analytic line filter covering the 
lens (peak wavelength of 535 nm and bandwidth of 10 nm). 
The camera signal is sent to a color monitor from which only 
the green color gun signal is used. The determination of the 
desired color by the frame grabber is based on the intensity 
level of the test surface display as shown by the green signal. 
When a small region of the surface covered by a single pixel 
has reached a preset threshold intensity level, the surface tem
perature at this point is known. The desired color and preset 
threshold are determined by calibrating the data acquisition 
system with a TLC-coated copper bar. The response of the 
copper bar to a heat rate input is monitored through a ther
mocouple in the bar. The visual response of the system is 
monitored with the color and video monitors. By varying the 
intensity threshold level set in the computer, an appropriate 
threshold and surface temperature are determined for reliable 
data acquisition. 

The use of of studio lighting and a black acrylic plastic 
surface both serve to improve the TLC color display intensity 
and clarity. Variable intensity studio lighting is used to obtain 
the appropriate illumination level at the desired disk radial 
locations for each experiment. Since the radial disk surface 
illumination is typically nonuniform due to camera and lighting 
arrangement restrictions, the lighting intensity is varied along 
with jet driving temperature to obtain local color change in
formation at various disk radial segments. While the studio 
lighting represents a high-temperature radiant heat source, its 
contribution of energy to the disk surface was negligible due 
to a small view factor and the shielding effect of the disk 
shroud. This method of data acquisition is not limited to the 
green signal used in the present study, which results in an 
indicated surface temperature of 39°C, but may be used with 
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any color of the TLC display of sufficient intensity and du
ration. 

For the acrylic plastic test surface material used, the depth 
of heating into the disk over the time duration needed to 
complete the test is less than the disk thickness. In addition, 
lateral conduction in the disk is not expected to have a sig
nificant effect on the local surface temperature response for 
the surface heat transfer gradients anticipated, as shown by 
Vedula et al. (1988) and Metzger and Larson (1986). At any 
surface point, the disk temperature is thus represented by the 
classical one-dimensional response of a semi-infinite medium 
to the sudden step application of a convecting fluid at tem
perature tp: 

(t- t,)/(t„- tj) = 1 ~exp(h2ad/k2)>erfc(h\/' aB/k) (1) 

If each surface point of interest were subjected to a true 
step increase in tp, then measurement of the required times to 
reach the known color indicating temperature allows solution 
of equation (1) for the heat transfer coefficients. This is the 
essence of the method, with the thin coating of TLC material 
providing a means of acquiring an array of temperature-time 
pairs covering the surface region of interest. 

However, in the actual experiments, the wall surfaces will 
not experience a pure step change in the driving air temperature 
because of the transient heating of the upstream nozzle piece 
and duct walls. Nevertheless, equation (1) is a fundamental 
solution that can be used to represent the response to a su
perposed set of elemental steps in tp, arranged to represent the 
actual air temperature rise: 

i = i 

where 

t/(0-T,-) = l - e x p 
/!2a(0-T;) 

• erfc 
hyJu(.8-Tj)^ 

(2) 

(3) 

In the present experiments, air temperature tp is determined 
from thermocouple measurement in the nozzle just prior to 
jet issue. The tp variation with time is recorded and approxi
mated by steps, and the resulting superposed solution, equa
tions (2) and (3), is solved for the local surface heat transfer 
coefficients, using the observed array of local color indication 
times. The experimental uncertainty for the present study (in
cluding possible lighting intensity variations) is estimated to 
be ± 10 percent, using the methods of Kline and McClintock 
(1953) for single-sample experiments. 

Results and Discussion 

Impingement at r = 0. Figure 3 shows local Nusselt num
bers for a case with injection at the disk center of rotation, 
r, = 0. Local Nusselt number in the figure is based on rot rather 
than on local radius, so that the numbers directly indicate the 
radial variation in local heat transfer coefficient, h. Because 
of the large variation in h, apparent in the figure, the results 
were obtained with four different test runs, each employing a 
different jet temperature driving the transient, and a slightly 
different lighting source intensity (but essentially the same disk 
surface illumination over the desired radial locations of each 
test). In addition to extending the results over a wider radial 
range, the good agreement between the separate test runs ob
tained in regions where they overlap provides confidence in 
the test and data reduction techniques. The results from the 
three separate tests all agree well within the estimated exper
imental uncertainty, and this remains the case for subsequent 
tests, as will be seen in subsequent similar figures. 
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No similar local heat transfer results are available for com
parison with those of Fig. 3, but some additional confidence 
in the general level of the present results is provided by com
parison with the experimental results of Metzger (1970) where 
radially averaged Nusselt numbers were measured for a con
figuration geometrically similar to the present case. The av
erage value is shown as a band to account for the possible 
effect of differences in z/r0, as shown by both Kreith (1959) 
and Metzger (1970). The present results are for z/r0 = 0.1, 
where significant lowering of the heat transfer occurs because 
of the proximity of the shroud, whereas the average results 
with which they are compared were acquired at z/r„ = 0.167. 

One immediate observation regarding the character of the 
results of Fig. 3 is that the radial heat transfer distribution is 
dominated by the impingement character of the flow and the 
fact that the total flow rate is provided at the disk center and 
forced outward through the relatively narrow gap between disk 
and stator. As a result, the heat transfer coefficients are very 
high on the center region of the disk, where the forced velocities 
are large, and then decrease markedly in the radial direction. 
This is in sharp contrast to the behavior expected for heat 
transfer in the rotationally induced turbulent boundary layer 
on a disk without a stator where the heat transfer coefficient 
is expected to increase with radius. Kreith (1968) and Dorfman 
(1963) give the usual recommended expression for local tur
bulent Nusselt number on an isothermal disk, which in terms 
of Nu„ and Re,„ is 

Nuro = 0.0257Re£,8Pr°-6(/7>o)
0 

(4) 
For the rotational Reynolds number corresponding to that of 
Fig. 3, equation (4) is shown as the dashed line. 

It should also be noted that the supplied flow rate in the 
present case is significantly less than the amount that would 
be induced by disk pumping on an unenclosed disk. For the 
rotationally induced turbulent boundary layer on a full-faced 
free disk, von Karman (1946) derives the expression 

fii, = 0.0697 WoReSi8 (5) 

In comparison, the flow rate provided by the jet in Fig. 3 is 
only 17.5 percent of the amount given by equation (5). This 
reduced flow rate, in comparison with the freely pumped flow, 
undoubtedly also contributes to the present low values of h 
measured on the radially outward portion of the disk. 
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In should be noted that even though the laminar-to-turbulent 
transition for a free disk has been measured at the order of 
Rer = 2 x 105 for smooth unenclosed disks, the turbulent expres
sion is used here to estimate the pumping flow at all values of 
Rero tested, because the stator and the forced flow have both 
been shown to hasten transition. Kreith et al. (1963) observed 
that the presence of a close stator tends to hasten transition, 
and additionally that a forced source flow is turbulent over 
the entire surface of the disk for flow Reynolds numbers Re,„ 
greater than 5 x 103. Metzger (1970) measured pumping flows 
for Rer down to 5 x 104 that agree quite well with the turbulent 
expression, equation (5). 

Figure 4 shows results similar to those of Fig. 3, obtained 
with all conditions remaining the same except for an increase 
in disk rotational speed, increasing Rero by approximately 70 
percent. A slight radial redistribution of the local Nusselt num
bers is apparent, but overall the heat transfer level remains 
essentially the same. This dominance of Rem over Rero on 

Nusselt number is also consistent with the radial average results 
of Metzger (1970) in the present range of forced flows, but 
the local details of the radial distributions were not observable 
in that study because of the physical averaging that took place 
in the high thermal conductivity disk used. 

Figures 5 and 6 show results obtained for test conditions 
identical to those of Figs. 3 and 4, except for an increase in 
supplied flow rate, raising Rem 40 percent. Assuming a rea
sonable extrapolation of the results from r/ra = 0.8 to r/r0 

= 1.0, this amount of flow increase raises the observed disk 
average Nusselt numbers approximately 20 percent for ReTO = 
2.71 x 105 (compare Figs. 3 and 5), which is in excellent 
agreement with the average results from Metzger (1970) for a 
similar value of rotational Reynolds number, Rer0 = 2.06 x 
105. A like comparison of Figs. 4 and 6 for the higher rotational 
Reynolds number shows an average Nusselt number increase 
of about 17 percent for the same 40 percent increase in flow 
rate. The lowering of flow Reynolds number influence as ro
tational Reynolds number is increased is consistent with what 
would be expected from the previous average data, although 
the previous results did not extend to such a high rotational 
Reynolds number. 

Impingement at r>0. Figure 7 shows local Nusselt num
bers obtained with impingement at r/ro = 0A. In all aspects 
except impingement location, conditions are virtually identical 
to those of Fig. 5. Again, the radial range of the results acquired 
has been extended by making three separate tests. As evident, 
little additional information was acquired with the additional 
test runs beyond what could be reasonably extrapolated from 
the central set of results, although the good agreement between 
the separate tests in overlapping regions reinforces confidence 
in the results. Although not all of the disk radius is covered 
by the three tests in terms of indicated Nusselt numbers, the 
nature of the tests does establish that the local Nusselt numbers 
in .the regions not covered are less than the lowest values in
dicated. Thus reasonable extrapolations from the central set 
of results are possible, and only a single test run was conducted 
for each of the remaining off-center impingement cases. 

The results of Fig. 7 are typical of all the testing done for 
radially outward impingement location, as will be seen in sub
sequent figures. Comparing Figs. 5 and 7 shows that impinge
ment at /•> 0 moves the peak heat transfer to the impingement 
location but severely reduces the magnitude of the peak heat 
transfer coefficients. Plausibly, this reduction could be caused 
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by either or both of two factors. First, impingement radially 
outboard of the disk centerline spreads the heat transfer effect 
of the jet over a growing (proportional to r) disk area; and, 
the second, the jet could be deflected by the boundary layer 
flow pumped between the disk center and the impinging lo
cation. However, the near symmetric distribution of heat trans
fer radially inward and outward from the impingement location 
strongly suggests that the interaction of the jet with the pumped 
boundary layer has little effect on the heat transfer near the 
impingement location. This is reasonable since the jet flow 
used in the tests of Fig. 7 is nearly four times the local disk 
pumping flow. The nominal threefold augmentation of local 
heat transfer at the impingement point indicated in Fig. 7, 
relative to the surrounding values, is consistent with the "im
pingement-dominated" regime results of Metzger et al. (1979). 

Figures 8-11 present similar results over a range of flow 
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Reynolds numbers for impingement locations r/r0 of 0.2, 0.4, 
0.6, and 0.8, respectively. The preceeding discussion of Fig. 7 
applies equally well to all of the curves shown in Figs. 8-11. 
Comparison of the results of Fig. 9, for r/r0 = 0.4, with those 
of Fig. 11, for r,/r0 = 0.8, shows that for the same jet flow 
rate and disk speed, the heat transfer coefficients for /•;//•„ = 
0.8 are slightly greater than one-half of their level for /•//•„ = 
0.4. The heat transfer area swept out by the disk rotation at 
r/r0 = 0.8 is twice that swept out at r/r„ = 0.4, so these results 
confirm that the interaction of the jet with the disk pumping 
flow is not significantly affecting the heat transfer. The rise 
in heat transfer at r/r0 = 0.8 beyond the one-half value is 
probably attributable to the heat transfer to the pumped 
boundary layer, which would be expected to be greater at r/ 
r„ = 0.8 than it is at r/r0 = 0.4. 

Finally, Fig. 12 shows a composite plot of the measured 
local Nusselt numbers for the highest jet flow rate (nominal 
flow Reynolds number of 1860) at all four nonzero values of 
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the impingement radii. Composite plots of local Nusselt num
ber for the lower values of jet flow rate are not shown, but 
appear very similar to Fig. 12, except for the reduced range 
of Nusselt number consistent with the smaller flow rates. Su
perimposed on Fig. 12, for nearly the same conditions as the 
plotted results, is a dashed line representing a smooth curve 
through the plotted results in Fig. 3, for impingement onto 
the disk center at r,/r0 - 0. For a given impingement flow 
and disk speed, the local radial heat transfer coefficients at
tained with impingement onto the disk center at r, = 0 appear 
to establish the general level of the maximum heat transfer 
possible at the various radii, regardless of the impingement 
radius. Impingement at radial outboard locations does, how
ever, somewhat increase the local heat transfer in the vicinity 
of impingement over what would be the case with center-
supplied flow, with the increase ranging from a very small 
amount of /•//•„ = 0.2 to about 80 percent at r,/r0 = 0.8. The 
distributions indicate that the radial average heat transfer de

creases with increasing impingement radius, so that the most 
efficient use of disk cooling fluid is attained with center im
pingement. However, in a given application, it may be desirable 
to tailor the radial heat transfer coefficient distribution, and 
the results indicate that off-center impingement can be an 
effective means of doing so. 

Summary and Conclusions 

The principal conclusions of the present work can be sum
marized as follows: 

• An experimental method has been developed that enables 
measurements of local convection heat transfer coefficients on 
rotating surfaces with minimal expense and difficulty. The 
technique utilizes encapsulated liquid crystals, sprayed in a 
thin coat onto the test surface to be rotated. The test surface 
temperature response, indicated by the coating color, is ob
served and analyzed with a color CCD camera and automated 
computer analysis. 

• The experimental method developed was applied to the 
measurement of local heat transfer on a rotating disk, with 
flow between the disk and a closely spaced stationary stator 
disk provided by jet impingement onto the disk from a single 
jet nozzle in the stator. The radial location of the jet was varied 
in discrete steps from the disk center to near the disk edge, 
and for each location the local Nusselt number variation over 
the disk face is given for various combinations of jet flow rate 
and disk rotational speed. 

• For a given impingement flow and disk speed, the local 
radial heat transfer coefficients attained with impingement 
onto the disk center at r, = 0 establish the general level of the 
maximum heat transfer possible at the various radii, regardless 
of the impingement radius. 

• Impingement at /-,>0 increases the local heat transfer in 
the vicinity of impingement over what would be the case with 
center-supplied flow, with the increase ranging from a very 
small amount with r,/r0= 0.2 to about 80 percent with /•,•//•„ 
= 0.8. 
• For a given jet flow rate and disk speed, radial average 

heat transfer decreases with increasing impingement radius, 
and the most efficient use of disk cooling fluid is attained with 
center impingement. 
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Pressure Loss and Heat Transfer 
in Channels Roughened on Two 
Opposed Walls 
In order to increase cooling effectiveness selectively, coolant channels in gas turbine 
components are often only roughened on one or two walls of the channel. A model 
is presented for flow in rectangular channels having two opposed roughened walls 
and a theory is developed for both the pressure loss and heat transfer. The theory 
allows one to calculate the heat transfer coefficient on each wall separately in addition 
to the overall friction factor and heat transfer coefficient. Comparisons are made 
to data for similarly configured channels, tubes, and surfaces roughened by regularly 
spaced transverse ribs placed normal to the flow direction. Correlations for the 
displacement velocity in the logarithmic law and the roughness Stanton number in 
terms of the rib pitch-to-height ratio and roughness Reynolds number are also 
presented. 

Introduction 
In most cooling situations, the designer of gas turbine com

ponents is faced with cooling a component selectively in order 
to increase the component's life while using coolant efficiently. 
For example, the pressure side of a turbine airfoil is cooled 
differently from, and sometimes separately from, the leading 
edge or suction side of the airfoil. In these situations, both the 
cooling schemes and the coolant mass flow may be completely 
different. Another example is where different walls of a single 
cooling channel are separately roughened in order to tailor the 
heat transfer coefficient around the perimeter of the channel. 
This situation is shown in Fig. 1. Here high heat transfer 
coefficients (maybe different) are required on the channel walls 
forming the airfoil's surface in order to cool the surface, while 
lower heat transfer coefficients are required on the side walls 
to reduce thermal strains. These channels are often designed 
with two artificially roughened and two smooth walls, and the 
designer must know the heat transfer coefficient on each of 
the walls in order to predict the airfoil's life correctly. Of 
course, it is also necessary to know the pressure loss for such 
a channel. 

Work on fully developed turbulent flow in rough tubes was 
conducted by Nikuradse (1933). Nikuradse measured friction 
factors and velocity profiles in pipes artificially roughened with 
sand grains and found that the effect of roughness on the fully 
turbulent velocity distribution when plotted in the law-of-the-
wall format was simply to displace it downward by an amount 
Au/u*. For fully rough flow in pipes, that is where the rough
ness Reynolds number Re*. = ku*/v > 70, Schlichting (1979) 
provides the following correlation for this displacement. 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, 
Toronto, Ontario, Canada, June 4-8,1989. Manuscript received at ASME Head
quarters January 17, 1989. Paper No. 89-GT-86. 

AM 
= 2.5 In Re<. 3.0 (sand grain) (1) 

where u* is the shear velocity at the rough wall. 
Nunner (1958), Webb et al. (1971), Lewis (1975), Kadar and 

Yaglom (1977), Han et al. (1978), Gee and Webb (1980), and 
Sethumadhavan and Raja Rao (1983) investigated the pressure 
loss and heat transfer in tubes or between roughened parallel 
plates with repeated roughness elements, while Dvorak (1969), 
Simpson (1973), and Furuya et al. (1976) examined the de
velopment of a turbulent boundary layer on plates roughened 
by repeated roughness elements. In general, they all found that 
the constant ( = 3) in equation (1) depends on the roughness 

TRANSVERSE 
RIB 

ROUGHNESS 

COOLANT AIR 

Fig. 1 Cooled turbine airfoil with a multipass, rib-roughened channel 
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TRANSVERSE RIBS 

CHANNEL ASPECT RATIO, r= H/W 

ROUGHNESS PITCH-TO-HEIGHT, P/k 

Fig. 2 Rectangular channel with two opposed rib-roughened walls 

type being considered. For roughness elements of height k 
placed across the flow at a pitch P in a tube having a hydraulic 
diameter of DH, the above expression may be generalized to 
the form 

Au 
u* 

= 2.5 In Re* + C(P/k, k/DH) (2) 

For flow in ribbed tubes with Re*. > 35, P/k > 10, and 0.01 
< k/DH < 0.04, Webb et al. obtained 

C = 5.5 - 0.95(P/kf* (3) 
For Re* > 25, they also obtained an expression for the cor
responding displacement in the temperature distribution. The 
latter may be expressed in the form of a roughness Stanton 
number StA (to be defined in the next section) as 

Stt = 0.222 Rer0-28 Pr"057 
(4) 

where Pr is the Prandtl number. 
Experiments with flow in straight channels having two op

posed roughened walls and two smooth walls were conducted 
by Burggraf (1970) and more recently by Han (1984), Han et 
al. (1985), Han and Park (1988), and Han (1988). Work on 
multipass channels similar to that shown in Fig. 1 has been 
conducted by Boyle (1984), Han et al. (1988), and Chandra et 
al. (1988). In each case, channels roughened on two opposite 
walls were considered with roughness elements in the form of 
transverse ribs similar to that shown in Fig. 2. This collection 
of work contains measurements of pressure loss and heat or 
mass transfer (including very local measurements) for different 
rib heights, rib pitches, rib angles, channel aspect ratio H/W, 
and flow Reynolds number Re. In general, it is found that the 
heat/mass transfer on the rough wall can be 3-4 times greater 
than the smooth channel result, while the friction factor can 
be eight times greater. Also, the heat transfer and pressure 

drop in multipass channels beyond the turn are found to be 
higher than those in an equivalent straight channel. This effect 
is attributed to a large separated region and vortical motion 
in the flow caused by the turning. 

In addition, Han (1984) provides a prediction method for 
determining the pressure drop and heat transfer in rectangular 
channels with two-opposed roughened walls and two smooth 
walls. This consists of using a weighted average of both the 
four-sided smooth and rough friction factors and Stanton 
numbers to de'termine the overall values. The friction factor 
and Stanton number for a four-sided, rib-roughened channel 
were obtained by using equations (3) and (4) above, after 
integrating the velocity and temperature profiles across the 
channel. In reality, however, Han only obtained expressions 
appropriate to flow between two infinite parallel roughened 
walls rather than those for a four-sided roughened channel. 

The present paper describes a simple model for flow in 
channels having two opposed rough walls and two smooth 
walls (as shown in Fig. 2) and presents a theory for calculating 
the pressure loss and heat transfer in the channel. In particular, 
the theory is developed for a rectangular channel having iden
tical roughness on the rough walls and for a channel aspect 
ratio, H/W < 1. The theory is not, however, limited to this 
situation and can be just as easily developed for channels 
having walls of different roughness and H/W > 1. Similar to 
that for uniformly roughened tubes, the theory requires that 
the velocity displacement Lulu* and a roughness Stanton num
ber St* be known as a function of the roughness. These are 
shown to be, for the most part, already available in the lit
erature. 

Theory 
Consider incompressible, fully developed turbulent flow in 

a straight, rectangular channel as shown in Fig. 2. Consider 
the upper and lower walls of the channel roughened with either 
uniformly distributed roughness, three-dimensional tabula
tors, or by transverse-rib type elements such as shown. In 
addition, consider the two remaining walls to be smooth. 
Nikuradse (1926) found that the iso-velocity contours for flow 
in a smooth-wall rectangular channel are approximately rec
tangular, as shown in Fig. 3(a), such that each wall affects the 
flow in a region immediately adjacent to it and outward toward 
the center of the duct in a nearly two-dimensional manner. 
Assuming a similar distribution of contours in channels with 
two opposed rough walls and two smooth, the flow above each 
wall can be considered two dimensional within its own region 
of influence. Consider the two rough walls to have identical 

A = 
c = 

DH = 
f = 

H = 
k = 
L = 
P = 
P = 

Pr = 
Pr, = 

1 = 
r = 

Re = 

channel flow area 
specific heat 
hydraulic diameter 
friction factor 
channel height 
roughness height 
length of channel 
pressure 
pitch of roughness element 
Prandtl number 
turbulent Prandtl number 
heat flow per unit area 
channel aspect ratio = H/W 
Reynolds number based on hy
draulic diameter and average 
flow velocity 

Re* = 
St = 

st* = 
T = 

Tb = 
Tm = 
T = 
1 w U = 

u+ = 
M* = 

U = 

um = 
W = 
X = 

y = 

roughness Reynolds number 
Stanton number 
roughness Stanton number 
temperature 
bulk temperature 
maximum temperature 
wall temperature 
local velocity = u(y) 
dimensionless velocity = u/u* 
friction velocity 
average flow velocity 
maximum flow velocity 
channel width 
distance in flow direction 
distance normal to wall 

y+ = dimensionless distance = 
yu*/v 

a = thermal diffusivity 
eh = eddy diffusivity 
em = eddy viscosity 

v = kinematic viscosity 
p = density 
T = shear stress 

Subscripts 
r = quantity associated with rough 

wall 
s = quantity associated with 

smooth wall 

Journal of Turbomachinery JANUARY 1991, Vol. 113/61 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Figure 3a 

Smooth Side Walls 
Smooth Regions, P$ 

• Iso-velocity Contours 

ELgmfi-3c 

Rough Walls 

Wall Region Boundaries 

Final Geometric 
Description 

Fig. 3 Rough and smooth wall regions of influence 

roughness. Then the regions of influence from each wall will 
be geometrically symmetric about the horizontal and vertical 
planes passing through the center of the channel and the 
"boundaries" of these regions will look as shown in Fig. 3(b). 
In reality these boundaries are more likely curved and could 
be determined by matching the velocity in each region at them, 
but this is too complicated for a simple model. For simplicity, 
further assume that the boundary between adjacent regions in 
the corners simply bisects the corner as shown in Fig. 3(c). 
This is somewhat more difficult to accept since the secondary 
flow near the corner and shear stress distribution on the two 
meeting walls determine this angle. Nevertheless, the assump
tion is a reasonable approximation, as will be indicated, and 
allows one to define the regions of influence solely on a geo
metric basis. With only these assumptions the analysis becomes 
rather straightforward in that it uses two-dimensional methods 
(similar to those described by Kays and Crawford, 1980) to 
determine both the overall and individual-wall friction factors 
and Stanton numbers. Here, it should be noted that once 
regions of influence are defined, the same analysis can be 
applied with little alteration to flow in channels of any shape 
and with different roughness on each wall. 

Pressure Loss. For fully developed channel flow, the net 
change in inertia forces vanishes and the momentum equation 
becomes 

Ap HW = 2(HTS+ Wrr)L (5) 

where Ap is the pressure loss in a length L of the channel, H 
is the channel height, W is the channel width, and r, and rr 

are the shear stresses on the smooth and rough walls, respec
tively. The overall friction factor / is defined by 

/ = 
D* Ap 

4L (pUl/2) 
(6) 

where DH = 2HW/(W+H) is the hydraulic diameter of the 
channel, p is the fluid density, and U is the average velocity. 
Define the friction factors on the smooth and rough walls as 

/ , and/,. 7> 

(pU2/2) Jr (pU2/2) 

Equations (5)-(7) may be combined to yield 

f = ^TrCf. + fr) 

(7) 

(8) 

where r is the channel aspect ratio H/ W. This states that the 
overall friction factor is the area-weighted average of the 
smooth- and rough-wall friction factors but, in this case, fs 

and fr are not equal to the four-sided values defined by Han 
(1984). The velocity distributions in the separate regions of 
influence, using law of the wall notation, are 

« / = Ax Xny* + B (smooth) 
Au 

wr
+ = Ax ln.yr

+ + B 

u* 
(rough) (9) 

where uf (i -SOT r) is the local velocity u divided by the friction 

velocity u* = yr/p = V f /2 U, Ax and B are constants, 
y? is yuf/v where y is the distance normal to the wall, v is the 
kinematic viscosity, and Au is the shift in the logarithmic profile 
caused by roughness. The maximum velocity in the channel is 
found along the central line in the channel. According to Fig. 
3(c), this corresponds to the position y = H/2 in each region, 
which, from equation (9), provides 

V 2 / Z (jj) =A1la (Hs
+/2) + B (smooth) 

Au 
i, In (H;/2) + B - — (rough) (10) 

u* 

where 

Ht -
Hut l+r 

(i = s o r r ) (11) 

and where Re is the Reynolds number based on the channel's 
average velocity U and hydraulic diameter DH. If one prefers, 
the regions of influence as shown in Fig. 3(b) can be accom
modated here by introducing a factor (less than unity) that 
changes (reduces) the height of the region of influence for the 
smooth walls. This factor, however, must be determined by 
some other means, presumably from a statement involving the 
shear stresses on each wall. Some calculations were carried out 
including such a factor, but its effect was found to be small 
and not worth the additional complexity. 

Integrating the velocity distribution over the whole flow area 
to obtain the total flow through the channel provides another 
expression relating the average and maximum velocities in the 
channel, namely 

udA + 2 \A udA U 
HW 

= U,„ 

lUs 

1 

(12) 

In the above integrals, dA is the infinitesimal area perpendic
ular to the flow direction, u is the appropriate velocity distri
bution given in equation (9), and As and Ar are the areas of 
the smooth and rough regions of influence. 

Equations (8), (10), and (12) can be simplified by eliminating 
Um/U and ///". This provides the following set of equations: 

f=TTr Ws + fr) 

1 + {l-\i)A,yW 

Ax In 0^Re-s/f^2) +B-yAl 

(13) 

A{ In ( ^ R e V / / 2 ) +B-Au/u?-(l-y\ 
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Once Au/u* is known, this set of equations may be solved for 
the friction factor/using an iterative method of solution. It 
should be noted here that the individual-wall friction factors 
fs a n d / , are obtained as well. For rib-type roughness, a cor
relation for Au/u* will be provided below. For sand grain 
roughness, however, one may use equation (1). 

For /•—0, it is easy to see that/—fr with/, determined through 
the last equation in the above set. This is identical to that 
obtained for flow between two infinite, parallel, rough walls 
and is equivalent to Han's (1984) equation (16). 

For Au = 0 (all walls smooth) and r = 1 (square channel), 
fr ~ L = / i s to be expected. Comparing either one of the last 
two equations in (13) with Aw = 0 to the expression for a 
smooth wall friction factor as given by Schlichting (1979, equa
tion 20.30) yields Ax = 2.46 and B = 5.68. These values will 
be used from now on. 

Calculations were carried out using equation (13) for various 
values of r, Au/u*, and Re. The variation of the rough- and 
smooth-wall friction factors with Au/u* for different channel 
aspect ratios is shown in Fig. 4. In this figure, Re = 40,000. 
Increasing Au/u* implies increasing roughness. As can be seen, 
the rough-wall friction factor rises quickly to values 5-10 times 
greater than the smooth-wall values. The latter, in turn, are 
1-2 times greater than the four-sided, smooth-wall value found 
at Au/u* = 0. Notice also, in agreement with the concept of 
using a hydraulic diameter as the characteristic channel di
mension, that the four-sided, smooth-wall friction factor is 
independent of the channel aspect ratio. This is, however, not 
true for a channel with walls of different roughness. For a 
channel with two opposed rough walls, the difference in the 

rough friction factor can be as much as 50 percent between 
the r = 0 and r = 1 results, while that for the smooth friction 
factor is somewhat less. 

The variation of the rough and smooth friction factors with 
Au/u* for various Reynolds numbers is shown in Fig. 5. These 
calculations were done for r — 0.5. The variation with Rey
nolds number is very nearly given by Re" 0 4 . Using this, a 
relation between the overall friction factor and Au/u* for r = 
0.5 is shown in Fig. 6. Although this figure may be used to 
obtain a quick idea of the friction factor once Au/u* is known, 
it is recommended that equation (13) be used. 

Heat Transfer. Consider heat transfer from a channel as 
shown in Fig. 2 with all walls having a uniform, constant wall 
temperature T„. If q is the total heat transferred from the walls 
per unit area to the fluid, then a heat balance on an element 
of fluid of length dx yields 

lq{H+ W) = 2{Hqs + Wqr) = pcUA 
dT, 

dx 
(14) 

where qs and qr correspond to the heat transferred from the 
smooth and rough walls, respectively, c is the specific heat, A 
is the channel's cross-sectional area, Tb is the bulk temperature, 
and x is the distance along the length of the channel. Define 
an overall Stanton number St, and Stanton numbers for the 
smooth and rough walls, Sts and Str, as 

St ,» 
Qi i = nothing, s, or r (15) 

pcU(T„-Tb) 

Then the first equality in equation (14) may be written as 

St = (/-Sts + Str) 
1 + r s 

(16) 

Note the similarity between equation (16) and equation (8). 
Once the overall Stanton number is known, the fluid's bulk 
temperature distribution can be determined from the second 
equality in equation (14), i.e., 

Tw-Tb = (const) x exp I
 4St "\ 

\-D-H
X) 

The temperature distribution in each region of influence is 
determined by using Reynolds analogy in each region. This 
may be written as 

JT^= _{y±e^Ju^. . = rors 
(qj/pc) (a + eh)i (r/p) 

where v is the kinematic viscosity, em is the eddy viscosity, a 
is the thermal diffusivity, and eh is the eddy diffusivity. In
tegrating equation (17) between the limits y = 0 and/f /2 , and 
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introducing the definitions for the Stanton number, equation 
(15), and friction factors, equation (7), one obtains 

\ T —T 
St; T„ — Th 

H^/2 
Pr, 

(1 + em/p)j dut 
(Pr /Pr + e , / c ) , ^ dyt 

(18) 

where Tm is the maximum temperature (temperature at y = H/ 
2), Pr, is the turbulent Prandtl number em/eh (=> 0.9), and Pr 
is the molecular Prandtl number v/a (air; « 0.7). Away from 
the walls, since P r / P r « 1 and tm/v » 1, the integrand in 
equation (18) simplifies to Pr,duf and may be evaluated using 
equation (9). Near the walls, however the integration in the 
rough- and smooth-wall regions must be treated differently. 
The integral for the rough-wall region will now be evaluated, 
then that for the smooth-wall region. 

Near the rough wall, the velocity distribution is unknown. 
Therefore, the integral for the rough-wall region is evaluated 
in two parts: (1) from the wall to the top of the roughness 
elements, and (2) from the roughness elements to half the 
channel height. This provides 

1 T 

St, T„ — Tb 

'?, 
— 
ir 

1 
— + Pr, 

Lst, 

H+/2 

dyt y' 
(19) 

where the turbulent Prandtl number has been assumed con
stant, and where a roughness Stanton number St* has been 
defined as 

rki 
St, = P r < ] o 

(l+e„/x),. 
*£ dy^ (20) 

(Pr /Pr + eh/v)rdy? 

The quantity Stj. must be determined experimentally as will be 
discussed below. From equation (9) one obtains du? /dyt = 
2.46/yt (Ax = 2.46). Substituting this into equation (19) and 
integrating provides an expression for the Stanton number on 
the rough walls: 

V^/2 Tw-Tm 
tr ~ ll/Stk + 2A6Pr,ln(H/2k)] Tw-Tb

 ( 2 1 ) 

An expression for the Stanton number on the smooth walls 
can be obtained by setting /' = s in equation (18) and using 
the law of the wall for « / . Similar to Kays and Crawford, use 

"s
+ = y?, e«A = 0; 0 < y+ < 5 

5 < yf < 30 

yt > 30 

(22) 

The last equation in the above set is identical to that in equation 
(9) with A! = 2.46 and B = 5.68. The expressions for em have 
been obtained using T, = (v + em)(dus/dy) = const. Substituting 
these expressions for «,+ and em into equation (18), integrating, 
and solving for St, provides 

K/ = 5.0 Iny t - 3 .05 , em/v=y?/5- 1; 
us

+ = 2.46 In yf +5.68, em/v » 1; 

St, = 
T -T 

5Pr + Pr, In [5(Pr/Pr,) + 1] + Pr, In (Hs
+/60) Tw- Tb 

(23) 

The bulk temperature is defined as 

I »TdAl udA (24) 

This may be evaluated using either the exact velocity and tem
perature profile distributions or reasonable approximations to 
them. In the interest of simplicity, a l/7th power law profile 
will be used for each distribution in both the smooth and rough 
regions, namely 

u T-T% (25) 

Substituting these expressions into equation 24 and evaluating 
yields 

Tb-T„ 8 ( l -0 .125r ) 
Tm-Tw 9(1-0.067/-) 

0.85 (26) 

to within 3 percent for 0 < r < 1. 
The overall Stanton number is then obtained by substituting 

equations (21), (23), and (26) into equation (16). For Pr = 
0.72, Pr, = 0.9, this yields 

St = - ( -
+ r \1 

78 + 2.21 In Hf 1/St* + 2.21 In (H/2k)J 

(27) 

where Hf has been defined in equation (11). 
For r—0, the resulting Stanton number approaches that for 

flow between two infinite, parallel walls as it should. The limit 
when the roughness is reduced to zero, however, is not that 
found for flow in a completely smooth channel since St t com
bines the resistances to heat flow from both the sublayer and 
roughness. This can be seen by rearranging the last term in 
equation (27) to 

[ l /S t t -3 .31 -2 .21 In/tr
+] +1.78+ 2.21 In //+ 

and comparing with the first term. For k? = 0 (no roughness), 
the term in brackets in the denominator should vanish in order 
that the resistance to heat flow from all the walls be identical. 
Using the present definition for St* (equation (20)) the term 
becomes - 3 . 3 1 , and suggests that a new roughness Stanton 
number, say (1/St^)new = 1 /StA — 3.31, should be used. Since 
values of St^ are near 0.04, this would represent about a 12 
percent correction to the present definition. In the following, 
however, St*, as defined originally is used. 

A simpler expression for the overall Stanton number can be 
realized by rewriting the equation for St,. Eliminating H,+ in 
equation (23) by using equation (10), realizing that St, « 1, 
and substituting the numerical values for Pr and Pr„ one ob
tains the relatively simple result 

St, = 0.65 (£>- 50(1-0.125/-)/; 

or simply 

St, « 0.47 fs (within 6 percent); Pr = 0.7, Pr, = 0.9 (28) 

A similar simple expression relating Str and fr cannot be ob
tained. Hence, the overall Stanton number, equation (27), is 
well represented by 

St = =M°-47r/s + 
1.17" 

1/St* + 2.21 ln(H/2k)J 
(29) 

since the contribution from the smooth wall to the overall 
Stanton number in most instances is usually small compared 
to that from the rough wall. Once the channel geometry, Rey
nolds number, friction factors/, and/ r , and roughness Stanton 
number are known, the overall Stanton number can be ob
tained from the above expression. The rough- and smooth-
wall Stanton numbers are then provided by equations (21) 
(using Pr, = 0.9 and a temperature ratio of 1.17) and (28), 
respectively. The latter is a simple relation. The rough-wall 
Stanton number divided by the square root of the rough wall 

friction factor, Str\/fr , is plotted as a function of the rough
ness Stanton number, St*., and relative roughness, k/H, in Fig. 
7. As either the roughness Stanton number or the relative 
roughness increases, the normalized Stanton number increases. 
This curve may be used directly to obtain the rough-wall Stan-

64/Vo l . 113, JANUARY 1991 Transactions of the ASME 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



10" 

Lfi 

S; 1 OT 

1 0" 

.-2 -

10"° 10" 10" 

ROUGHNESS STANTON NO., St. 

Fig. 7 Effect of roughness height and Stanton number on the rough-
wall Stanton number 

2 5 

20 

1 5 

1 0 
1 

P/k 
. • 10 

D 20 I HAN, 
» 40 / 

2 .46/nRe k+C| 

I 1 1 1 1 ! 

1984 _ ^ - ^ -

^ ^ ^ ^ ^ 

j g ^ ^ 
V - SCHLICHTING 

k/D H = 0.0625 
• • I i i i i i i 11 

1 0 100 1000 

ROUGHNESS REYNOLDS NUMBER, Re k 
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on the velocity profile 

ton number once fr and the roughness Stanton number are 
known. Notice that St, and St, are affected by the channel 
aspect ratio only through its influence on fr and fs. 

Comparisons With Experiments 
The main comparisons are made using Han's (1984) results 

for a square channel with traverse, square-shaped ribs placed 
normal to the flow at pitch-to-height ratios of 10, 20, and 40. 
Values of Au/u* were obtained by solving equation (13) using 
his measurements of overall friction factor. The results are 
shown in Fig. 8 for k/DH = 0.0625 where Au/u* is plotted 
against the roughness Reynolds number. The result for sand 
roughened channels, equation (1), is also shown. All of the 
data may be expressed in the generalized format given in equa
tion (2) where the best fit yields C = 2.3, 1.1, and - 1 . 0 for 
P/k = 10, 20, and 40, respectively. A plot of C as a function 
of the roughness pitch-to-height ratio is shown in Fig. 9. This 
figure also includes the results of Furuya et al. for boundary 
layer flow over a plate with circular rods and the correlation 
of Webb et al. for rib-roughened tubes, i.e., equation (3). The 
agreement of all the results in this format is remarkable. A 
somewhat better correlation 

C = 5.62 - P/k0-5 (P/k > 10) (30) 

includes the boundary layer results as well. 
Han's rough wall Stanton numbers, Str, were used to de

termine the roughness Stanton number from equation (21) with 
Pr, = 0.9. As above, the rough-wall friction factor was de
termined from equation (13) and his corresponding values of 

Webb et al., Eq. 3 

FURUYA ET AL.,1976 
HAN, 1984 
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Fig. 9 Parameter C variation with roughness pitch-to-height ratio 
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/ . The result is shown in Fig. 10 where the roughness Stanton 
number is plotted against the roughness Reynolds number. 
Within the accuracy of the experiments, it is seen that the 
roughness Stanton number is independent of the pitch-to-height 
ratio. The correlation of Webb et al., equation (4), is also 
shown. A better correlation to the data is given by 

St* = 0.35 Re*035 (air) (31) 

Han's smooth-wall Stanton number results were divided by 
the smooth-wall friction factor determined from equation (13) 
and plotted in Fig. 11. Although the ratio Sts/fs is nearly 
independent of the roughness pitch-to-height ratio and con
stant as predicted by the theory, the average lies about 15 
percent above the theoretical value of 0.47. The reason for 
this discrepancy is not yet known. 

Conclusions 
A relatively simple model has been presented that allows 

one to calculate the overall and individual-wall friction factors 
and Stanton numbers. An analysis, which was completed for 
two opposed rough walls in a rectangular channel, showed that 
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the rough-wall friction factor rises quickly to values 5-10 times 
greater than the smooth-wall values as the roughness is in
creased. In addition, it was found that the effect of aspect 
ratio becomes quite significant at large roughness and that 
errors up to 40-50 percent are possible if it is not taken into 
account properly. The theory also predicts that the ratio of 
the smooth-wall Stanton number to friction factor, Sts/fs, is 
nearly constant. 

The theory was also used to evaluate overall friction factor 
and individual-wall Stanton number data for a two opposed 
wall, rib-roughened channel. The friction factor results were 
found to compare quite well to available information for flow 
in rib-roughened tubes and over rib-roughened surfaces. In 
order to include the boundary layer results, a new correlation, 
i.e., 

C = 5.62 - P/k0-5, P/k > 10, 
is proposed. The comparison of the Stanton number results 
showed that the roughness Stanton number for two opposed 
wall, rib-roughened channels is independent of the roughness 
pitch-to-height ratio and is better correlated using 

St* = 0.35 Re^°'35 (air) 
It was also shown that the ratio of the smooth-wall Stanton 
number to friction factor is nearly independent of the rough
ness pitch-to-height ratio and roughness Reynolds number as 
predicted by theory. 
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Aerodynamic and Torque 
Characteristics of Enclosed Co/ 
Counterrotating Disks 
Experiments were conducted to determine the aerodynamic and torque characteristics 
of adjacent rotating disks enclosed in a shroud. These experiments were performed 
to obtain an extended data base for advanced turbine designs such as the counter-
rotating turbine. Torque measurements were obtained on both disks in the rotating 
frame of reference for corotating, counterrotating, and one-rotating/one-static disk 
conditions. The disk models used in the experiments included disks with typical 
smooth turbine geometry, disks with bolts, disks with bolts and partial bolt covers, 
and flat disks. A windage diaphragm was installed at midcavity for some experiments. 
The experiments were conducted with various amounts of coolant throughflow 
injected into the disk cavity from the disk hub or from the disk o.d. with swirl. The 
experiments were conducted at disk tangential Reynolds number up to 1.6 x 101 

with air as the working fluid. The results of this investigation indicated that the 
static shroud contributes a significant amount to the total friction within the disk 
system, the torque on counterrotating disks is essentially independent of coolant 
flow total rate, flow direction, and tangential Reynolds number over the range of 
conditions tested, and a static windage diaphragm reduces disk friction in counter-
rotating disk systems. 

Introduction 
In advanced gas turbine engines, air is supplied to the turbine 

to cool the disks and to seal the disk area from the hot primary 
gas path. The amount of air supplied to the turbine is generally 
less than the amount of flow that is pumped in the rotating 
disk boundary layers (also denoted Ekman layers, Owen et al., 
1985). As a result, recirculating flow fields are generated in 
the cavity adjacent to the disks. The work done on the fluid 
in the boundary layer in generating these flows results in a rise 
in the total temperature of the fluid, which reduces the ca
pability of the fluid to cool the disk. Thus, disk friction plays 
an important role in the heat transfer process within the turbine 
and "windage losses" must be accurately predicted during the 
design process. 

Disk friction is dependent on a number of factors, chief of 
which are the disk/cavity geometry and the disk rotation. Far
thing and Owen (1988) showed that the geometry of the disks 
and disk cavity influences the cavity recirculation patterns and 
the disk heat transfer. Szeri et al. (1983) showed that the flow 
field in a cavity between a rotating disk and a stationary wall 
is quite different from that between two corotating (or two 
counterrotating) disks. Picha and Eckert (1958) were among 
the first to show the importance and the effects that the shroud 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, To
ronto, Ontario, Canada, June 4-8, 1989. Manuscript received at ASME Head
quarters January 27, 1989. Paper No. 89-GT-177. 

can have on the flow in a rotating disk system. Other factors 
influencing disk friction and disk recirculation characteristics 
include coolant flow rate, coolant injection location, disk speed, 
and hardware such as bolt-heads. The present state of the art 
concerning rotating disk systems has evolved primarily from 
studies done with single, plane disk/static shroud systems at 
relatively low Reynolds numbers, compared with those found 
in large aircraft gas turbines. Disk friction and windage loss 
data for advanced turbine disk designs, such as those in coun
terrotating turbines, are not available in the open literature. 

The purpose of this paper is to present disk friction and 
aerodynamic results obtained for adjacent disk systems typi
cally found in large aircraft gas turbines. The disk systems 
investigated include corotating disks enclosed in a static shroud, 
counterrotating disks enclosed in a static shroud, and the one-
rotating/one-static disk system. The disk models investigated 
were plane (flat) disks, disks with typical turbine disk geometry 

• (nonplane disks), turbine disk models with bolts, turbine disk 
models with bolts and partial bolt covers at two disk spacings, 
and turbine disk models with a static windage diaphragm in
stalled at midcavity. Aerodynamic and torque measurements 
were obtained on both disks for outward and inward through-
flow at various flow rates. The flow injected inward from the 
disk cavity outer diameter was injected with a simulated gas 
path swirl of approximately one-half the disk tip velocity. The 
data were obtained at disk tangential Reynolds numbers from 
0.4 to 1.6 x 107 with air as the working fluid. 
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Fig. 2 Sketch of adjacent disk test assembly

Guard
Disk

Fig. 3 Sketch 01 the test assembly with turbine disk models and wind·
age diaphragm installed

guard disk, the bearing and support housing, and the station
ary-to-rotating frame air transfer system. The disk assemblies
can be separated from the main assembly support to facilitate
changing test disk models, changing disk spacing, and adding
test hardware such as windage diaphragm and bolts.

Flow was injected into the cavity between the test disks at
the disk bore through 24 injection holes located in the bore
tube (Fig. 3) or from the cavity outer diameter (o.d.) through
a static injection manifold incorporated in the shroud. The
nozzles in the static injection manifold were arranged in three
sets of six equally spaced (circumferentially) nozzles. Each set
of nozzles was sized to produce a swirl velocity of approxi
mately one-half the disk tip velocity with a specific flow rate.
The swirl was produced by orienting the nozzles of each set
to discharge air in a direction tangential to the disk tip. Each
nozzle set received air from an individually controlled supply
manifold. The total flow capability of the assembly is ap
proximately 1 lb/sec (0.45 kg/s).

Sketches of the cross sections of the disk geometries used
in this investigation are shown in Fig. 4. The disk rim radius
for each disk configuration was 10.51 in. (26.7 cm) and the
disk bore radius was 2.61 in. (6.6 cm). The test disk config
uration with bolts (Fig. 4(c)) contained 40 equally spaced 10
24 NC socket had cap screws located on a bolt-circle radius
of 9.25 in. (23.5 cm). The partial bolt covers used were "full
ring" covers, which extended to the length of the bolt heads
as shown in Fig. 4(d). Figure 3 shows a cross section of the
disk test assembly with the windage diaphragm installed. The
diaphragm was located at midcavity and extended from the

Static Injection Manifold

200 Channel Electrical
and

48 Line Pneumatic
Transfer Line

Bearing-Housing
Air Transfer

System

Fig. 1 Photograph of the UTRC internal flow systems and heat transfer
facility

Experimental Apparatus
The experiments were conducted in the Internal Air Systems

and Heat Transfer Facility at the United Technologies Research
Center. The facility has two independently operated drive sys
tems for experiments with co- or counterrotating components
and is capable of providing test conditions with nondimen
sional parameters (Reynolds number, flow parameter, etc.)
typical of those found in current and proposed aircraft gas
turbines. This is accomplished at modest disk speeds by con
ducting the experiments with large disk models at pressures
up to 10 atm. A photograph of the pressure vessel and drive
motor assemblies is presented in Fig. 1.

A sketch of the adjacent disk model test assembly used in
this investigation is shown in Fig. 2. The assembly consists of
two disk assemblies, which are rotated independently in either
direction at speeds to 3500 rpm. The principal components of
each disk assembly are the test disk, the torque meter, the

Nomenclature ---------------------------------__

1
S axial spacing between disks,

qo dynamic pressure = -pV 2 ft
em torque coefficient r/ 2 0' SIRo disk spacing ratio

Gp02R~) Ib/ft2
V core flow tangential veloc-

Rer radial Reynolds number ity, fUsec
k core rotation factor = VI ml(27rpRo) Vo disk tip velocity = RoO, fU

(Or) Ret tangential Reynolds number sec
m mass flow rate, lb/sec = pOR~/p. VIVo velocity ratio

f1plqo pressure drop coefficient R i disk inner radius, ft p. viscosity, lb/(ft sec)
(P-Po)lqo R o disk outer radius, ft p density, Ib/ft3

P pressure at radius r, Ib/ft2 Rs shroud outer radius, ft 7 torque, ft lb
Po pressure at the cavity o.d., r radius, ft 0 disk angular rotation rate,

Ib/ft2 rlRo radius ratio sec- 1
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Fig. 4 Schematic of the disk model geometries investigated 

cavity o.d. to a radius of 5.65 in. (14.4 cm). The outer diameter 
of the shroud was 11.00 in. (27.9 cm). 

Each disk model was instrumented with 24 static pressure 
taps located at different radial and azimuthal positions on the 
disks. All pressure taps were installed flush with the disk test 
surface. A Model 48J4-1 Scanivalve assembly was utilized with 
each disk unit to measure the static pressure in the rotating 
frame of reference. Centrifugal force was taken into account 
for all pressures measured in the rotating frame of reference. 
The torque on each disk model was measured in the rotating 
frame of reference by a LeBow Model 2404-128 torque meter. 
Each disk test assembly was designed such that the torque 
meters measured only the torque exerted on the test surface 
of the disk. This was achieved by creating a "buffer" cavity 
between the test disk and the guard disk. The fluid in the 
buffer cavity rotated as a "solid body" during the experiment 
and no aerodynamic torque was exerted on the back surface 
of the test disk. Carbon seals adjacent to the bore tube were 
used to prevent radial flow between the guard disk and the 
test disk. 

The torque meters were statically and dynamically cali
brated. The static calibration was performed with weights and 
a "calibration arm" supplied with each of the torque sensors. 
The dynamic calibration procedure used the flat disk models 
with classical "free disk" flow conditions (e.g., von Karman, 
1946). A typical dynamic calibration curve is shown in Fig. 5. 
The results of the torque meter dynamic calibration runs in
dicated that the measured torque on the flat disks agreed to 
within 10 percent of the value predicted by classical free disk 
theory. This result was found to be repeatable for each cali
bration run performed between test disk configuration changes. 
A more detailed description of the test facility is presented by 
Graber et al. (1987). 

Data 
Free Disk 

4000 

-40 -*• 
Fig. 5 Torque meter dynamic calibration curve 

Experimental Results and Discussion 
Torque and aerodynamic experiments for the six disk con

figurations investigated were conducted with various amounts 
of throughflow, either inward from the cavity o.d. or outward 
from the disk hub. The flow conditions for the experiment 
can be formulated in nondimensional form with the through-
flow written as Rer = m/2irfiR0 where Reris denoted the radial 
Reynolds number. A positive Rer indicates outward flow and 
a negative Revindicates inward flow. Dibelius et al. (1984) have 
conducted single plane-disk/static housing torque experiments 
with throughflow in both directions and have denoted the flow 
direction as "centrifugal" for outward flow and "centripetal" 
for inward flow. Unless otherwise specified, the results pre
sented below were obtained from measurements taken on the 
disk model directly under the o.d. injection manifold (the right-
hand disk in Fig. 3). Therefore, for all tests with inward flow, 
swirl was used only on one disk. 

Torque Measurements 

Flat Disk Model. The results of the torque measurements 
obtained for the flat disk models are presented in Fig. 6. The 
torque coefficient, Cm, is shown as a function of the radial 
Reynolds number, Re,.. The data were obtained at a disk tan
gential Reynolds number of 1.6 x 107 (Q = 3500 rpm) and a 
nondimensional disk spacing of S/R0 = 0.328. The results 
shown in Fig. 6 are for one disk only. The results indicate that 
for these test conditions: 

(a) Cm is highest for counterrotating disks and lowest for 
corotating disks for both inward and outward flow; 

(b) Cm is dependent on flow rate and flow direction for 
corotating and one-static-disk conditions and increases with 
increasing flow rate for outward flow and decreases with in
creasing flow rate for inward flow; and 

(c) Cm is independent of flow rate and flow direction for 
counterrotating disks. 

These results are discussed in the following paragraphs. 

Single rotating disk. Results obtained for the one-static-disk 
condition with outward flow are similar to those obtained by 
Zimmermann et al. (1986) who have conducted rotating disk 
experiments with an enclosed single plane disk and a radial 
outflow of air. Zimmermann et al. (1986) found that the torque 
coefficient for this disk condition increased with increasing 
outward flow rate. Using the same facility that Zimmermann 
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Fig. 6 Torque coefficients obtained for flat disk models 
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Fig. 7 Comparison of measured torque coefficient for single rotating 
disk with throughflow and correlation of Zimmermann et al. (1986), equa
tion (1) 

et al. (1986) used, Dibelius et al. (1984) conducted single en
closed plane-disk friction experiments for both inward and 
outward flow. For outward flow, Dibelius et al. (1984) con
cluded that the torque coefficient increased with increasing 
flow rate. For inward flow, Dibelius et al. (1984) found that 
the torque coefficient decreased with increasing flow rate and 
that for a given flow rate, the torque coefficient for outward 
flow was larger than that for inward flow. 

For the single rotating disk with a radial outflow of air, 
Zimmermann et al. (1986) present an empirical correlation for 
the torque coefficient. Using the nomenclature in this paper, 
their correlation is given by 

Cm = 0.073Re,-°'2 [1 - 2?r(Rer X KT^. lRe , - 0 1 6 

- 0.32)][1 - (R)/R0fT (1) 
Values of C,„ given by equation (1) are presented in Fig. 7 as 
a solid line. The measured values of Cm for the single rotating 
disk obtained in this investigation are shown in Fig. 7 for 
comparison. Note in Fig. 7 that the torque coefficients given 
by equation (1) have been extrapolated to the conditions of 
radial inflow and are shown as a dashed line. 

Note that the curve given by equation (1) and the extrap
olated curve do not include low flow rates or the zero flow 
rate condition. For the zero flow rate condition, Zimmermann 
et al. (1986) present the correlation 

C,„ = 0.073Re,-°-2 [1 - 0.39Rer011 <s/*°'][l 
- (R/Rgy-7]°-g (2) 

Symbol 

— n — 

— .. — 
— 

Source 

Present Data 
Zimmermann et al. 
Daily and Nece 
Daily and Nece 
Dally and Nece 
Shultz - Grunow 

S/Ro 

0.3280 
0.2375 
0.2170 
0.1150 
0.0255 
0.0200 

2 5 tO7 2 5 

Tangential Reynolds Number, Ret 

Fig. 8 Comparison of measured torque coefficients for single rotating 
disk and m = 0 with results from previous experiments with various 
values of SIRa 

measurements. Because equation (1) does not reduce to equa
tion 2 for Rer = 0, equation (1) was applicable for a limited 
range of flow rates, which were not specified by Zimmermann 
et al. (1986). 

The value of the torque coefficient predicted by equation 
(2) for the zero flow rate condition is shown in Fig. 7. The 
value of Cm measured in this investigation is larger than that 
given by equation (2) and more compatible with equation (1). 
This may be due to large disk spacing used in the present 
investigation and/or to the difference in the disk cavity shroud 
geometry between the present test apparatus and that used by 
Zimmermann et al. (1986). 

The results from the present study employing flat disks are 
compared in Fig. 8 with results from previous experiments. 
For this range of tangential Reynolds numbers, Daily and Nece 
(1958, 1960) found that the torque coefficient increased with 
increasing disk spacing. Results obtained by Schultz-Grunow 
(1935), Zimmermann et al. (1986), Daily and Nece (1958), and 
results obtained in the present investigation are compatible in 
that the torque coefficient increases with increasing distance 
between disks. The cases or shrouds surrounding the disks in 
each of the experiments are not identical. The difference be
tween the results for S/RD = 0.217 (Daily and Nece), S/R0 = 
0.2375 (Zimmermann et al.), and the present data with S/R0 
= 0.328 may be due to the difference in the shroud geometry 
for each of these investigations. Note that the slope of the Cm 
versus Re, curve for all data is the same (C„,ocRe,"0-2). 

The torque coefficients, measured at Re,= 107 by these in
vestigators, are presented as a function of nondimensional disk 
spacing, S/R0, in Fig. 9. The measured values are also com
pared with the correlation for Cm with disk spacing (Daily and 
Nece, 1960). Note that the measured values of Cm tend to be 
higher than the values predicted by the Daily and Nece cor
relation for disk spacing greater than 0.21. 

Corotating disks. The torque coefficients for the corotating 
disk system (Fig. 6) also increase with increasing outward flow 
rate and decrease with increasing inward flow rate. As ex
pected, the torque coefficients for both inward and outward 
flow with the corotating disks are considerably less than those 
with the single rotating disk. For inward flow, the torque 
coefficients for the corotating system are approximately one-
half those of the single rotating disk. 

which appears to agree well with their zero flow rate torque Counterrotating disks. The torque coefficients for the coun-
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terrotating disks (Fig. 6) are insensitive to flow rate and flow 
direction. The measured torque coefficients for counterrotat
ing disks were also insensitive to changes in disk tangential 
Reynolds number. The torque coefficients for counterrotating 
flat disks at three values of disk tangential Reynolds number 
and several flow rates (inward) are presented in Fig. 10. This 
apparent insensitivity of the torque coefficient with changes 
in flow rate, flow direction, and tangential Reynolds number 
is not understood. However, insight to the phenomena can be 
obtained from studies conducted in the 1950s by Picha (1957), 
Picha and Eckert (1958), Stewartson (1953), and more recently 
by Dijkstra and van Heijst (1983). In these studies, the laminar 
flow between enclosed counterrotating disks without through-
flow was investigated theoretically and experimentally. The 
most pertinent result to this investigation is that the main body 
of fluid outside of the disk boundary layer was found to be 
virtually at rest for counterrotating disks rotating at the same 
speed. This result was independent of disk speed and disk 
spacing. The level of turbulence generated by the merging of 
the boundary layers from the two disks is expected to be high. 
Ingestion of highly turbulent flow into the boundary layers on 
the disks could account for the apparent insensitivity of Cm to 
flow rate flow direction and Reynolds number displayed by 
the counterrotating disks. Hot wire, LV, or flow visualization 
studies will be required further to clarify and define the char
acteristics in the flow field. 
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Fig. 12 Comparison of radial pressure distribution for flat disk models 
and turbine disk models 

Turbine Disk Model. Results obtained for the turbine disk 
models (Fig. 4(b)) are presented in Fig. 11. Data were obtained 
for inward flow only. The results from the flat disk experiments 
are presented for comparison. The results indicate that the 
magnitudes of the torque coefficients for the turbine disk 
models are greater for all disk rotation conditions than those 
of the flat disks. This increase was attributed to the increase 
in the total wetted area of the turbine disk models (approxi
mately 15 percent more area) compared to that of the flat disk 
models and not to a change in cavity aerodynamics. Farthing 
and Owen (1988) conducted flow visualization studies in ro
tating cavities having plane disks and disks with hubs ("cobs") 
typical of turbine disks and have concluded that there is no 
appreciable difference in the cavity flow regimes produced by 
the two disk types. Pressure measurements obtained in this 
study (Fig. 12) also indicate no significant difference in cavity 
aerodynamics between the flat disk and the turbine disk models, 
except at the lower radii, where the effects on disk torque are 
small. 

Torque coefficients obtained for both disks with one disk 
static are presented in Fig. 13. Note that the torque coefficient 
for the rotating disk is approximately 2 to 3 times greater than 
that of the stationary disk. The difference between the torque 
on the rotating disk and that on the stationary disk is attributed 
to the static shroud at the cavity o.d. This indicates that the 
shroud contributes a substantial amount to the total frictional 
losses within the system. 
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Turbine Disk Model With Windage Diaphragm. A windage 
diaphragm can be used in counterrotating disk systems to trans
form the counterrotating cavity into two one-rotating/one-
stationary cavities. The desired effect of the windage dia
phragm is to reduce the high torque levels experienced by the 
counterrotating cavity to the lower levels experienced by the 
one-static disk system. The results of torque measurements 
obtained for the turbine disk models with windage diaphragm 
are compared with results obtained for the same disks without 
a windage diaphragm (Fig. 14). The results indicate that the 
torque coefficients for counterrotating disks with windage dia
phragm are approximately the same as those for the one-ro
tating/one-stationary turbine disk models without the 
diaphragm. The measurements shown are for one disk only. 
The conclusion is that a windage diaphragm can reduce disk 
torque by as much as 50 percent and hence reduce windage 
losses in counterrotating disk systems. 

Turbine Disk Model With Bolts and Partial Bolt Covers. 
Torque coefficients obtained for the turbine disk models with 
bolts are shown in Fig. 15. These measurements are compared 
with the results obtained for the turbine disk models without 
bolts. The torque coefficients for disks with bolts are greater 
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Fig. 16 Comparison of torque coefficients for turbine disk models with 
bolts and with bolts and covers 

by a factor of two than the torque coefficients obtained for 
disks without bolts. In general the net increase in the friction 
of disks with bolts compared to disks without bolts will depend 
on the number of bolts, the bolt circle radius, and the shape 
of the bolt heads (Zimmermann et al., 1986). 

An exploratory experiment was conducted to determine 
whether a partial bolt cover would reduce the increase in torque 
due to the bolts. An effective bolt cover would reduce the 
increase in torque due to the bolts by preventing pumping of 
fluid by the bolt heads and by reducing the form drag due to 
the interaction of the bolt heads with the core flow. The torque 
coefficients obtained with the covers installed were compared 
with the torque coefficients obtained for disks with bolts only. 
The comparison of results is shown in Fig. 16. Unfortunately, 
the torque coefficients obtained for the partially covered bolts 
were only 5 to 10 percent less than those obtained for the 
uncovered bolts for the counterrotating and one rotating disk 
configurations. This modest decrease in torque coefficient is 
compatible with results obtained by Zimmermann et al. (1986) 
who conducted experiments with disks having bolts, partial 
bolt covers, and full bolt covers and concluded that only full 
bolt covers were effective in reducing the torque due to bolts. 

Torque measurements were also obtained for the turbine 
disk models with bolts and partial covers at a second disk 
spacing (Fig. 17). The nondimensional disk spacing was de
creased from S/R0 = 0.328 to S/R0 = 0.233 for these measure
ments. Two observations can be made that are incompatible 
with previous results of studies using plane disks (Fig. 8). The 
first is that no measurable differences in torque coefficients 
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were obtained for the two spacings for the corotating and the 
one-static-disk conditions at the flow rates investigated. The 
second observation is that the torque coefficients for the coun-
terrotating disks appear to increase slightly with decreasing 
disk spacing. No results are available in the open literature for 
comparison at the high torque levels (due to the bolts) of the 
present investigations. The apparent anomalies in the torque 
coefficient with disk spacing for the case with bolts and partial 
covers may be due to high turbulence levels generated by the 
bolts. 

Aerodynamic Measurements 

Flat Disk Models. Radial pressure measurements as well as 
torque measurements were obtained in each experiment pre
sented above. The pressure measurements were used to deter
mine the rotation of the core flow induced by disk pumping. 
Dimensionless radial pressure distributions obtained for the 
flat disk models are presented in Fig. 18. The absolute value 
(same flow rate for inward and outward flow directions) of 
the radial Reynolds number for the data shown was I Re,. I = 
1.5 x 103. As expected, (a) the pressure drop from the disk 
o.d. to the disk hub was largest for the corotating disks and 
smallest for the counterrotating disks, and (J?) the pressure 
drop from the disk o.d. to the disk hub was found to be larger 
for inward flow than for outward flow for the corotating and 
the one-static-disk conditions. An unexpected result was that 
the pressure drop from the disk o.d. to the disk hub was 
independent of flow direction for the counterrotating disks. 
The expected results can be attributed to the convection of the 
angular momentum of the fluid injected into the disk cavity 
and to the nature of the disk cavity flow fields generated by 
the different disk rotation conditions. As the angular mo
mentum of the injected fluid is convected inward from larger 
radii, the cavity core rotational rate increases as the flow moves 
radially inward. Thus, the relative rotation between the fluid 
and the disk is reduced thereby reducing disk friction. Con
versely, the rotational rate of fluid injected at the disk hub 
will decrease as the fluid is convected outward. This increases 
the relative rotation between the fluid and the disk thereby 
increasing disk friction. 

Turbine Disk Models. The dimensionless pressure drop ob
tained for turbine disk models with one disk static and one 
flow rate (inward) was presented in Fig. 12 and was compared 
with the pressure drop obtained with flat disk models at the 
same flow conditions. The results indicated that there was no 
measurable difference in the pressure drops between the disk 
models at this flow rate and flow direction except at the lower 
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Fig. 18 Comparison of radial pressure drop for flat disk models with 
inward and outward flow; I Rerl = 1.5 x 103 

radii. For the corotating and the counterrotating disk condi
tions, the measured pressure distributions for the turbine disk 
models with both inward and outward throughflow were found 
to be similar to the measured pressure distributions for the co-
and counterrotating flat disk models, respectively. The con
clusion from these results for smooth disks is that disk ge
ometry had little effect on the cavity flow field induced by 
disk pumping. 

The rotation rate of the induced core flow may be estimated 
from the measured pressure distributions by integrating an 
approximate form of the radial momentum equation. Assum
ing small axial and radial velocities within the cavity and an 
inviscid, incompressible fluid, the radial momentum equation 
(in cylindrical coordinates) is reduced to dp/dr = pk2Qs2r. 
Here, V= krQ, is the core tangential velocity, k is the dimen
sionless core rotation factor, and dp/dr is the radial pressure 
gradient. These approximations are considered valid for the 
corotating and the one-rotating-disk flow conditions where the 
tangential velocities are much greater than the radial velocities. 
However, the approximations may not be valid for the coun
terrotating flow condition where the tangential velocities are 
very small (Stewartson, 1953). The cavity core tangential ve
locity profiles in this study were obtained for the corotating 
and the one-rotating-disk condition from the measured pres
sure distributions by assuming the core rotation factor k(f) 
was constant over a small radial interval and integrating this 
equation over the disk radius in increments containing three 
pressure taps (one at each endpoint). The average length of 
each interval was approximately 0.9 in. (2.3 cm). With the 
pressure drop over the interval known, the value of the core 
rotation factor was determined and the core flow tangential 
velocity was calculated. 

Tangential velocity profiles obtained for the turbine disk 
models are presented in Fig. 19(«, b) for these disk rotation 
conditions with radial flow inward. For the corotating (Fig. 
19(a)) and the one-static-disk conditions (Fig. 19(b)), the core 
tangential velocity increases with increasing flow rate. For the 
low flow rates (i.e., Rer = - 1.5 and -2.8X 103) the relative 
difference between the rotation rate of the disk and that of 
the core flow is decreased resulting in decreased disk friction. 
For the high flow rate (Rer = - 5.2 x 103) with corotating disks 
(Fig. 19(a)), the rotation rate of the fluid over part of the disk 
between the disk hub and a nondimensional radius of /•/ 
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R0 = 0.625 is greater than that of the disk. Therefore, the flow 
accelerates the disk in this region. Dibelius et al. (1984) reported 
that at high flow rates the disk "... might be accelerated to 
such an extent that the torque changes its direction" but gave 
no evidence of this effect. 

The final comments in this section concern the realization 
of the desired inlet swirl velocity for the inward flow condition. 
Note that the core rotational rate for the corotating (Fig. 19(a)) 
and the one-static-disk (Fig. 19(6)) conditions approach the 
value of one-half the disk speed at the outer radius of the disk. 
This indicates that the objective of injecting the inward 
throughflow at a simulated gas path swirl level of approxi
mately one-half the disk speed was achieved. This boundary 
condition is believed to be representative of the tangential 
velocity at which ingested flow enters a turbine disk cavity 
between rotating and stationary rims. Note also in Fig. 19(a) 
that VIV0 approaches the value of one-half the disk speed for 
the case Rer = 0. This is probably due to the shroud, which has 
been shown above to contribute a significant amount of friction 
to the system. 

Conclusions 
This investigation was conducted to determine disk torque 

and aerodynamic characteristics for adjacent rotating disk sys
tem typical of advanced gas turbine designs such as the coun-

terrotating turbine. The experiments were conducted with a 
unique experimental facility capable of operating at nondi-
mensional parameters typical of current and advanced large 
aircraft gas turbine levels. 

The most significant results of this investigation have shown 
than 

(a) The shroud contributes a significant amount to the torque 
required to drive adjacent rotating disk systems; 

(b) the high torque associated with counterrotating disk sys
tems can be reduced by adding a windage diaphragm between 
the disks; 

(c) the class of partial bolt covers tested is ineffective in 
reducing the increase in torque due to bolts; and 

(d) the disk torque in a counterrotating disk system is es
sentially independent of coolant flow rate and flow direction. 
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An Experimental Investigation of 
Heat Transfer Coefficients in a 
Spanwise Rotating Channel With 
Two Opposite Rib-Roughened 
Walls 
Liquid crystals are used in this experimental investigation to measure the heat transfer 
coefficient in a spanwise rotating channel with two opposite rib-roughened walls. 
The ribs (also called turbulence promoters or turbulators) are configured in a 
staggered arrangement with an angle of attack to the mainstream flow, a, of 90 deg 
for all cases. Results are presented for the three values of turbulator blockage ratio 
e/Dh (0.1333, 0.25, 0.333) and for a range of Reynolds numbers from 15,000 to 
50,000 while the test section is rotated at different speeds to give rotational Reynolds 
numbers between 450 and 1800. The Rossby number range is 10 to 100 (rotation 
number of 0.1 to 0.01). The effect of turbulator blockage ratios on heat transfer 
enhancement is also investigated. Comparisons are made between the results of 
geometrically identical stationary and rotating passage of otherwise similar operating 
conditions. The results indicate that a significant enhancement in heat transfer is 
achieved in both the stationary and rotating cases, when the surfaces are roughened 
with turbulators. For the rotating case, a maximum increase over that of the sta
tionary case of about 45 percent in the heat transfer coefficient is seen for a blockage 
ratio of 0.133 on the trailing surface in the direction of rotation and the minimum 
is a decrease of about 6 percent for a blockage ratio of 0.333 on the leading surface, 
for the range of rotation numbers tested. The technique of using liquid crystals to 
determine heat transfer coefficients in this investigation proved to be an effective 
and accurate method especially for nonstationary test sections. 

Introduction 

In modern gas turbine airfoil designs, operating in the pres
ence of high turbine inlet temperatures, effective blade cooling 
is a necessity. As the need increases for these airfoils to operate 
in a higher temperature environment, the need for more ef
fective blade cooling becomes critical. The heat transfer from 
the blade surface to the internal cooling air is considerably 
enhanced when the internal passages are roughened with tur
bulence promoters (ribs or turbulators) located at discrete po
sitions along the passage wall. Geometric parameters such as 
passage aspect ratio (AR), turbulator height to passage hy
draulic diameter or blockage ratio (e/Dh), turbulator pitch-to-
height ratio (S/e), turbulator angle of attack (a), and the man
ner in which the turbulators are positioned with respect to each 
other have pronounced effects on both local and overall heat 
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34th International Gas Turbine and Aeroengine Congress and Exhibition, To
ronto, Ontario, Canada, June 4-8, 1989. Manuscript received at ASME Head
quarters January 25, 1989. Paper No. 89-GT-150. 

transfer coefficients. Turbulators of different blockage ratios 
positioned at different angles of attack are presently used in 
advanced aircraft engines. 

Experimental results for the stationary case have been widely 
reported for a variety of geometric variations. The interested 
reader is referred to work done by Burgraff (1970), Metzger 
et al. (1983), Han (1984), Han et al. (1978, 1985), and Taslim 
and Spring (1987, 1988). However, in actual operating con
ditions, the blade is rotated at high speeds. Hence, the coolant 
air experiences Coriolis and centripetal forces, which affect 
the heat transfer to a considerable extent. Results of several 
investigations have been reported for rotating passages with 
smooth walls. Mori et al. (1971) presented a theoretical as well 
as experimental analysis for both laminar and turbulent flows 
in a rotating circular pipe. Johnston et al. (1972) showed that 
the effect of rotation on fully developed flow in a rectangular 
channel was to change the structure of turbulence near the 
leading and trailing walls. They used water as the working 
fluid, with dye for visualization, and tested a Reynolds number 
range of 2500 to 36,000 while the rotation number was varied 
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from 0.01 to 0.25. Lokai and Limanski (1975) conducted a 
series of experiments with radially outward flow for a heated 
circular tube with turbulent conditions. These authors noted 
improved heat transfer and proposed a correlation. Zysina-
Molozhen et al. (1977) undertook a program of experiments 
with a radially outward flow and suggested that the flow tends 
to exhibit a more laminar-like behavior when rotation is pres
ent; at the higher end of their Reynolds number range (Re > 
2.5 x 104), rotation has no serious effect. Mityakov et al. 
(1978) measured local and average effects of rotation on tur
bulent heat transfer in a circular tube rotating in an orthogonal 
mode. While maintaining a constant heat flux boundary con
dition, they reported results for a Reynolds number range of 
5500 to 50,000 while Rossby number was varied from 14 to 
50. Morris and Ayhan (1979) presented results of an experi
mental investigation of rotational effects showing changes in 
the average Nusselt numbers to be of the order ± 30 percent 
due to rotation. In their case, Reynolds number was varied 
from 5000 to 15,000 and three rotational speeds of 0, 1000, 
and 2000 revolutions per minute were tested. In a later paper 
(1981) they examined radially inward flows and centripetal 
buoyancy effects, and concluded that centripetal buoyancy 
adversely affects heat transfer relative to a stationary case when 
the flow is radially outward. Data were presented showing the 
converse for radially inward flow. They suggested that Coriolis 
acceleration improves heat transfer for radially outward flow 
with converse conditions for inward flow. Wagner et al. (1986) 
performed experiments with typical airfoil internal cooling 
passages. They tested two models, a two-pass model (one ra
dially outward flow channel connected with a 180 deg bend to 
a radially inward channel) and an actual engine scale model. 
In the two-pass model, the aspect ratio of the channels was 
0.25. Experiments were conducted at rotational speeds up to 
700 rpm for Reynolds numbers of 15,000 and 30,000. The 
model pressure was 10 atm. The scaled engine model coolant 
passages were tested over a rotation number range of 0 to 0.09. 
They concluded that the average heat transfer coefficients on 
the leading and trailing surfaces can be significantly increased 

or decreased depending upon flow direction and magnitude of 
Rossby number. Further, they suggested that the shape and 
orientation of the coolant passage can be expected to affect 
the heat transfer. Harasgama and Morris (1988) reported on 
the influence of Coriolis induced secondary flow within typical 
cooling passages. They experimented with square, triangular, 
and circular sectioned passages over a Reynolds number range 
of 7000 to 25,000 and rotational Reynolds number (defined as 
QLP/v) ranging from 100 to 1000. They concluded that for a 
radially inward flow, mean Nusselt numbers with rotation 
generally tend to be higher that the corresponding zero speed 
case and as rotational Reynolds number increases, heat transfer 
on the leading side decreases. For radially outward flow, ro
tation caused a reduction in mean Nusselt number on the 
leading side with respect to zero speed comparisons. The heat 
transfer coefficient was higher on the trailing side than on the 
leading side, which they attributed to secondary flow effects, 
and as rotational speeds increased, mean Nusselt number in
creased. 

The objective of the experimental investigation reported upon 
in this paper is to measure the heat transfer coefficient in a 
spanwise rotating cooling passage roughened with turbulators 
of different geometries. Two opposite walls are turbulated in 
a staggered arrangement. Emphasis is put on the influence of 
Coriolis forces on internal heat transfer. Results are reported 
for three blockage ratios, 0.133,0.250, and 0.333. The rotation 
number varies between 0.01 and 0.1 and the Reynolds number 
is in the range of 15,000 to 50,000. The rotational Reynolds 
number varies from 450 to 1800. The liquid crystal technique 
is used for temperature measurement. 

Experimental Apparatus 
A schematic representation of the rotating test rig is shown 

in Fig. 1. The plenum, test section, and camera assembly are 
mounted on a light-weight circular disk 2.44 m in diameter. 
A 3.6-kW d-c motor rotates the disk. Air is supplied to the 
test rig through two filters and measured via a custom-made 
critical flow venturi, then enters the plenum and test section 

Nomenclature 

a 
Ah 

AR 
b 
d 

D 
Dh 

h, = 

Gr 

test section width (see Fig. 2) 
heat transfer area 
aspect ratio of passage = a/b 
test section height 
distance of camera lens from 
the beginning of the heater on 
which h, is measured in the 
direction of flow 
diameter of a circular passage 
hydraulic diameter of passage 
= 2ab/{a + b) 
turbulator (rib) height 
heat transfer coefficient on 
turbulated wall 
Grashof number = Ra/Pr = 

JD 

JDh 

G0 /^RoRe/SAr 

k = 

current drawn by kth heater 
rotational Reynolds number 
based on circular tube diam
eter = QD2/v 
rotational Reynolds number 
based on hydraulic diameter 
= QDf,/v 
thermal conductivity of air 

L = length of each heater in flow 
direction = 27.95 cm 

m = mass flow rate of air 
Nus = Nusselt number on the turbu

lated wall of the test section 
when the passage is stationary 

Nur = Nusselt number on the turbu
lated wall of the test section 
when the passage is rotating 

P = perimeter 
Pr = Prandtl number 
q " = heat flux generated by electric 

heater 
q'i = heat flux lost through back of 

test section 
q " = heat flux lost by radiation 

Q = total heat added to air 
r = radial distance from the cam

era lens to the axis of rota
tion 

Ra = rotational Rayleigh number 
= rUL(Tvl-Tm)$D\?r/v2 = 

Re = 

Ro = 
Ross = 

S --
T --

Tf-
Tm '-
T = 
1 w AT --
um --
vk --

X' --

a -
& '-

v -
P = 
fl = 

= Reynolds number based on 
test section hydraulic diam
eter 

= Rotation number = QDh/Um 
= Rossby number = 1/Ro 
= turbulator (rib) pitch 
= temperature 
= film temperature 
= air mixed mean temperature 
= wall surface temperature 
= (TW-TJ 
= mean velocity of air 
= voltage across kth heater 
= nondimensional distance be

tween two turbulators 
= angle of attack 
= volumetric coefficient of ther

mal expansion 
= kinematic viscosity of air 
= density 
= angular velocity 
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Fig. 1 Experimental apparatus 

through a rotary joint. The air, which is now at about ambient 
pressure and temperature, flows through a honeycomb-type 
flow straightener located in the plenum and enters the test 
section through a bellmouth opening. 

Three test sections are used, one for each size of turbulator. 
The test section length in the direction of flow is 116.84 cm 
and has a cross-sectional area of 3.81 X 3.81 cm. Thus, the 
aspect ratio in each case is 1 and the hydraulic diameter is 3.81 
cm. Figure 2 shows the layout of a typical test section. Three 
walls are made of 1.27-cm-thick clear plexiglass and the fourth 
is made of 1.06-cm-thick white pinewood. Turbulators are 
placed in a staggered arrangement on two opposite sides, one 
of which forms the heated wall on which measurements are 
taken. For the three test sections, the location of the first 
turbulator from the test section inlet is 40.6, 43.8, or 40.6 cm 
depending on the turbulator height. Others are placed con
sistent with keeping S/e = 10, constant for all three sizes of 
turbulators (e = 5.08, 9.53, and 12.7 mm). The turbulators 
are glued into grooves machined in the plexiglass sides. They 

Side View 

H6.B1cm 

Turbulators u _ l 

Top View 
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i hs-i 
1 a n » tl— ' ' 

"T B" 

Liquid Crystal 
roil 

^Etched Foil Heater 

-InsuJotion 

Fig. 2 Layout of a typical test section 

are also made of clear plexiglass with a square cross section 
equal to e and of length equal to passage side, 3.81 cm. The 
plexiglass walls and turbulators are glued and bolted together 
as one piece and then bolted onto the wooden wall, on which 
the liquid crystal sheet is attached and all measurements are 
taken. The wooden wall is 7.6 cm wide and has the same length 
as the passage. It sits snugly against the plexiglass sides and 
turbulators to complete the passage. 

Four custom-made etched foil heaters are placed on the 
wooden wall using a special double-stick 0.05-mm-thick tape 
with minimal temperature deformation. The heaters are each 
27.95 cm long and 3.81 cm wide and cover the entire test section 
length including the nonturbulated entry length. However, they 
do not extend over the actual turbulator surface. Details of 
heater materials and arrangement are found in Rahman (1988). 
The liquid crystal sheet is placed on the heaters. The thickness 
of the liquid crystal layer is 0.15 mm. 

The test section is covered on all sides, except for a small 
window at the location where the pictures are taken, by 5-cm-
thick styrofoam sheets to minimize heat losses to the environ
ment. A 35-mm, programmable camera is mounted on a plat
form that can travel along the length of the test section. The 
camera location is altered by activating a 50-W geared d-c 
motor through a lead screw running the length of the camera 
assembly. The camera, which is activated remotely using an 
infrared transmitter and receiver set, takes pictures of iso-
chrome patterns formed on the liquid crystal sheet. 

The disk is fastened to a hollow nylon cylinder having an 
outside diameter of 19 cm with a wall thickness of 1.27 cm. 
Power to the heaters and small d-c motor on the rotating disk 
is provided through a slip-ring-graphite-brush assembly. Cop
per slip rings are mounted on the nylon cylinder and graphite 
brushes are held in vertical brush holders. They are spring 
loaded to ensure constant contact with the slip rings. The nylon 
cylinder is housed on a steel shaft with double packed bearings 
for smooth operation. The complete setup is supported on a 
steel platform bolted to the laboratory floor to minimize vi
brational effects. 

Heat is transferred to the air in the test section via the heaters 
through a custom-designed power supply unit. Each heater is 
individually controlled by a variable transformer. 

Procedure 
At the beginning of the set of test runs the liquid crystal 

was calibrated. A water bath was used to attain uniform iso-
chromes on a small piece of the liquid crystal sheet used 
throughout this investigation. The temperature corresponding 
to each color was measured using a precision thermocouple 
and photographs were taken at laboratory conditions simul
taneously so as to simulate closely the actual testing environ
ment. The color green, corresponding to a temperature of 
37°C, was chosen as the prime indicator for the temperature 
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field. This color was easily identifiable and fluctuations in 
shades of green were of the order of 0.2°C. 

For verification of liquid crystal accuracy, a smooth duct 
having an aspect ratio of 1 and a hydraulic diameter of 3.81 
cm was tested in a stationary state and compared with the well-
known Dittus-Boelter correlation. Reynolds numbers were 
varied by changing the air mass flow rate. For each Reynolds 
number the heat flux was varied by changing the input voltage 
across the heaters. All four heaters were kept at the same power 
level so as to simulate a constant heat flux boundary condition. 
A detailed description of the data reduction process is presented 
by Rahman (1988). For this investigation, there existed good 
agreement between Nusselt numbers obtained using the liquid 
crystal and the Nusselt numbers predicted by the Dittus-Boelter 
correlation. 

Each geometric configuration was first tested in a stationary 
state. With the turbulators in place and fully turbulent flow 
conditions, the flow was hydrodynamically and thermally fully 
developed at the location of interest, as was seen in the periodic 
repetition of the isochromes on the liquid crystal sheet between 
each pair of turbulators at steady-state conditions. For all three 
test sections the photographs were taken at approximately the 
same location, well downstream of the inlet. The area of in
terest was between a pair of turbulators on the heated wall. 
The strategy was as follows. First the Reynolds number was 
set by precisely fixing the mass flow rate. Heat flux was induced 
by switching on the power supply to the heaters. A small band 
of the calibrated reference color was seen immediately down
stream of the left turbulator. A photograph was taken. The 
heater power supply was then increased so that the reference 
color line moved in the flow direction and another photograph 
was taken. This was continued until eventually the whole area 
between the turbulators on the heated wall was covered by the 
reference color at one time or another. It was observed that 
an average of 16 photographs were required to cover the com
plete area satisfactorily for a given mass flow rate. A smaller 
number of pictures was taken for the test section with the 
smaller turbulator heights and more for the test section with 
the largest turbulator heights. The next Reynolds number was 
set by changing the flow rate and the whole process was re
peated, until all flow rates were tested. The same procedure 
was used for the other test sections. 

The next step was to conduct experiments on the rotating 
test rig. The disk was rotated to the desired rpm and the system 
was allowed to come to steady state. A picture was taken and 
the heat flux was increased in a manner similar to the stationary 
case, until a sufficient number of pictures was taken to cover 
the whole field. The number of pictures to be taken and the 
increase of heat supplied per picture was arrived at empirically. 
The mass flow rate was increased and another set of pictures 
was taken. The process was repeated for four different rpm's: 
50, 100, 150, and 200. Then the direction of rotation was 
reversed and the whole procedure was repeated for the com
plete range of mass flow rate. Data acquisition was through 
specially written programs run on a VAX 11/785 through a 
dedicated IBM PC. 

Data Reduction 
The total heat added to the air by the heaters from the inlet 

of the test section to the point of camera location is calculated 
using the formula 

k-1 , ,s 

Q = £ Wn + ( T ) lkVk ~ Gloss (1) 

where the camera is in front of the &th heater, d is the distance 
of the camera from the beginning of that heater in the flow 
direction, and L is the length of the heater. i„ and V„ are the 
current and voltage of the nth heater and Qloss is the heat loss 

to the ambient air. The total heat is used in an energy balance 
equation from the test section inlet to the camera location to 
calculate the air mixed mean temperature at the camera lo
cation given by the following equation: 

With Tj at about ambient temperature, Tm ranged from 24 to 
28°C. The heat flux, q", for the kth heater is calculated as 

«'=fcp (3) 
where Ah is the heat transfer area. The losses to the environ
ment from the back of the heaters as well as the radiational 
losses from the heated surface to the unheated walls were 
calculated. Iterations had to be performed since the unheated 
wall temperature was not known a priori. The heat transfer 
coefficient on the turbulated side was then calculated from 

h _ Q' - ti - Q' ( 4 ) 
h' ' (Tw - Tm) ( 4 ) 

where T„ is the wall surface temperature and Tm is the air 
mixed mean temperature calculated from the energy balance 
mentioned above, q/,' is the heat loss through the back of the 
test section and q" is the radiational loss from the heated wall 
to the three unheated walls of the test section. Substituting for 
the air mixed mean temperature, the expression for the heat 
transfer coefficient is reduced to 

n" — n" — n" 
hi = _ £ 1» _ Qr ( 5 ) 

T„ - T, - Q/(mC„) 

The specific heat at constant pressure, Cp, and other air prop
erties are evaluated at the film temperature 7}, which is the 
average of the wall surface temperature and the air mixed mean 
temperature. 

The local Nusselt number is calculated from the formula 

Nu = *f* (6) 

where k is the air conductivity. The above calculations were 
repeated for all pictures taken. The resulting data were or
ganized into files for the appropriate test sections and runs. 
These results were further processed through a program to 
integrate these local quantities to get area-weighted averages. 

From observations of the liquid crystal display, under steady-
state conditions, it was found that the temperature patterns 
exhibit regular periodic behavior. For this reason only one 
such period, between two turbulators on the heated wall, was 
examined in detail, and the local quantities were area-weighted 
over such a region. For verification, tests were repeated at two 
different locations from the inlet, for otherwise identical con
ditions, and the same results were obtained. 

For all the cases, using equation (5), error analysis was done 
based on the method of Kline and McClintock (1953). Exper
imental uncertainties on the heat transfer coefficients are es
timated to be ±6 percent. 

Results and Discussion 
The following results present data reduced for the turbulated 

wall. The results are reported in terms of dimensionless num
bers such as Nur, which is average Nusselt number on the 
turbulated wall, Re, which is Reynolds number based on hy
draulic diameter Dh, rotation number, defined as QDh/Um, 
and rotational Reynolds number, JDh, defined as flZ^/c Rey
nolds number, rotational Reynolds number, and rotation num
ber are related as 

Ro = JnJRe 
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Gr/Re2 (£) Ro2j3AF ranged from 0.016 to 0.064 and 

the effect of centripetal buoyancy on Nusselt number was not 
investigated. Geometric variations are in terms of turbulator 
height-to-passage hydraulic diameter ratio (blockage ratio), e/ 
Dh. The direction of rotation is taken care of by specifying 
the leading or trailing side of the test section. To an observer 
looking at the disk from the top (see Fig. 1), with the disk 
rotating clockwise and the heated wall on his right, then meas
urement is for the leading side. The wall to his left is the trailing 
side. If the direction of rotation is reversed, then measurements 
are for the trailing side. It should be noted that heat transfer 
coefficient is measured on the turbulated wall, but the tur
bulators themselves are not covered by the heaters, and hence 
fin type effects are not reported. 
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Figure 3 shows the typical variation of local Nusselt numbers 
in the region between two turbulators. It is seen that the heat 
transfer coefficient reaches a maximum where flow reattach
ment occurs and then decreases until the air flow approaches 
the next turbulator where the heat transfer coefficient increases 
again. This behavior is explained by the fact that after passing 
over the left turbulator the air flow touches the heated surface 
near the middle of the region thereby increasing h, dramati
cally. Then as the air approaches the right turbulator a stag
nation point type of situation arises with a resulting increase 
in heat transfer coefficient. 

Figure 4 shows the variation of Nusselt number for the 
turbulated wall with Reynolds number when the test section 
is stationary. These results, which are presented for the three 
turbulator geometries tested, are used in ensuing figures to 
compare the rotating versus stationary cases of otherwise iden
tical conditions. As expected, a large increase in Nu, is seen 
for test sections with higher blockage ratios over those with 
lower blockage ratios, due to higher level of mixing of air 
inside the test section. 
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Figures 5-8 show the variation of Nur versus rotation num
ber. Each figure is for a specific rotational Reynolds number 
(QDf,/v), i.e., a fixed value of Q. Negative rotation numbers 
imply measurements on the leading side. It is seen that Nusselt 
number decreases with increasing rotation number (QDh/Um) 
for all turbulator heights. The reason for this behavior is that, 
with the angular velocity Q being fixed on each case, higher 
rotation numbers correspond to lower values of Um, which in 
turn correspond to lower Nusselt numbers, as is seen for sta
tionary cases (see Fig. 3). 

Figures 9-11 show the variation of Nusselt number with the 
rotational Reynolds number for the three turbulator geometries 
at several Reynolds numbers. Nusselt numbers for the sta
tionary case are shown on the JD = 0 axes. It can be observed 
that the Nusselt number first increases as the rotational Rey
nolds number (i.e., the angular velocity fl) increases until it 
reaches a maximum and then, with the exception of the lowest 
Reynolds number on the trailing side, the Nusselt number 
decreases with JD . This decrease is more pronounced for the 
smallest turbulator size. It is speculated that this behavior is 
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Fig. 10 Nur versus rotational Reynolds number for the medium block
age ratio 

due to the increase of centripetal forces with JD , which ad
versely affect the heat transfer coefficient in a radially outward 
flow. Nevertheless, compared with the stationary case, for the 
range of rotation numbers tested, the heat transfer coefficient 
is enhanced on both leading and trailing sides for the smallest 
and medium height turbulators. This, however, is not the case 
for bigger turbulators. 

A comparison between the Nusselt numbers in the stationary 
and rotating cases is made by plotting the ratio Nur/Nus versus 
rotation number for various rotational Reynolds numbers, as 
shown in Figs. 12-14. As can be observed, rotation has a 
significant effect on this ratio. Large percentage increases are 
seen for the test sections with blockage ratios, (e/Dh), of 0.133 
and 0.250. The least effect is for the largest size turbulators 
with a blockage ratio of 0.333. The maximum increase due to 
rotation occurs for the case of e/Dh = 0.1333. A 45 percent 
increase on the trailing side is seen for this blockage ratio when 
the rotation number is 0.03 and JD is 1365. The minimum 
occurs when the ratio Nii/Nii, falls about 6 percent below the 
stationary value on the leading side for e/Dh = 0.333 at a 
rotation number of 0.0617 and JD of 1820. The increase for 
e/Dh = 0.133 ranges from 3 to 45 percent. The middle sized 
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turbulators, with a blockage ratio of 0.250, experience an in
crease in the range of 11 to 40 percent. 

The case with highest blockage ratio does not show as ap-
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preciable a change as the lowest one. Again the trend is that 
the ratio Nu/Nu^ decreases with increasing rotational Rey
nolds number for the range tested. 

Conclusions 
Based on the experimental program described in this paper 

it can be concluded that: (a) A significant enhancement in heat 
transfer is achieved both in stationary and rotating cases when 
the surfaces are roughened with ribs, (b) For the rotating case 
as compared to the stationary case, a maximum increase of 
about 45 percent in the heat transfer coefficient is observed 
for a blockage ratio of 0.1333 and the minimum is a decrease 
of about 6 percent for a blockage ratio of 0.333, for the range 
of rotation numbers tested, (c) The technique of using liquid 
crystals to determine heat transfer coefficients in this inves
tigation proved to be an effective and accurate method, es
pecially for rotating test sections. 
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An Analysis Methodology for 
Internal Swirling Flow Systems 
With a Rotating Wall 
This paper presents an analysis methodology for the calculation of the flow through 
internal flow components with a rotating wall such as annular seals, impeller 
cavities, and enclosed rotating disks. These flow systems are standard components 
in gas turbines and cryogenic engines and are characterized by subsonic viscous flow 
and elliptic pressure effects. The Reynolds-averaged Navier-Stokes equations for 
turbulent flow are used to model swirling axisymmetric flow. Bulk-flow or velocity 
profile assumptions aren 't required. Turbulence transport is assumed to be governed 
by the standard two-equation high Reynolds number turbulence model. A low 
Reynolds number turbulence model is also used for comparison purposes. The high 
Reynolds number turbulence model is found to be more practical. A novel treatment 
of the radial/swirl equation source terms is developed and used to provide enhanced 
convergence. Homogeneous wall roughness effects are accounted for. To verify the 
analysis methodology, the flow through Yamada seals, an enclosed rotating disk, 
and a rotating disk in a housing with throughflow are calculated. The calculation 
results are compared to experimental data. The calculated results show good agree
ment with the experimental results. 

Introduction 
The traditional analysis and design of turbomachinery flow 

components with a rotating wall, such as seals and cooling 
cavities, rely on one-dimensional analysis, multidimensional 
analysis based on drastic simplifying assumptions, or correla
tion functions derived from experimental studies of simple 
geometries. These methods have been extremely successful but 
require a significant amount of experience when applying 
them to nonstandard configurations. They are also limited in 
the amount of information they provide. For example, to 
estimate the flow losses through a constant gap annular seal, 
Yamada's (1962) friction factor expression for smooth an
nular seals is used to predict the overall friction factor (Chen 
and Jackson, 1985). However, for an annular seal with vary
ing gap, Yamada's expression must be applied in an ad-hoc 
fashion and supplemented with other correlations. 

To be able to calculate the general flow properties of most 
axisymmetric geometries with a rotating wall, a computational 
approach is essential. By solving the Navier-Stokes equations 
without relying on perturbations or velocity profile assump
tions, a consistent and detailed analysis of rotating wall tur
bomachinery components can be performed, and the in
terdependence of various flow phenomena can be accounted 
for. 

The solution of Navier-Stokes models for internal tur
bomachinery components has been treated by several re

currently at Aerojet Propulsion Systems, Sacramento, CA. 
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Toronto, Ontario, Canada, June 4-8, 1989. Manuscript received at ASME 
Headquarters January 27, 1989. Paper No. 89-GT-185. 

searchers. Launder and Leschziner (1978) presented a 
Navier-Stokes procedure for the calculation of flow in two-
dimensional finite-width thrust bearings. Their results in
cluded inertial effects but required assumptions about the 
velocity distribution within the bearing film. 

Wittig et al. (1987) and Demko et al. (1988) have presented 
Navier-Stokes calculations for labyrinth seals. The Wittig 
calculation did not account for wall rotation but achieved 
good agreement with experimental results. The Demko 
calculation accounted for wall rotation and swirl and provided 
realistic results for straight through labyrinths. The standard 
high Reynolds number turbulence model was used to provide 
turbulence closure. 

Morse (1988) calculated the turbulent flow in rotating 
cavities. The Launder and Sharma (1974) low Reynolds 
number turbulence model was used to account for turbulence 
transport. The solutions were a slight but definite improve
ment over corresponding mixing length calculations (Chew, 
1984). 

Computational fluid dynamics (CFD) technology is well 
developed, but has yet to be applied to the analysis and design 
of nontrivial internal fluid machine components in a routine 
fashion. To accomplish this, an analysis code based on the full 
Navier-Stokes equations must be robust, economical, and 
reasonably accurate. It is hoped that this paper presents a 
CFD methodology, that meets, or has the potential to meet, 
these goals. This methodology shares some of the numerical 
features found in Launder and Leschziner (1978), Wittig et al. 
(1987), and Demko et al. (1988). Primitive variables are used 
and a two-step predictor-corrector methodology is used to 
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solve the Navier-Stokes equations. However, the current 
methodology uses a nonstaggered finite volume scheme 
developed by Peric (1985) and is based on his two-dimensional 
computer code. Also, a novel treatment of the swirl equation 
source terms is developed and used to provide enhanced 
convergence. 

The role of the turbulence model and wall functions in 
predicting, within engineering accuracy, parameters of interest 
is clarified by comparing high Reynolds number model results 
with the Lam-Bremhorst (1981) low Reynolds number tur
bulence model results for the enclosed rotating disk. 

The physical assumptions and numerics of the calculation 
procedure are discussed. The CFD analysis is then applied to 
the Yamada (1962) seal, the Daily and Nece (1960) enclosed 
rotating disk, and the Dibelius et al. (1982) disk in a housing 
with throughflow. These cases feature axial, zero, and axial/ 
radial throughflow, respectively, and provide a test of the 
generality of the methodology. 

Physical Model and Calculation Numerics 

The flow situation for the current analysis consists of ax-
isymmetric swirling flow. All flow processes are assumed to be 
steady. The governing equations are the Navier-Stokes equa
tions written in cylindrical coordinates. The concept of an 
isotropic turbulent viscosity is employed so the governing 
equations are (Ramos, 1986) 

Continuity 

r-idr(rPV)+dx(pU)=0 (1) 

Axial Momentum 

(2) 

r~18r r(pUV-n drU)+dx(pUU~ix dxU) = 

-dxP + r-*drr(ndxV) + dx(ndxU) 

Radial Momentum 

r~1dr r(pVV-n drV)+dx(pUV-ti dxV) = 

-drp + pr-iW2-2iir~2V+r-idrr(ndrV)+dx(iJ.drU) (3) 

Swirl Momentum 

r-1drr(PVW-iidrW)+dx(pUW-iJi.dxW) = 

-pr~lVW-r-2Wdr(riJi,) (4) 

These equations are supplemented by a turbulence model, 
which is described in the next section. For laminar flow, 
H = Hlt and 2]i,r~x V becomes p.r~x V in the radial momentum 
equation. 

The governing equations are discretized using a nonstag
gered, body-fitted finite-volume formulation described by 
Peric (1985). The basic Navier-Stokes algorithm used is a 
predictor-corrector scheme, which uses a Poisson pressure 
correction equation. The flow algorithm is primarily for in

compressible or slightly compressible viscous flow. The gov
erning equations are the steady-state Navier-Stokes equations, 
written as 

Lpu - Vp; V «pu = 0 (5) 
where L is a Navier-Stokes operator, V is the spatial gradient 
operator, p is the density, u is the velocity field, and a boldface 
letter denotes a vector quantity. The predictor-corrector 
algorithm proceeds by predicting a velocity field u* based on a 
guessed pressure field-, p", 

p u * = Z , - ' v p " (6) 

The predicted velocities carry the correct amount of vorticity 
but do not satisfy mass continuity. The velocities are corrected 
to satisfy continuity 

pu"+,=pu*-L~lV<j> (7) 

where <j> is the pressure correction. The scalar function <j> is 
determined by the equation 

V»L-1V<^)= V^pu* (8) 

and the updated pressure is 

p" + l=pn+up(j, (9) 

up is an underrelaxation factor that is required since 4> is not 
the physical pressure. Equations (6) and (8) are solved in a 
segregated fashion (one equation at a time) using standard 
SOR and conjugate gradient technology. A first-order upwind 
treatment was used for the convection terms. The special inter
polation of the predicted velocities at the cell interfaces re
quired for a nonstaggered grid arrangement is described in 
detail by Peric (1985). 

The Turbulence Model. The standard high Reynolds 
number k-e turbulence model is used to provide 
Navier-Stokes equation closure. A single update is performed 
for the turbulence transport equations for each global relaxa
tion step. Wall functions are used to supply boundary condi
tions for the k-e equations. To provide boundary conditions 
for the k-e equations, the relations 

k=C^'2U2 

U+=Um/U*=K 

e = Ul/ny 

»lnO+) + 5.5- ln( l + .3 er
+) 

C„ 

(10) 

are used, where v+ = pyU*/jx, e + -perU^/\xh C^ (0.09) and 
K(0.4197) are turbulence model constants, y is the normal 
distance from the wall, e is the average roughness height, and 
U„ the friction velocity. These relations assume that the tur
bulence local equilibrium hypothesis is valid. A law of the wall 
is required to relate the friction velocity and the velocity pro
file near the wall. However, swirling flows are three dimen
sional and a rigorous three-dimensional law of the wall has not 

a = 
CM

 = 

cP = 
f = 
k = 
K = 

P = 
r = 

ri,r0 = 
Re„ = 

disk radius 
disk moment coefficient 
pressure number 
friction factor 
turbulent kinetic energy 
ratio of core swirl 
velocity to disk rotation 
velocity 
static pressure 
radial coordinate 
inner, outer pipe radius 
pUs/(!,[ = axial Reynolds 
number 

Rew 

Re, 

Re, 

s 
U, V, W 

u. 

poia2/^! for enclosed 
rotating disk, pur^s/fx, 
for Yamada seal; rota
tional Reynolds number 
k2/ev = turbulence 
Reynolds number 
k°-5y/p = wall distance 
Reynolds number 
gap spacing 
axial, radial, and swirl 
velocities 
friction velocity 

x 
y 

€ = 

jX = 

N = 
N = 
v = 
P = 
w = 

axial coordinate 
distance from no-slip 
wall 
average roughness height 
dissipation rate of tur
bulent kinetic energy 
effective viscosity 
molecular viscosity 
turbulent eddy viscosity 
kinematic viscosity 
fluid densitiy 
angular velocity 
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Table 1 Damping functions for the k-t models 

Model 

H i g h Re 

Low Re 

% 

1.0 

( 1 _ e - .0165R u ) 2 

• (1+20.5/R,) 

fl 

1.0 

1+1.0.05/f^)3 

f2 

1.0 

1-e-*2 . 

0 ^ = 0 . 0 9 , C , = 1 . 4 4 , C 2 = 1 . 9 2 , < x = l / 1 . 3 . 

been formulated. There are several suggestions for defining a 
resultant velocity that correlates the velocity profile into a 
two-dimensional form. Of these it has been concluded that 
Johnston's secant approximation is the best (White, 1974). 
Johnston's secant approximation is given by 

UKS=q{(dnq)2 + (dnW)2V'2/dnq (11) 

where q = {U2 + V2 ]1/2 and d„ is the wall normal derivative. 
This formulation was used in all the subsequent calculations 
and performed satisfactorily. 

The high Reynolds number turbulence model is only valid 
for high turbulence Reynolds numbers Re, ( = k2/ve) and con
sequently requires a wall function approach to provide 
boundary conditions for the k and e equations. This wall func
tion assumes a logarithmic velocity distribution. If y+ is too 
small for the log law to be valid, the relation u+ =y + is used 
but its use can result in the overprediction of viscous effects 
for channel type flows. Use of clustered grid points near a wall 
often requires a low Reynolds number formulation. The 
Lam-Bremhorst model is simple and theoretically self consis
tent, that is, the model allows k and e to approach the correct 
limiting near wall values (Patel et al., 1985) and can be used to 
predict relaminarization due to rapidly accelerating boundary 
layers. The model is given as 

r-[dr r(pVk~n drk)+dx(pUk-iJi dxk) =Il-pe (12) 

r~xdr r(pVe — ojx d,e) + dx(pUe — an dxe) 

=f,Ciek'iTl-f2C2pe2k~i (13) 

where 

II = ix, {2(dxU)2 + 2(dr V)2 + 2 ( / - ' V)2 + {rdrr~' W)2 

+ (dxV+drU)2 + (dxW)2} 

is the rate of production of turbulent kinetic energy, and the 
effective eddy viscosity is fi = Hj + n,, where n^f^C^pkt/e. 

These equations, with different damping functions (f[,f2, 
/M ) , also apply to high Reynolds number turbulence flow. The 
values of the turbulence model constants and damping func
tions for both the low and high turbulence models are given in 
Table 1. These equations are discretized in a manner similar to 
the Navier-Stokes momentum equations and are solved using 
standard SOR technology. 

The normal practice is to integrate equations (12) and (13) 
to the wall with k = 0 and e = vd„„k (or d„e = 0) at the wall. The 
condition d„e = 0 is inappropriate for a totally enclosed cavity 
because the e solution may not be unique since Neumann type 
boundary conditions are used everywhere. The use of the con
ditions k = 0 and e = vd„„k proved to be very sensitive to initial 
conditions and grid clustering near the wall, and therefore, 
was not very robust. To avoid convergence problems, the tur
bulent kinetic energy and dissipation were specified at the first 
grid point away from the wall. However, these values are not 
derived from the local equilibrium assumption but from the 
continuity equation and the no-slip condition (Patel et al., 
1985). They are given as 

k = 0.028p2y2UUn2 

e = 2nk/py2 (14) 

These expressions are valid in the viscous sublayer (y+ ~ 1). 

The use of a turbulence model that is valid in the viscous 
sublayer (the current formulation or even the £ = 0 system) 
does not imply a laminar flow solution, since the large-scale 
core turbulence still exists for high Reynolds numbers. 

Treatment of Swirl Source Terms. The discretized radial 
(V) and swirl (W) momentum equations can be written as 

/ =̂  2, /max - 1 (node locations) (15) 

apWf+aeWf+l+awWf_l=S"w+BYyV (16) 

where the a's are the discretization coefficients and are not 
necessarily the same for the swirl and radial equations, S" and 
S^ are the radial and swirl equation source terms at the old 
iteration level, respectively, and AW2 and BVW are the swirl 
coupling terms. They dependence (as V*_lt etc.) is omitted for 
the sake of brevity. Equations (15) and (16) form an implicit 
system for the predicted velocities V* and W*. The usual prac
tice is to treat the coupling terms explicitly. Because segregated 
solutions of these equations do not account for the source in
terdependence, convergence can be hampered. To make the 
equations more implicit, and therefore improve convergence, 
the source terms in equations (15) and (16) are written as 

2AJV2=AlV2V-l(l-e1)V*+AW2V-1(l+el)V" (17) 

2BVW=BV{l-e2)W*+BV(l+e2)W (18) 

where ex =sign {AV~l) and e2 = sign (BV). So when BV<0 
and A V~' < 0, the source terms are treated implicitly and the 
numerical solution convergence can be improved. 

Boundary Conditions. At no-slip boundaries the velocity 
components were set equal to zero. For rotating boundaries, 
the swirl velocity is prescribed. For inflow boundaries, the 
velocity profiles were prescribed and the turbulence properties 
were set from boundary layer considerations. At outflow 
boundaries, mass conservation was required. Neumann type 
boundary conditions were used for the pressure at all bound
aries. The pressure level was set at a single interior cell. 

Numerical Results 

The preceding computational methodology is validated by 
examining three different internal flow systems with a rotating 
wall. 

With a first-order treatment of the convection terms, ar
tificial diffusion caused by truncation errors can be a problem. 
The truncation error varies like qdsscj> where q is a velocity and 
<t> is a convected quantity. For axisymmetric swirling flows, 
dMcj} = 0 in the swirl direction (6) so the first-order truncation 
error in this direction is negligible. For the fully developed 
Yamada seal flow, dxx<j>~0 and v~0 so the first-order trunca
tion errors in the axial and radial directions are small. Use of a 
refined grid for the Yamada seal configuration confirmed this 
conclusion. For the laminar flow in the enclosed rotating disk, 
the truncation error can be significant and a fine grid was 
necessary to minimize truncation errors. For turbulent flow in 
the enclosed disk and the disk with throughflow, W> U, V 
and the truncation error is confined to the weak secondary 
flow. The computational results were calculated on grids 
selected by a grid refinement study unless otherwise indicated. 

All turbulent flow calculations were performed using the 
high Reynolds number turbulence model formulation for 
smooth walls. For the enclosed rotating disk, the low 
Reynolds number model was also used. The flow solutions 
were considered to be converged after the equation residuals 
decreased by about a factor of 200 from their maximum value. 
A typical moment coefficient convergence history is shown in 
Fig. 1. This history is for the turbulent flow in the enclosed 
rotating disk. The high Reynolds number turbulence model 
was used. The moment coefficient is converged to its steady-
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Table 2 Friction factor for Yamada seal (s = 3.315 mm, r-j = 28.836 mm) 
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Fig. 1 Typical convergence history 
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Fig. 2 Annular seal geometry 

state value when the equation residuals decrease by a factor of 
200 from their maximum values. More iterations are required 
to get a converged solution on the mesh with more grid points 
(smaller mesh size). 

Annular Seal Friction Factor. An experiment to measure 
the friction losses through a smooth constant gap annular seal 
has been carried out by Yamada (1962). The experiment was 
performed for a range of axial and rotational (inner cylinder 
rotating) Reynolds numbers. The annular seal consists of 
coaxial cylinders (Fig. 2). The flow calculation procedure was 
applied to this geometry and the computed friction factor was 
compared to the experimentally measured and theoretically 
predicted friction factors. 

The seal geometry was discretized using a 51 x 11 grid. The 
grid points were uniformly distributed in the axial and radial 
directions. The working fluid is water. 

At the seal entrance the axial velocity profile is uniform. At 
the seal exit, the axial and radial velocities are extrapolated 
from the interior and updated to conserve mass. The swirl 
velocity is extrapolated from the interior. 

The friction factor / is calculated by the following relation
ship 

f=4APs/LpU\ (19) 
where s is the seal gap size, p is the density, t/ave is the average 
axial velocity, and AP is the average pressure difference over 
the distance L. The calculation is carried out near the 
discharge where fully developed flow is reached. 

Calculations were performed for two different seal gap to 
inner radius ratios and for a variety of axial and rotation 
Reynolds number combinations. The numerical results for the 
concentric seal are compared to Yamada's test results and cor
relation equation in Tables 2 and 3. The agreement is very 
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Table 3 Friction factor for Yamada seal (s = 1.456 mm, r1 = 30.695 mm) 
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Fig. 3 Enclosed rotating disk geometry 

good. This indicates that the pressure calculation 
methodology is accurate and the three-dimensional wall func
tion formulation is appropriate for swirling flows. 

Enclosed Rotating Disk. The enclosed rotating disk con
sists of a smooth circular disk placed in a cylindrical chamber. 
An experimental study of this flow system has been performed 
by Daily and Nece (1960). The flow geometry is indicated in 
Fig. 3. The rotor radius ( = a) is 0.25 m and the shaft radius is 
0.0254 m. Calculations were performed for several gap widths 
and rotational Reynolds numbers. The working fluid is water. 

Laminar Flow. For the laminar flow case the rotational 
Reynolds number ( = pua2/^/) is equal to 4.2 x 104. The rotor 
and shaft are rotating at 0.6840 rad/s. For this Reynolds 
number, the secondary flow is about the same magnitude as 
the swirling velocity and fine grids are required to obtain ac
curate results. Gap-to-disk radius ratios (=s/a) of 0.051, 
0.102, and 0.217 were examined. 

The secondary flow streamlines are indicated in Fig. 4. The 
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Fig. 5 Core swirl velocity af rla = 0.765 for Re„ = 4.2 x 104 

asymmetry of the flow pattern increases as the gap width 
increases. 

The gap core rotation velocity is an indication of disk 
pumping and was measured by Daily and Nece (1960). The 
calculated results at r/a = 0.765 are compared to the ex
perimental data in Fig. 5. The agreement is good. The semi-
empirical torque coefficient correlation developed by Daily 
and Nece (1960) and the Navier-Stokes results are in agree
ment with the experimental results as shown in Fig. 6. 

Turbulent Results. For the turbulent flow cases, the rotor 
and shaft rotation speed is 71.3 rad/s and the rotational 
Reynolds number is 4.4 xlO6. These cases were calculated 
with both the high and low Reynolds number turbulence 
models. 

Figure 7 compares the computed tangential velocity with ex
perimental data at r/a = 0.765 for the case s/a = 0.0255. The 
high Reynolds number turbulence calculation was performed 
with an 11 x21 grid and a 21 x 41 grid. The calculated profile 
depends upon the y+ of the first grid point away from the 
rotor wall. Several grids were examined and it was concluded 
that keeping the maximum rotor y+ in the range of ap
plicability of the logarithm law of the wall provided the best 
results. Figure 1 indicates that the 11x21 and 21x41 grids 
give similar rsults. The 21 x41 result is used for comparison 
with experimental and theoretical data. The low Reynolds 
number turbulence model was used on a 41 x 71 grid with y + 

on the order of 1. The swirl velocity profile near the stator wall 

Fig. 6 CM percent difference from experimental results for Re„ 
4.2 x104 
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Fig. 7 Swirl velocity at rla = 0.765 for s/a = 0.0255 and Re„ = 4.4 x 106 

is not predicted as well with the low Reynolds number model 
compared to the high Reynolds number model. 

The secondary flow boundary layers are quite distinct in 
Fig. 8. The computed radial velocity is in general agreement 
with the experimental results. The pumping velocities are 
predicted accurately. 

The next case computed is for s/a = 0.0637. The swirl veloci
ty at r/a = 0.765 is shown in Fig. 9. The calculated results 
follow the experimental data closely except near the stator 
wall. The experimental results show a hump near the stator 
wall that is not completely captured by the calculation results. 
The high and low Reynolds number turbulence model were 
used on 21 x41 and 41 x71 grids, respectively. Both models 
performed equally well in predicting the swirl velocity profile. 

The radial velocity profile (Fig. 10) is flat near the disk core 
and the stator/rotor radial boundary layers are more distinct 
than the radial layers for the s/a = 0.0255 case. The peak 
radial velocities are overpredicted. 

To determine the ability of the current methodology to 
predict the pump axial load, the theoretical pressure head gra
dient on the rotor wall (the pressure gradient across the gap is 
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very small) is compared to the corresponding calculation result 
for s/a = 0.0637 (Fig. 11). The computed pressure head gra
dient agrees with theory. Daily and Nece (1960) indicate that 
the agreement between theory and their experimental pressure 
data was good. 

The computed torque coefficients are compared to experi
ment and theory in Fig. 12. The low Reynolds turbulence 
model results overpredict the torque coefficient by as much as 
30 percent. 

Rotating Disk With Throughflow. The effect of 
throughflow on frictional effects and related flow mechanisms 
in a gap between a housing and a rotating disk has been in
vestigated experimentally (Dibelius et al., 1982). The 
throughflow can have a significant effect on disk pumping. 
Impeller cavities and turbine wheel cavities are represented by 
a rotating disk in a housing with throughflow. The test con
figuration is indicated in Fig. 13. The calculation methodology 
was applied to this geometry using a 68 x 16 computational 
grid. This grid was generated using the previous calculation 
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Fig. 11 Radial pressure head gradient for s/a = 0.0637 and Re„ 
4.4 x 106 

results as a guideline and a complete grid refinement study was 
not performed. 

The working fluid is air. The throughflow number 
( = m/an,) is 1.4x 105, the flow is directed centripetally, and 
the Reynolds number is 4.2x 106. The disk radius is 0.4 m. 
The disk gap is 0.025 m and the shaft radius is 0.08 m. The exit 
angle of the swirl vanes is 12 deg. The shaft and disk are 
rotating at 400 rad/s. 

The computed swirl velocity profiles are compared to the 
experimental data in Fig. 14. The agreement is good but gets 
worse near the flow discharge. The maximum error is about 14 
percent. 

The pressure number (Cp = \-(P(a)—P(r))/a2pu1) as a 
function of the radius is shown in Fig. 15. The computed 
results agree with experiment and theory of Dibelius et al. 
(1982). 
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Discussion 

The Navier-Stokes methodology performed well for the in
ternal flow systems considered. The friction factors for the 
Yamada seal were calculated correctly. The turbulent flow 
torque coefficients for the enclosed rotating disk tend to be 
overpredicted by about 30 percent when the low Reynolds 
number turbulence model is used. Patel et al. (1985) indicate 
that some low Reynolds number turbulence models tend to 
overpredict the flat plate friction coefficient by as much as 20 
percent, even when 50 grid points are placed in the viscous 
sublayer. Also, the effect of the end-wall and shaft layers on 
the overall torque may be significant and tip leakage was not 
modeled. The swirl velocity profiles and axial force on the disk 
with throughflow was calculated correctly. The high Reynolds 
number turbulence model performed well for all the flow cases 
considered and was more economical than the low Reynolds 
number turbulence model computations. 

The preceding Navier-Stokes methodology can be used to 
analyze flow systems for which experimental data do not exist. 

u 

3 

o 
4 

o 

o 

Exp, r/a=0.99 

Exp, r/a=0.75 

Exp, r/a=0.46 

Present method 

A A 

o 

- B -

O OO O(1 

- e r — a a ^ 

0.0 0.2 0.6 0.8 1.0 
x / s 

Fig. 14 Swirl velocity profiles for the disk with throughflow 

-H 

CO 

o ~ 

CO 

d ~ 

2> 
CD-

CO 

o ~ 

m 
o -
^ 

o 

a 

_..--
.--' 

i 

Experiment / 

C o r r e l a t i o n fi 

P r e s e n t 

y 

,.-'' 
a 

i 

method ; 

/ 7 

/ / 
y/ 

a 

| 
I I I 

0.0 0.2 0.4 0.6 0.8 1.0 
C P 

Fig. 15 Pressure number 

0.08 -

001 
O i l . 

\% 

t 

if 

v 

-̂  
^ 

\ 

S 

1 1 II 1 1 M i l 

^^ 

- - -
t~~ 
% 

MOODY'S DIAGRAM 

^ 
\ 
\ 

£ : - -
" ^ 

s M 

^̂ r 

.. I ^ S d O . 
B CFO RESULTS FOR SMOOiH " -"fciFSjs 

X CFD RESULTS FOR rjz * 250 

A CFO RESULTS FOR r^lz = 35 -

o C HI k bUL S IU 

" A ^ 

"" 

^ 

" 

^ 

V̂ 
:T^: 
__L_ 

I.0CO 

I.E00 

6,000 

103 10' 10" 

Reynolds numbe 

Fig. 16 Moody's diagram and present CFD results 

Journal of Turbomachinery JANUARY 1991, Vol. 113/89 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



For example, the three-stage Rocketdyne Mark-49 turbopump 
design assumed that the pumping factors for the forward and 
rear impeller cavities were 0.5 for all three stages. However, a 
calculation using the current methodology indicated that the 
pumping factors were different for the different stages. This 
computational methodology was also used in the multizone 
calculation of turbopump cooling cavities (Williams, 1988). 

To tailor seal leakage or cavity pumping factors, it is com
mon practice to use roughness on the rotor or stator. The 
Navier-Stokes methodology presented here can handle rough 
surfaces. The Moody diagram results for smooth and rough 
pipe flow can be reproduced using the current procedure with 
the high Reynolds number turbulence model (see Fig. 16). It 
would be quite a challenge to simulate rough wall flows with a 
low Reynolds number k-e turbulence model since the actual 
roughness contour would have to be resolved and grid points 
would have to be maintained in the viscous sublayer. 

Conclusions 

A Navier-Stokes analysis methodology for the calculation 
of the flow through internal flow components with a rotating 
wall has been developed. A novel treatment for the swirl 
coupling source terms was developed to improve equation 
convergence. Johnston's secant approximation was used to 
formulate a three-dimensional law of the wall. The 
methodology was applied to three swirling flow systems and 
the calculation results were compared to experiment. Good 
agreement with experiment was obtained in all the cases. A 
low Reynolds number formulation based on the 
Lam-Bremhorst turbulence model and specified near wall 
distributions of k and e was used. The low Reynolds number 
turbulence model calculation results were in general agreement 
with the high Reynolds number turbulence model results. The 
high Reynolds number turbulence model was more efficient in 
terms of computing and grid point costs. 
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A Theoretical Study of Ingress for 
Shrouded Rotating Disk Systems 
With Radial Outflow 
Sealing of the cavity formed between a stationary disk and a rotating disk under 
axisymmetric conditions is considered. A mathematical model of the flow in the 
cavity based on momentum integral methods is described and this is coupled to a 
simple model of the seal for the case when no ingress occurs. Predictions of the 
minimum imposed flow required to prevent ingress are obtained and shown to be 
in reasonable agreement with the data of Bay ley and Owen {1970), Owen and 
Phadke (1980), Phadke (1982), andPhadke and Owen (1983a, 1983b, 1988). With 
an empirical constant in the model chosen to match these data, predictions for the 
minimum sealing flow are shown to be in good agreement with the measurements 
of Graber et al. (1987). The analysis of Phadke's data also indicates the measure
ments for small seal clearances must be viewed with caution due to errors in setting 
the seal clearance. These errors are estimated to be twice the minimum clearance 
considered. Seal behavior when ingress occurs is also considered and estimates of 
the amount of ingress are made from the available data. 

Introduction 
In a gas turbine engine, ingress of the the hot mainstream 

gas into the space between a rotating turbine disk and a stator 
can lead to overheating and reduced life of the disk. To prevent 
or limit this effect, cooler air may be channeled radially out
ward through the cavity and ejected into the mainstream flow. 
In order to gain insight into such flows in the engine, Bayley 
and Owen (1970), Owen and Phadke (1980), Phadke (1982), 
and Phadke and Owen (1983a, 1983b, 1988) have studied the 
flow in the cavity between two plane disks, one rotating and 
the other stationary. In these tests various shroud designs have 
been assessed by comparing the minimum throughflow rate 
that is required to prevent ingress of air from the quiescent 
environment into the cavity. In the present paper a theoretical 
study of such flows will be reported. Although these idealized 
conditions are not truly representative of conditions in the 
engine, they provide a convenient starting point and testing 
ground for theoretical methods. 

Bayley and Owen's experimental rig incorporated a station
ary shroud with a simple axial seal, denoted seal A in Fig. 1. 
These workers obtained the following correlation for the min
imum value of the mass flow parameter Clv min required to seal 
the cavity: 

CwMn = 0.61 Gc Re„, (1) 

Here Cw = m//xb, Re0 = pQb2//x, and Gc = sc/b, m being 
the mass flow rate, fi the angular velocity of the disk, sc the 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, To
ronto, Ontario, Canada, June 4-8, 1989. Manuscript received at ASME Head
quarters January 27, 1989. Paper No. 89-GT-178. 

seal clearance, b the disk outer radius, p density, and JX vis
cosity. A simple theoretical argument supporting the form of 
equation (1) was also proposed. However, this argument rests 
on a different interpretation of the flow from that put forward 
below. Phadke and Owen have also considered this seal ge
ometry and found that their results, covering a wider parameter 
range, suggested a nonlinear relationship between Cw>min and 
Gc. Results for the various seals have been presented in the 
form of correlations but, without a sound understanding of 
the flow, it is not clear how these are best extrapolated to 
engine conditions. 

Prediction of ingress and its effects does not appear to have 
received much attention in the open literature. Some work 
using finite difference methods to solve the axisymmetric par
tial differential equations modeling laminar flow was reported 
by Sambo (1985). This was extended to three-dimensional lam
inar flow and axisymmetric turbulent flow using a mixing-

J 
%-

J J V faf_ 
A C Dthin 

Fig. 1 Seal classification 
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length model of turbulence by Vaughan and Turner (1987) and 
Vaughan (1987). The turbulent flow results showed qualitative 
agreement with data and the three-dimensional computations 
also showed promise. Vaughan's results also indicate that Sam
bo's computations are unreliable. The extent of these studies 
was severely limited by the high computing cost of the cal
culations. 

Less sophisticated modeling techniques have been used by 
some workers. Haaser et al. (1988) characterized the flow 
through a rim seal by an empirically determined discharge 
coefficient and coupled this to' a very basic model of the cavity 
flow. Graber et al. (1987) formulated a seal model that in
corporated a turbulent transport coefficient and agreement 
with experiment was claimed if different transport coefficients 
were used for each seal configuration. These models provide 
a good indication of the state of the art for predicting ingress 
and its effects in design calculations. 

The approach adopted here is to couple a solution for the 
flow in the cavity between the two disks to a model for the 
seal flow. An integral solution technique is used to predict the 
flow behavior in the cavity and this is presented in the next 
section. Seal behavior will then be discussed and a simple model 
of seal behavior is proposed for conditions in which ingress 
does not occur. Some of the available data are re-examined 
and used to deduce ingress levels when there is no imposed 
throughflow. The proposed model is tested by comparing pre
dictions for the minimum sealing flow with the available ex
perimental data. Incompressible flow has been assumed in the 
analysis as this is a good approximation to the experimental 
conditions. 

Cavity Flow 
A schematic of the flow in a rotor-stator cavity is shown in 

Fig. 2. This is deduced from experimental work (e.g., Daily 
and Nece, 1960) and numerical solutions (e.g., Chew and 
Vaughan, 1988). The cavity width sis assumed to be sufficiently 
large for distinct boundary layers to develop on the two disks. 
Fluid is centrifuged out near the rotor and, outside the source 
region, which is influenced by inlet conditions, fluid next to 
the stationary disk travels radially inward. Between the disk 
boundary layers a rotating core develops in which there is a 

Stator 

-Rotating core 

—-Rotor 

Source region 

a 
Fig. 2 Schematic of flow 

weak axial flow, but, to a good approximation, no radial 
motion and no axial variation in the tangential velocity. For 
a sealed system the core is known from experiments to rotate 
roughly as a solid body at 40 to 50 percent of disk speed. With 
radial outflow the angular velocity of the core depends on inlet 
conditions and varies with radial position. 

Several workers have previously applied variations of von 
Karman's (1921) integral method to the rotor-stator system 
(see, e.g., Daily and Nece, 1960; Owen, 1989). However, pre
vious treatments have involved some approximations that are 
considered questionable and so a different approach has been 
used here. Some guidance for the development of this method 
was obtained from Chew and Vaughan's (1988) finite differ
ence solutions of the Reynolds-averaged Navier-Stokes equa
tions with a mixing length model of turbulent. A von Karman 
type treatment is retained for the boundary layer on the rotating 
disk, but a modified integral method is applied on the sta
tionary disk. A simple treatment of the shroud boundary layer 
is also included. 

Nomenclature 

a = inlet radius 
b = disk outer radius 

CD' = discharge coefficients, 
equations (17) and (18) 

Cw = mass flow parameter = 
m/fib 

f = function defining radial 
velocity profile, equation 
(11) 

F = friction factor 
Gc = seal clearance ratio = 

sc/b 
H = overlap ratio, i.e., axial 

overlap of seal divided by 
b 

I = coefficients in momentum 
integral equations 

k = empirical constant in seal 
model 

m — mass flow rate; when not 
subscripted = imposed 
throughflow rate 

N = number of grid points in 
numerical solution 

P 
r 

Re0 

s 
sc 

u 
udm 

U, = 

W = 

z = 
6 = 

Ap = 

Apr = 

static pressure 
radial coordinate 
rotational Reynolds num
ber = pQb2/fx 
cavity width 
seal clearance 
radial velocity component 
mixed-out radial velocity 
for near-wall flow on the 
rotating disk at r = b 
mean velocity through 
seal in r-z plane 
function of r in radial ve
locity profile 
tangential velocity compo
nent 
axial velocity component 
axial coordinate 
boundary layer thickness 
pressure difference across 
seal 
radial pressure difference 
across cavity 

V = 
X = 

/* = 
p = 

Tr< ?> = 

4, = 
* = 

Q = 

Subscripts 
b = 

ex = 
in = 

min = 
51 = 

0 = 

Superscripts 
= 

Z/b 

throughflow parameter = 
Cw/Re^' 
dynamic viscosity 
density 
radial and tangential shear 
stress components 
angular coordinate 
cooling effectiveness, 
equation (19) 
angular velocity of disk 

refers to r=b or shroud 
external flow 
ingress 
minimum sealing flow 
stationary disk 
surface z = 0 

denotes values at the 
boundary layer edge z = 5 
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Treatment of the Rotating Disk. Generalizations of von 
Karman's assumptions are used for the velocity profiles across 
the boundary layer and the shear stress at the disk. Employing 
a cylindrical coordinate system (r, <j>, z) with the disk at z = 
0, these assumptions may be written: 

v-Qr= (v-Qr) Xz/5)1 

u = Ul(r) (z/S)1 

1/4 

(l-z/5) 
(2) 

(3) 

7*i0 = 0.0225pMM (v-Qr) [u2+(v -Or)2]3 7 8 (4) 

Trfi = T^0ul/(v-Qr) (5) 
Here u and v are the radial and tangential velocity components, 
rr 0 and T^O are the radial and tangential components of the 
shear stress at the wall, Q is the disk angular velocity, 5 is the 
boundary layer thickness, p denotes density, ux is a function 
of r only, and the overbar denotes a value at the boundary 
layer edge z = 8. Note that equation (3) gives u = 0 at z = 
8. Although this condition may not strictly apply in the source 
region, it is a valid approximation provided the disk speed is 
much larger than the radial velocity in the in viscid flow region. 

Assuming rotationally dominated flow outside the boundary 
layers, the radial momentum equation in this region reduces 
to 

dp pv 
dr r 

(6) 

where p denotes static pressure. Using this result, equations 
(2) and (3), and the usual boundary layer assumptions, the 
mass and momentum conservation equations for the boundary 
layer may be integrated from z = 0 to 8 to give 

/, d 
pvv= —=•— (rpufi) 

r dr 
(7) 

- — (prujS) +-SIs(Qr- v)2-2p8I4Q(tlr- v) = -7>i0 (8) 

I d 2 -/1-5 — \Pr u,(Qr— v)8]-pw(Qr 
r dr 

-y)+2/1pM16fi=-T0 ] O (9) 

where w is the axial velocity component and the coefficients 
I, which arise from integration of the power law velocity pro
files, are given by 

7, = 49/120, 72 = 343/1656, /3 = 49/144, 
74 = 1/8, /5 = 2/9 (10) 

Further details of the derivation of these equations can be 
found elsewhere (e.g., Chew, 1987; Chew and Rogers, 1988). 

Treatment of the Stationary Disk. From earlier work it 
seems that the assumed velocity profiles and shear stress re
lations in equations (2)-(5) are unsuitable for the boundary 
layer on a stationary disk. The treatment of this layer has 
therefore been modified, although the approach is very similar 
to that for the rotating disk. 

Equation (2) for the tangential velocity profile (with Q set 
to zero) is retained. The following form is assumed for the 
radial velocity profile: 

u = uhs(r)f(v),v = z/8 (11) 

where /(0) and /(oo) must be zero and /(ij) — i/1/7 as i) —• 0. 
With these velocity profiles equations (4) and (5) for the shear 
stress may still be assumed to hold. Contrasting with the treat
ment of the rotor, some variation of u and v for z greater than 
the nominal boundary layer thickness 8 is assumed. This ac
counts for the oscillatory behavior of the velocity profiles that 
has been observed in both experiments and computations. For 
ij>2 the variation in u and v is expected to be negligible. The 
integral equations (7) and (9) are valid for the stator boundary 

layer provided Q is set to zero and the following definitions 
are used for the coefficients 7: 

i
oo f»o° f30 

0fdV, I2=\0fdr,, h=)0v/bfd-l), 

\: 
/ , = 1 - \(v/v)2dv 

(12) 

From finite difference results over a range of different con
ditions it appeared reasonable to require that the velocity vector 
of the flow close to the disk should be at an angle of about 
20 deg to the tangential direction. This implies 

u, 5= -0.364 v (13) 

It was also found that the following choices of It and 73 gave 
reasonable agreement of the integral and finite difference re
sults for a sealed rotor-stator system: 

7, =49/120, 73 = 539/1440 (14) 

No use of the radial momentum integral equation is made 
for this boundary layer and so 72 and 75 need not be specified. 
In effect this equation has been discarded and replaced by 
equation (13). This approach was considered adequate for 
present purposes as it gave reasonable agreement with the 
available data. Should further improvements become available 
in the future they can easily be incorporated into the numerical 
solution scheme described below. 

Treatment of the Shroud. A simple model has been de
veloped to account for the influence of the shroud. The prin
cipal assumptions made are that the mass flow in this boundary 
layer is constant, the boundary layer thickness is negligibly 
small relative to the radius b, and the tangential shear stress 
on the shroud can be estimated using a constant friction factor. 

The shroud boundary layer mass flow (mb) must equal that 
in the rotating disk boundary layer at r = b less any flow that 
leaves the cavity at this point. Defining vb{z) to be the average 
tangential velocity of the fluid in the boundary layer and F to 
be a friction factor, the tangential shear stress on the shroud 
T0I6 is given by 

><b=--p\%-vb(z)\ (Qbb-vb(z)) (15) 

where Qb is the angular velocity of the shroud. Supposing the 
rotating and stationary disks to be at z = s and z = 0, re
spectively, an angular momentum balance for the flow in the 
boundary layer gives 

• dvu -, u mb —b = 2irbT#b 
dz 

(16) 

With equation (15), this equation may be integrated directly 
to give vb(0) as a function of vb(s). 

The boundary layer solutions for the shroud and two disks 
are patched so that mass and angular momentum are con
served. The mass flow in the boundary layer on the stationary 
disk at r = b thus equals mb minus any flow leaving the cavity 
at this point. Similarly angular momentum conservation gives 
relationships between vb(0), vb(s), and the disk boundary layer 
solutions at r = b. The friction factor F was assumed to equal 
the value obtained from the integral solution for the rotating 
disk at the outer radius. 

Solution Method. The boundary layer solutions for the 
two disks are coupled through the shroud boundary layer, as 
described above, and the inviscid flow regions. In the source 
region of the flow v is calculated from inlet conditions assuming 
free vortex behavior outside the boundary layers. In the inviscid 
rotating core the radial velocity and axial gradient of tangential 
velocity are assumed to be zero. 

Numerical solution of the integral momentum equations for 
the disks is achieved through use of standard library routines 
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for solution of ordinary differential equations. In the source 
region the solution for the rotor is straightforward. With v 
known, equations (8) and (9) are solved to find ux and 8. The 
nondimensional form of the equations used in the computa
tions, and the specification of starting conditions, follows the 
methods developed in earlier studies. Effectively the mass flow 
in the boundary layer and the boundary layer thickness are set 
to zero at inlet radius r = a. The edge of the source region is 
defined as the point at which all the supplied flow has been 
entrained into the rotor boundary layer. Any boundary layer 
flow on the stator in the source region is neglected. 

Outside the source region an iterative solution scheme was 
employed. The problem is discretized by specifying N radial 
locations covering the solution domain and assuming a linear 
variation of v between these points. For any specified distri
bution of v boundary layer solutions can then be obtained. 
Starting conditions for the rotor layer are obtained from the 
solutions in the source region. From the solution for the rotor 
starting conditions can be obtained for the stator layer. Of 
course, the resulting solution does not generally satisfy the 
patching conditions. These require the net mass flow at each 
radial location to equal the throughflow rate and conservation 
of angular momentum at the interface of the shroud and stator 
boundary layers. If there is no flow from the shroud layer to 
the stator the latter condition is replaced by the condition that 
the flow on the shroud must be at least sufficient to supply 
any seal flow at z = 0. Equations are defined at each radial 
location based on these patching conditions and a standard 
library routine for the solution of simultaneous nonlinear equa
tions was used to find the distribution of v satisfying these 
equations. Comparing results for various values of N it was 
found that N = 40 gave essentially grid-independent solutions. 

The integral solution, when suitably nondimensionalized, is 
a function of the three independent variables, radius ratio 
a/b, aspect ratio s/b, and throughflow parameter X = Cw/ 
Re$-8. Details of the dimensional analysis will not be given 
here; similar results have been deduced for other disk flows 
(e.g., Chew and Snell, 1988). The position of the outlet will 

also affect the solution, but the seal clearance ratio Gc = 
sc/b is assumed small so that the cavity flow is independent 
of Gc. However, as will be shown below, Gc will enter the 
problem when flow through the outlet is considered. 

Validation of the Model. Some confirmation of the validity 
of this model has been obtained through comparison with 
experiment. Predictions for the moment coefficient were found 
to be in excellent agreement with Daily and Nece's (1960) 
correlation of measurements for a sealed cavity and in rea
sonable agreement with Daily et al.'s (1964) correlation for a 
cavity with throughflow. Note also that the finite difference 
results used to guide the development of this model were in 
reasonable agreement with experiment. 

Seal Flow 

Seal Behavior With No Rotation. Before introducing the 
complication of rotation, it is useful to consider the case when 
both disks are stationary and Re0 = 0. In this case the velocity 
of the fluid approaching the seal is expected to be small com
pared to the velocity through the seal. 

A discharge coefficient Cd is defined by the relationship 

Cd" 

2Ap (17) 

where Ap is the pressure drop across the seal and um is the 
mean velocity in the r-z plane through the seal. 

Figure 3 shows \/C\ for seals A and D in Fig. 1 as calculated 
from Phadke's (1982) data. In these experiments the radius 
ratio a/b and the aspect ratio s/b were both 0.1. For each 
value of Gc the different data points correspond to different 
throughflow rates. Values of the discharge coefficient for seal 
A were also estimated from Bell and Bergelin's (1957) results 
and these data are also shown on the figure. Bell and Bergelin 
measured discharge coefficients for the annular orifice between 
a circular disk and a cylindrical tube for a range of length-to-
width ratios and Reynolds number. Their results give an in
dication of the values of Cd that might be expected from 
Phadke's data. Clearly the values of Cd obtained from Phadke's 
data are generally higher than those of Bell and Bergelin and 
many of the results give Cd> 1. Only for Gc = 0.02 and 0.04 
for seal A are Phadke's results of similar magnitude to those 
of Bell and Bergelin. The most likely explanation for this is 
that errors have occurred in setting the seal spacing Gc. Errors 
of order 1 mm (i.e., Gc~0.005) would account for the dis
crepancies with Bell and Bergelin's data. This interpretation 
is supported by the more recent experimental work of Dadkhah 
and Turner (1987). 

Seal Behavior for C„ >Cw<min. Rotation may change both 
the flow within the cavity and the behavior of the seal. The 
pressure drop through the seal may be divided into two com
ponents: one associated with the centripetal force term and 
the other associated with the change in the radial and axial 
velocity components. In Phadke's experiments the shroud 
thickness and seal gap were of order 0.016. Assuming the radial 
pressure gradient balancing the centrifugal force is similar to 
that in a sealed rotor-stator system, the pressure difference 
across this distance is of order 0.003 pQ2b2/2. The second 
component of Ap is related to pu2

m/2. Using equation (1) to 
estimate C„min and the results in Fig. 3 it follows that this term 
is of order 0.02 pQ2b2/2 or greater for Cw>CWimin. Thus, as a 
first approximation, it is reasonable to assume that the effect 
of rotation on the pressure drop across the seal will be prin
cipally through changes induced in the radial and axial velocity 
distribution. 

The fluid flowing out of the seal will have first been entrained 
into the boundary layer on the rotating disk and will have 
picked up a radial velocity. To quantify this effect a "mixed-
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out'' velocity udm is defined. This is calculated from the integral 
solution for the boundary layer at r = b in such a way as to 
conserve radial momentum. It is assumed that the seal flow is 
supplied from the near-wall region of the layer and averaging 
is carried out over only that portion of the boundary layer 
supplying the seal. A discharge coefficient Cd is introduced as 
follows: 

1 2Ap 
p(u2

m-k2u2
dm) 

(18) 

where k is an empirical constant, which will be different for 
each seal. Note that for k - 1 equation (18) is of the same 
form as the equivalent relation for a pipe-orifice. 

From Phadke's experimental work it is known that for C„ 
the pressure difference across the seal is approxi

mately zero. Thus, assuming Q remains finite, the cavity will 
be just sealed when um = kudm. For a given cavity and seal 
geometry udm/Qb is a function of X only and it may be deduced 
that Xmin will be function of GcRe$-2 only. Use of the through-
flow parameter X is equivalent to nondimensionalizing the flow 
rate by dividing by the flow entrained by a free disk as given 
by von Karman's (1921) solution. Use of the group GcRe^2 is 
equivalent to scaling the seal gap with von Karman's solution 
for the boundary layer thickness. 

Seal Behavior for C„<C„ For Cw<CwMn the flow 
through the seal will involve both inflow and outflow. The 
nondimensional ingress flow X,„ will be a function of the im
posed throughflow X, the seal geometry, and the cavity ge
ometry. It is reasonable to hypothesize that the dependency 
on seal and cavity geometry may be carried through the min
imum sealing flow Xmin, so that X,„ is a function of X and Xmin 
only. This hypothesis and the relationship between X,„, X, and 

k = -1 
(theory) 

0-0 0-1 0-2 0-3 0-4 0 5 0-6 07 
GcRe0

2 

-» Bayley & Owen (1970) „ o Phadke (1982) 
Fig. 5 Calculated and measured minimum sealing flows for seal A 

m̂in will be discussed further in the next section where theory 
and experiment are compared. 

Predictions will be presented below for the flow in the cavity 
for specified values of X,„. In these calculations it has been 
assumed that the flow that enters the cavity through the seal 
has no angular momentum. The flow out of the cavity through 
the seal is assumed to be supplied by the rotor boundary layer, 
as before. The patching conditions between the shroud and 
disk boundary layers are adjusted accordingly, so that angular 
momentum is conserved. 

Results 

Minimum Sealing Flows. Phadke's (1982) correlations for 
the minimum sealing flow are shown in Fig. 4, where Xmin is 
plotted against GcRe£2. According to the above theory the 
results for each seal should collapse onto a single line when 
plotted on this basis. For seals A and C Phadke's results do 
shown some sign of this. Some scatter is to be expected due 
to approximations in the theory and errors in the gap setting 
as discussed above. Two sets of results for seal D are shown: 
one for which the shroud does not overlap the rotor and one 
for which the axial overlap was fixed giving H = 0.032. Here 
His the axial overlap divided by the disk radius b. The results 
for seal D with H = 0 perhaps show the least sign of correlating 
on this basis; this case is further examined later. 

Phadke's and Bayley and Owen's (1970) correlations for 
•̂min for seal A are compared with theory in Fig. 5. Theoretical 

curves were obtained as described above and are given for k 
= 0.1-1.0, although for this seal k is expected to be of order 
unity. The theoretical points do not go above Xmin = 0.22 as 
at this point the supplied flow equals the free disk entrainment 
and the cavity is assumed to be effectively sealed. Each separate 
line for the measurements represents results at different values 
of Gc. Phadke's results are reasonably well correlated by the 
theory for k = 1, but Bayley and Owen's results lie almost 
on the curve k = 0.8. This discrepancy can be explained by 
the errors in Gc in Phadke's work. The present theory with k 
= 0.8 can be considered an improvement on Bayley and Ow
en's correlation as it shows a similar nonlinear behavior to 
Phadke's data at the higher values of GcReJ2. Note that the 
Reynolds number range for Phadke's experiments was 
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105<Re^,< 1.2x 106, whereas von Karman's solution for free 
disk entrainment agrees with measurements for Re^>8x 105 

(Newman, 1983). Thus Reynolds number effects could account 
for some of the differences between measurements and theory. 
It should also be noted that the measurement of the minimum 
sealing flow was subject to some uncertainty. 

Figure 6 shows a comparison between calculated and meas
ured minimum sealing flows for seal C. The theoretical curves 
differ slightly from those in Fig. 5 owing to the rotating shroud 
giving different values of udm in the integral solution. At higher 
values of GcRe^2 Phadke's results are reasonably well corre
lated by the theory for & — 0.65. The departure from this curve 
at lower gap ratios is within the level of uncertainty due to 
errors in Gc. 

Phadke's results for seal D with H = 0 do not appear to 
fit in with the proposed model. However, it may be shown 
that, given the level of errors deduced for Gc, these results are 
not inconsistent with the present theory. Figure 7 shows the 
effect of increasing Phadke's nominal value of Gc by 0.0048. 
This increase is within the error band for Gc indicated by the 
measurements for Re^ = 0. The measurements with Gc in
creased are reasonably well correlated by the theory for k = 
0.4, showing that within the (large) degree of experimental 
uncertainty, theory and measurements agree. 
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Ingress Flow. For seal A with Gc = 0.005 and 0.01 Phadke 
measured pressure distributions in the cavity for the case of 
no imposed throughflow. The radial pressure difference across 
the cavity between r/b = 0.4 and 0.97, denoted Apr, obtained 
from these measurements is shown in Fig. 8. Also shown on 
this figure are predictions from the integral solution with as
sumed ingress flow rates of X,„ = 0, 0.01, and 0.02. While the 
theory cannot be expected to agree exactly with experiment on 
the level of A/?r, it does give a guide to the sensitivity of the 
pressure distribution to ingress. Note that at the lower values 
of Re ,̂ the flow may not be fully turbulent in the experiments. 
Comparing theory and measurements at Re ,̂ = 106 suggests 
that the difference in X,„ in the experiments for Gc = 0.005 
and 0.01 is of order 0.01. This compares with a difference in 
the minimum sealing flows Xmin given by Phadke's correlations 
for these conditions of 0.052. Thus it appears that the ingress 
flow is of order 20 percent of the minimum sealing flow. 

The recently published measurements of Graber et al. (1987) 
give further information regarding ingress. These workers use 
a gas concentration technique to estimate a cooling effective
ness parameter, defined as 
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* = w / ( w + w,„) (19) 

In these experiments an axial flow outside the cavity was im
posed to simulate the main gas path. However, varying the 
swirl of the gas path flow (vex) did not greatly affect $. For 
individual seals the measurements for $ correlated well against 
the parameter X. Figure 9 shows the results of Graber et al. 
for a seal of type C with Gc = 0.0048, Re0 = 5.1 x 106. The 
cavity in this case has radius ratio a/b~ 0.8 and aspect ratio 
s/b = 0.1. The minimum sealing flow given by the present 
theory for these conditions is Xmin = 0.064, where k has been 
set to 0.65 as indicated by Phadke's results. Assuming that the 
ingress flow X,„ varies linearly with X, such that X,„ = 0.2 Xmin 

when X = 0 and X,„ = 0 when X = Xmin, equation (19) gives 
the following equation for $: 

* = X/(0.8X + 0.2Xmin) (20) 

This relation is shown in Fig. 9 and is remarkably close to the 
measurements, indicating some agreement with the minimum 
sealing flow and level of ingress deduced from Phadke's data. 
Note that direct application of Phadke's correlations for seal 
C to Graber et al.'s conditions gives a minimum sealing flow 
35 to 50 percent higher than that calculated here. 

Conclusions 
The problem of ingress of fluid through the peripheral seal 

between a rotor and a stator has been studied theoretically and 
previously published experimental data have been re-examined. 
This work has given fresh insight into the behavior of such 
flows and the mathematical model developed provides a means 
of extrapolating from the available data to engine conditions. 

Analysis of Phadke's (1982) data indicates that there are 
errors in the experimental work. The recorded pressure dif
ferences across the seal when there is no rotation imply dis
charge coefficients greater than unity in some cases. It is 
concluded that errors of order 0.005 must have occurred in 
the gap setting Gc. This error is twice the minimum gap setting 
studied. These errors could account for the differences between 
Owen and Phadke's (1980) measurements of Cwmin and the 
earlier work of Bayley and Owen (1970). Owen and Phadke 
previously attributed these differences to different shroud 
shapes on the two rigs, different pressure tapping locations, 
and errors in correlating the data. Given this level of experi
mental error some of Phadke and Owen's (1982) conclusions 
regarding the performance of different seals are also ques
tionable. 

To model the flow in the space between the two disks, an 
integral momentum solution technique has been developed. 
Unlike some previously published integral models, the present 
method does not make ad hoc simplifications to the equations 
that enable a solution to be found but are not justified math
ematically. This model provides a rational basis upon which 
more elaborate models, which might account for compressi
bility, heat transfer, and surface roughness, can be based. 

A simple seal model involving an empirical constant and a 
discharge coefficient has been proposed for conditions in which 
ingress does not occur. Predictions for the minimum sealing 
flow Cwmin are obtained by coupling of the seal and cavity 
flow models. These predictions are in reasonable agreement 
with the available experimental data. With empirical constants 
determined from Phadke's data the theory shows agreement 
with the measurements of Graber et al. (1987). 

Matching Phadke's pressure measurements for seal A with 
the mathematical model, it is deduced that the ingress flow, 
when there is no imposed throughflow, is of order 20 percent 
of the minimum sealing flow for this seal. Graber et al.'s (1987) 
concentration measurements for seal C show a similar level of 
ingress and are consistent with a linear variation of the rate 

of ingress, from zero when Cw = Cwmin to 0.2 C,vmin when 
Cw = 0. 

There is clearly scope for further investigations of this prob
lem. The methods presented here may form a useful basis for 
future modeling and data analysis. Published work by Abe et 
al. (1979) and Phadke and Owen (1988) indicates that pressure 
asymmetries in the external flow increase the level of ingress 
and may dominate over the effects of rotation on C)v min. Future 
investigations should therefore give consideration to nonaxi-
symmetric effects. 
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Application of a Low Reynolds 
Number k-e Turbulence Model to 
High-Speed Rotating Cavity Flows 
A low turbulence Reynolds number k-e model has been used in conjunction with 
an elliptic flow calculation procedure to obtain finite-difference solutions for radial 
outflow in the cavity formed between two plane corotating disks and an outer 
peripheral shroud. Air enters the cavity axially through a central hole in one of the 
disks and is assumed to leave via a uniform sink layer adjacent to the shroud. The 
main emphasis of the paper is the extension of the solution procedure to cover high 
rotational speeds, with rotational Reynolds numbers up to 101. As a necessary 
prerequisite to this exercise, the turbulence model is validated by its good predictive 
accuracy of existing experimental data up to a maximum rotational Reynolds number 
of 1.1 x 1&. 

1 Introduction 
The cylindrical cavity formed between two corotating plane 

disks and a peripheral shroud provides a convenient model 
geometry for understanding the flow structure in the more 
complex passages found in practical gas turbine engines. The 
rotating cavity with a superimposed flow of air has particular 
relevance to the cooling of turbine and compressor disks, where 
the objective is to maintain the surface temperatures and tem
perature gradients within safe working limits, using the min
imum amount of coolant. In addition to the more complex 
geometries involved, flows in real engine systems are subject 
to the effects of turbulence, high rotational speeds, three di
mensionality, compressibility, heat transfer, buoyancy, and 
also transient conditions, experienced during periods of engine 
acceleration and deceleration. The present work is restricted 
to steady, axisymmetric, isothermal, and incompressible flow, 
but, in dealing with the first two topics in this list, demonstrates 
the feasibility of obtaining meaningful design calculations for 
conditions a step nearer those found in practical gas turbine 
geometries. 

Figure 1 shows details of the flow geometry of interest, the 
coordinate system used, and predicted streamline contours for 
two test cases typical of those investigated experimentally (Pin-
combe, 1983; Owen et al., 1985). Air enters the cavity axially 
through a central hole in the upstream disk and is deflected, 
impinging on the downstream disk and flowing radially out
ward. The source region acts to distribute the flow equally to 
the two disks and is characterized by divergence of the incoming 
streamlines and the presence of a recirculating toroidal vortex, 
around which a small percentage of the flow is passed before 
being entrained into a boundary layer on the upstream disk. 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, 
Toronto, Ontario, Canada, June 4-8,1989. Manuscript received at ASME Head
quarters January 27, 1989. Paper No. 89-GT-180. 

Beyond the source region, the flow develops into two closely 
symmetric nonentraining boundary layers (Ekman layers) on 
the disks, and subsequently leaves the cavity through a thin 
sink layer adjacent to the outer shroud. Bounded by the source 
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(b = 442.5 mm, 

a /b = 0 . 1 , 
s /b = 0 .133) 

. _ > ' • 

Fig. 1 Predicted streamline contours and details of coordinate sys
tems: (0 Re„ = 4 x 105, C„ = 772; (il) Re8 = 4 X 105, C„ = 2184 
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and sink regions and the boundary layers is an interior core 
of rotating fluid in which, for true Ekman layer flow on the 
disks, the axial and radial velocity components are zero. Al
though the flow in the Ekman layers is predominantly outward, 
regions of weak inflow exist alongside the inviscid core, which 
appear to originate from the zones of recirculation in the sink 
layer. 

The flow conditions may be characterized by a rotational 
Reynolds number, Reg = oib2/v, where u is the common angular 
velocity of the disk and the shroud, and a flow rate parameter, 
cw=Q/vb, where Q denotes the volumetric flow rate through 
the cavity. The relative sizes of the individual flow regions 
vary in a systematic way with both Re„ and C„ (Owen et al., 
1985). As can be seen from Fig. 1, reducing the value of Cw 

(at constant Re#) has the effect of compressing the source 
region, leading to the earlier establishment of flow symmetry. 
More importantly, the reduction of Cw brings about an ap
preciable thinning of the Ekman layers, which is qualitatively 
the same effect as that produced by increasing the rotational 
Reynolds number at a constant value of Cw. The paper will 
illustrate the influences on the flow structure of varying Ree 

between limits of 105 and 107 at a fixed flow rate corresponding 
to C„, = 2500. 

Source-sink flows in rotating cavities have been treated an
alytically using integral momentum techniques by, e.g., Owen 
et al. (1985), and parabolic (boundary-layer) procedures by 
Ong and Owen (1988). In each case, solutions of the linear 
and nonlinear forms of the Ekman layer equations were ob
tained, which portray many aspects of the flows near the disks 
satisfactorily at modest computational expense. More detailed 
investigation of the flow in the whole cavity space requires the 
use of an elliptic solver. Using a computer program based on 
the familiar TEACH code, Chew (1984, 1985) solved the full 
ellipti'c equations for turbulent flow with respectively, the low 
Reynolds number k-e model of Launder and Sharma (1974) 
and a mixing length approach to estimate the turbulent fluxes. 

The k-e model was re-examined by Morse (1988) on the 
bases of both radial outflow and radial inflow in rotating 
cavities, with a view to removing the inconclusive findings 
reported by Chew. With the inclusion of an additional sink 
term in the e equation, the model was found largely to avoid 
the premature laminarization effect manifest in Chew's results. 
However, some predictive errors remained and, considering 
the extra complexity and cost of using the model, the calcu

lations did not represent a significant improvement over those 
obtained with the mixing length approach. In the present work, 
a different correlation is employed in the near-wall damping 
function of the "turbulent viscosity" expression, which leads 
to much improved predictive accuracy. Furthermore, improve
ments in the elliptic solution procedure have removed the dif
ficulties, often alluded to by Chew, in obtaining converged 
solutions at high rotational Reynolds numbers. 

Whereas the previous investigations adopted the assumption 
of a uniform source-sink flow with a radial inlet (which enabled 
attention to be restricted to a half-cavity solution with sym
metry about the midaxial plane), the current work employs a 
solution for the whole cavity with the axial inlet geometry of 
the experiments. In the experimental rig, the flow left the cavity 
through a series of holes located centrally in the peripheral 
shroud. For reasons of computational convenience, this exit 
condition has here been modeled as a simple uniform sink; 
hence symmetry has been imposed at the external flow bound
ary. 

2 Numerical Solution 

2.1 Generalized Transport Equation. For steady, axi-
symmetric, incompressible flows, the momentum equations 
and the transport equations for the turbulent kinetic energy 
and dissipation rate can be written in the conveniently common 
form 

dz r dr 
(convection) 

d_ 

dz \?**dz)+rdr\ **'dr) 
+ S* 

(1) ** dz) ' rdr\"" br, 
(diffusion) (source) 

where </> represents the generalized transport variable. For the 
momentum equations, the particular expressions comprising 
the effective axial and radial diffusivities, T^z and I \ „ and 
the net source terms S$ are given by Morse (1988) and are not 
repeated here. One important difference from the earlier work 
is that the circumferential equation is solved for the angular 
velocity, V/r, rather than the angular momentum, rV, as the 
former has less associated truncation error for use near the 
axis of symmetry; the two equations are easily transposed. 

N o m e n c l a t u r e 

a = 
A+ = 

b = 
C = 

C^ = 
D = 
E = 
F = 
/ , = 
G = 

k = 
M = 

inlet flow radius 
coefficient in near-wall damp
ing function 
outer radius of cavity 
moment coefficient = M / 
' / W b 5 

flow rate parameter = Q/vb 
source term in k equation 
source term in e equation 
source term in e equation 
near-wall damping function 
production rate of turbulent 
kinetic energy 
turbulent kinetic energy 
frictional moment = 

2TT 

Q 

Rev 

l^rejr 

volumetric flow rate through 
cavity 
radial coordinate 
wall-distance Reynolds number 
= ykVi/v 

Re r = 

Re„ = 

Re* = 

s = 
U = 

Ur = 

TTjUj = 

ww = 

V = 

Vw = 

w = 

y = 

turbulence Reynolds number 
= k?/ev 
rotational Reynolds number = 
oib /v 
local rotational Reynolds num
ber = u>r1/v 
disk spacing 
time-averaged radial velocity 
component 

friction velocity = \Jr„/p 
Reynolds stress tensor 
turbulent shear stress {r-z 
plane) 
time-averaged circumferential 
velocity component 
turbulent shear stress (6-z 
plane) 
time-averaged axial velocity 
component 
generalized wall distance 

y^ = 

z = 
€ = 

r 

p 
a 

T 

wall-distance Reynolds number 
= yUr/v 
axial coordinate 
dissipation rate of turbulent ki
netic energy 
circumferential coordinate 
diffusivity 
viscosity (without subscript = 
molecular viscosity) 
kinematic viscosity = p/p 
fluid density 
turbulent Prandtl/Schmidt 
number 
total shear stress 
generalized transport variable 
angular velocity 

Subscripts 
/, j = Cartesian tensor coordinates 
in = value at cavity inlet 
T = turbulent 
w = wall value 
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2.2 The Turbulence Model. In the generalized form of 
equation (1), the diffusivities and source terms for the kinetic 
energy and dissipation rate equations of the low Reynolds 
number k-e model are expressed as 

4> = k (turbulent kinetic energy): 

'dyfk\ 

(2) 

4> = e {dissipation rate): 

2 

St = CA^G-Cap*- + E-F: (3) 

E--
2Wi d^fe\ 

O'--'-*®)'-
in which /* and ixT are the laminar and turbulent components 
of the effective viscosity and G denotes the rate of production 
of turbulent kinetic energy from the mean flow (= -TQufiU,/ 
dxj). The forms of the D, E, F, and G terms appropriate to 
axisymmetric flow in cylindrical-polar coordinates may be 
found from Morse (1988). Values of the numerical coefficients 
appearing in equations (2) and (3) are here taken as 

ak= 1.0, ut= 1.3, cel = 1.44, 
ce2= 1.92-0.42 exp (Re2

r/36), 

where Re r denotes the turbulence Reynolds number. 
With the exception of the sink term, F, in the e-equation, 

the modeled equations are identical to those first used by Jones 
and Launder (1972) and subsequently used for the prediction 
of rotating flows by Launder and Sharma (1974). (The nu
merical constants and functions, however, show some varia
tion.) The Fterm is included to give the correct value for the 
dissipation rate at the wall in fully developed pipe flow (note 
that the true dissipation rate is here represented as the sum of 
the dissipation variable, e, used in the transport equation, and 
the quantity D/p). Also, without the F term, the transition 
from laminar to turbulent flow is not always easy to accom
plish. Inclusion of the E term is essential to predict the well-
documented peak in the energy level near a solid surface; 
without this term, flows such as the flat-plate boundary layer 
undergo transition much too rapidly. 

Values of k and e from the transport equations furnish a 
turbulent viscosity according to 

HT=C,j>k2/e (4) 

where the coefficient C,, incorporates a near-wall damping 
function, viz. 

C^ = 0 .09/ , (5) 

The turbulent viscosity from equation (4) is usually held to be 
isotropic, i.e., the same for all six Reynolds stresses. These 
latter are obtained from the constitutive relationship 

pUjUj = ^&ijPk 
(dUj dU,\ 

-"'Wax,) 
(6) 

As noted by Patel et al., (1985) in a review of the various 
proposals made for low Reynolds number k-e models, the 
particular form chosen for the damping function /M has a 
crucial bearing on model performance, irrespective of any de
ficiencies in the equations adopted for k and e. Correlations 
for/,, have been proposed in terms of three parameters, which 
are suitable to express these effects, viz., the turbulence Rey
nolds number, Re r , and the wall-distance Reynolds numbers, 

Rê , and y+. Of the three, Re r is the most preferable, since it 
is composed of scaler quantities and hence is invariant to ro
tations of the coordinate system. In contrast, the other two 
parameters explicitly contain the normal wall distance, y, the 
use of which detracts from ease of application of the model 
in complex flow geometries. 

However, in a recent paper, Nagano and Hishida (1987) 
have demonstrated that a correlation in terms of y+ is the most 
effective, particularly for flows in adverse pressure gradients, 
where models containing a correlation in terms of Re r or Re_,, 
[e.g., the model of Lam and Bremhorst (1981), which uses 
both parameters] consistently overpredict the skin-friction 
coefficients (Rodi and Scheuerer, 1986). A similar conclusion, 
regarding the greater suitability of y+, was reached in the 
present work. Examination of the predictions shown by Morse 
(1988), which incorporated a correlation in terms of Re r , in
dicated that the turbulence Reynolds number often did not 
increase monotonically with distance from the wall, but rather 
exhibited a plateau region beyond the location of the peak 
energy level. This resulted in excessive damping beyond the 
viscous sublayer and buffer zone, underestimated turbulent 
transport in the outer Ekman layers, and retarded boundary 
layer growth. In contrast, y+ can be recognized as a parameter 
that is guaranteed to increase monotonically with distance from 
the wall. 

The damping function suggested by Nagano and Hishida 
takes the form 

/ „ = [ l - e x p ( - 7 + A 4 + ) ] 2 (7) 

with A+ ascribed a value of 26.5. There are some differences 
between their model and that described in Equations (2) and 
(3), most notably in the coefficient of the E term and the 
omission of the F- term in the e equation. Within the format 
of the present model, the optimum value of A + has been set 
at 24.5. It is emphasized that this optimization is not specific 
to the case of rotating flows but has been carried out on the 
basis of application of the model to a range of boundary layer 
flows in zero, positive, and negative pressure gradients, in
cluding cases where significant departures from the usual log-
law velocity profile occur. 

While it is inappropriate to discuss the results fully here, 
these are, not surprisingly, of similar accuracy to those pre
sented by Nagano and Hishida. For the simplest boundary-
layer flow of all, that over a flat plate in zero pressure gradient, 
the model predicts very accurately the logarithmic region of 
the velocity profile and the dependence of the skin-friction 
coefficient on the momentum thickness Reynolds number. Ad
ditionally, the predicted peak energy level (A:/£/2. = 4.35) and 
the magnitude of the dissipation rate at the wall (ve/U\ = 0.095) 
are close to the values recommended by Patel et al. (1985). 

2.3 Application to Flow Over a Free Disk. The flow over 
a free disk (i.e., a disk rotating in an infinite, quiescent en
vironment) serves as a useful test case to assess the performance 
of the turbulence model in a flow subject to strong rotation. 
For rotational Reynolds numbers up to approximately 7 x 
106, the moment coefficient is known to follow closely the 
equation of Dorfman (1963), which, for one side of the disk, 
is 

Cm = 0.491(log10Re,)-2-58 (8) 

Computations of the flow were made using the parabolic 
(marching) procedure of Patankar and Spalding (1970) with a 
finite-difference mesh of 120 nodes, heavily concentrated in 
the viscous sublayer. The radial step length was fixed at 0.05 
times the local boundary thickness. An ad hoc procedure, 
discussed by Morse (1989), was employed to effect transition 
to turbulent flow at a radius corresponding to a local rotational 
Reynolds number, Re* [ = (r/b)2Ree], of 3 x 105, in accord
ance with the experimental evidence of Theodorsen and Regier 
(1944). 
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Fig. 2 Predicted profiles of radial and circumferential velocity com
ponents for flow over a free disk (Re* = 9.95 x 10s) 

Figure 2 shows a comparison of predicted profiles of the 
radial and circumferential velocity components with the meas
urements of Erian and Tong (1971) for a value of Re* = 9.95 
x 105. Also shown are the results of computations obtained 
from a simple mixing length hypothesis (MLH). Although there 
is a slight underestimate in the magnitude of the peak radial 
velocity near the disk, the k-e model clearly performs well for 
this flow. In contrast, the mixing length hypothesis consid
erably underestimates the spreading rate of the boundary layer 
and, to a lesser degree, the flow entrained by the disk. 

Ironically, the mixing length model gives moment coeffi
cients, which agree with the Dorfman equations to within ± 
1 percent for Ree>106, whereas the k-e model results in a 
consistent underprediction of about 6 percent. Similar findings 
are reported by Morse (1989) for the flows in rotor-stator 
systems. Furthermore, discrepancies of the same order result 
from the k-e models of Launder and Sharma (1974) and Lam 
and Bremhorst (1981). It would appear that changes in the 
model constants to improve the calculated moment coefficients 
cannot be made without adversely affecting the predictions for 
nonrotating flows, and hence no attempt at rectifying this 
situation has been made in the present work. 

2.4 The Computational Procedure. A modified version 
of the TEACH elliptic solver was used for the rotating cavity 
predictions, with a finite-difference mesh varying from 65 x 

115 to 97 x 115 (axial-radial) nodes. A combination of geo
metrically expanding/contracting and uniform grid spacings 
was employed, with the nodes being increasingly clustered near 
the disks to obtain the required resolution of flow detail at 
high values of the rotational Reynolds number and the axial 
nodes placed symmetrically with respect to the midaxial plane 
in order to assist in the establishment of flow symmetry. Geo
metric expansion factors were varied as thought necessary (up 
to a maximum value of 1.15) to provide a closest off-wall node 
spacing of y+ <0.5 under all the test conditions. Fluid prop
erties were taken as those appropriate to air at a pressure of 
1 bar and a temperature of 20°C, viz, p = 1.19 kg/m3 and /x 
= 1.81 x 10~5 kg/ms. For the geometry shown in Fig. l.the 
first internal grid node was situated within 3 jtm of the surfaces 
of both the disks and the shroud at Ree= 107. 

The computer code used the hybrid power-law discretization 
scheme of Patankar (1980) and the SIMPLEC algorithm of 
Van Doorman and Raithby (1984), in conjunction with a block-
correlation procedure, to satisfy mass continuity and to update 
the pressure field. As a test for grid independence, the con
verged solution for Re« = 1.1 x 106 and C„ = 2500 was 
expanded (using quadratic interpolation) from a 65 x 115 grid 
onto grids of 97 x 115 and 145 x 172 nodes. No material 
differences resulted for the velocity profiles in the regions near 
the disks and the calculated moment coefficients fell within a 
spread of 0.6 percent, indicating a sensible degree of grid 
independence. Some slight differences were, however, detect
able in the central core of the flow, where the node density is 
necessarily lower than the disks and numerical diffusion and 
truncation error are thus likely to be significant. For this rea
son, the weak vortex structures that are shown filling the core 
region in Figs. 1 and 6 should be treated with caution. 

Solutions were considered converged when the residuals of 
all the dependent variables, normalized with the product of 
the mass flow rate through the cavity and the value of the 
variable at entry, were less than 10"6. Each iteration of the 
solution takes approximately 1.5 ms per grid node on a VAX 
VMS/8530 computer. For Re9<106, convergence on a 65 x 
115 grid could generally be accomplished within 1 h CPU time. 
The largest CPU time requirement for any computation was 
for Re«= 107, 0^ = 2500, which was 3.4 h (740 iterations) on 
a 97 x 115 grid. 

Boundary conditions were based on a uniform axial velocity 
at the cavity inlet and a uniform radial velocity at outlet. The 
flow was also assumed to enter the cavity with an angular 
velocity equal to that of the disks. The turbulent kinetic energy 
at entry was taken as 10~4 times the square of the inlet axial 
velocity (1 percent turbulence intensity) and the dissipation 
rate then obtained by inversion of the definition of the tur
bulence Reynolds number, using a value of Rer = 100. At 
solid boundaries, k = e = 0. 

Values of y+ for use in the viscosity damping function were 
based on the distance to the nearest solid surface and the 
resultant shear stress on that surface. 

3 Numerical Results 

3.1 Validation of the Turbulence Model. Figure 3 shows 
computed profiles of the radial velocity component in the 
Ekman layer on the upstream disk at r/b = 0.833 for the flow 
•conditions Re„ = 105, Cw= 1092. Comparison is drawn between 
predictions with the current turbulence model (designated ke3) 
and that used by Morse (1988), essentially the model of Laun
der and Sharma (1974) and designated kel. Also shown, for 
reference, are the laminar-flow solution and the prediction of 
the high Reynolds number k-e model (keX). The profiles are 
normalized with the (uniform) axial velocity at the cavity inlet. 
It is clear from the figure that the flow is only weakly turbulent 
under these conditions. The kel predictions do display a slight 
reduction in the peak velocity compared to the laminar-flow 
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Fig. 3 Comparison of predicted profiles of radial velocity component 
at rib = 0.833 (Re, = 105, C„ = 1092; upstream disk) 

solution, but also a retarded spreading rate in the outer Ekman 
layer, where there is additionally no predicted occurrence of 
reverse flow. As mentioned earlier, these effects are largely 
due to the leveling out of the turbulence Reynolds number 
(between approximately z = 3 mm and 6 mm), with the result 
that the turbulence is excessively damped in this region. In 
contrast, with the ke3 model, the f^ function increases mon-
otonically with distance from the disk surface and these defects 
are removed. As expected, the high Reynolds number form of 
the model considerably overestimates turbulent transport for 
these flow conditions. 

Figures 4 and 5 show predictions with the ke3 model for Re9 

= 4 x 105 and values of Cw varying between 772 and 2184. 
It is evident from Fig. 4 that the model faithfully reproduces 
the experimental measurements for the radial velocity com
ponent, which, for all four cases, indicate a slight reduction 
in the thickness of the Ekman layer between r/b- 0.633 and 
0.833. Agreement between prediction and experiment is ex
cellent, especially considering the uncertainty in positional 
measurement, estimated by Pincombe (1983) as ± 0.45 mm. 

Corresponding predictions of the circumferential velocity at 
the midaxial plane (Fig. 5) are also in close agreement with 
the data, although there are only two measurements for each 
test case. Note that the flow near the axis of symmetry rotates 
at an angular velocity less than that of the cavity, the rotational 
level increasing as C„ is raised. This effect is reversed in the 
cavity space beyond the source region (r/b*: 0.4). 

Associated streamline contours for the limiting values of Cw 

have already been introduced as Fig. 1. The values indicated 
for the streamlines denote mass flow rates normalized with the 
total mass flow rate through the cavity, with a datum of \p = 
0 at the surface of the upstream disk; thus \p = 100 for the 
downstream disk and at the axis of rotation, and varies quad-
ratically at the inlet and linearly at the outlet plane. 

The flow pattern for Cw = 772 indicates greater streamline 
divergence in the initial source region, which accounts for the 
lower angular velocity evident in Fig. 4. Also, compared to 
the predictions for Cw= 2184, there is a more rapid entrap
ment of fluid into the upstream disk boundary layer, a much 
less pronounced wall-jet effect on the downstream disk and 
an appreciable reduction in both the size and the strength of 

Data of Pincombe (1983): r/b = 0.633, r/b = 0.63J 
• + 

Predictions: -

Fig. 4 Predicted profiles of radial velocity component at r/b = 0.633 
and 0.833 (upstream disk); Re, = 4 x 105: (I) C„ = 772, {II) C„ = 1092, 
(1/7) C„ = 1544, {Iv) C„ = 2184 

Fig;. 5 Predicted profiles of circumferential velocity component at mid
axial plane; Re, = 4 x 106: (/) Cw = 772, (ii) C„ = 1092, (Hi) Cw = 1544, 
{Iv) C„ = 2184 

the source vortex, which recirculates only about a third as 
much of the total flow rate. As evidenced by the streamline \p 
= 50, which eventually indicates the division of the flow into 
close symmetry about the midaxial plane, bifurcation is es
sentially complete at r/b = 0.4, although weak filaments of 
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Fig. 6 Predicted streamline contours illustrating effect of rotational 
Reynolds number (C„ = 2500) 

flow apparently protrude into the central core. In contrast, at 
Clv = 2184, disgorging of fluid from the downstream to the 
upstream disk persists as far as r/b~ 0.7 and a flow structure 
that is truly symmetric on a fine scale does not evolve. For 
both values of Cw, the sink layer is characterized by the ap
pearance of a fairly strong vortex, recirculating about 17 per
cent of the mass flow rate associated with each Ekman layer, 
although the bulk of this recirculation is confined to the im
mediate vicinity of the sink. A small proportion does, however, 
provide the weak inflow characteristic of the outer regions of 
the Ekman layers. 

3.2 Extension to Flows at High Rotational Reynolds Num
ber. Figure 6 shows streamline plots illustrating the changes 
in the flow structure that are predicted to occur as the rotational 
Reynolds number is increased from 105 to 107 at a constant 
value of Cw = 2500. In each case, dividing streamlines (shown 
as broken curves) and definitive vortex centers (+ ) have been 
identified. 

At Ree= 105, the wall-jet effect on the downstream disk is 
very pronounced and Ekman layer flow does not arise; such 
symmetry as exists is largely brought about by that imposed 
at the exit plane. Increase of Ree reduces the wall-jet effect 
and the size and strength of the vortex in the source region, 
but it is not until Re# attains a value of 1.1 x 106 that the 
dividing streamline appears at the midaxial plane, indicating 
fine-scale symmetry of the flow. At lower rotational Reynolds 
numbers, the core region appears to contain a complicated 
system of nested vortices, which transfer small amounts of 
flow between the disk in an attempt to establish symmetry. 
Increase of Res brings about a progressively earlier entrainment 
of the flow into the boundary layer on the upstream disk. 

Beyond Res= 1.1 x 106, there is an abrupt change in the 
flow in the source region, the incoming jet no longer impinging 
on the downstream disk, but suffering a sharp deflection 
toward the upstream disk, where it is directly entrained. As a 
result, the vortex formerly appearing in the source region is 
almost completely suppressed at Re# = 2 x 106, although a 
vortex rotating in the opposite sense is formed, around which 
all the flow is driven before dividing equally between the disks. 
It can be anticipated that, in practice, the flow would be un
stable for Re# of this order. Some of the flow associated with 
the upstream disk apparently rolls up into a further vortex 
within the source region, but separation does not occur. As 
the rotational Reynolds number is increased toward 107, the 
deflection of the incoming jet becomes more abrupt and the 
source region more compact, leading to a progressively earlier 

( w i i i ) 

z(mni) 

Fig. 7 Predicted profiles of radial velocity component at r/b = 0.833 
(upstream disk); C„ = 2500: (I) Re, = 2.75 x 105, (//) Re, = 5.5 x 105, 
(ill) Re, = 1.1 x 106, (iv) Re, = 2 x 106, (v) Re, = 3 x 106, (vi) Re, = 5 
x 106, (vii) Re, = 7.5 x 106, (viii) Re, = 107 

0 . 2 0 . 4 0 .6 0 .8 1.0 
r/b 

Fig. 8 Predicted profiles of circumferential velocity component at 
midaxial plane; C„ = 2500: (I) Re, = 2.75 x 105, (II) Re, = 5.5 x 10B, 
(III) Re, = 1.1 x 106, (iv) Re, = 2 x 10", (v) Re, = 3 x 106, (vi) Re, = 5 
x 106, (vii) Re, = 7.5 x 106, (viii) Re, = 107 

establishment of flow symmetry. Apart from a small change 
in the nature of the sink layer, however, the basic flow structure 
remains the same. 

It should be noted that the simplifying assumption of in
compressible flow becomes increasingly less valid for Re s> 4 
x 106, at which point the pressure differential across the cavity 
exceeds 5 percent for air entering at atmospheric pressure. 

As is evident from the merging of the streamlines and the 
loss of detail near the disks in Fig. 6, there is a continuous 
decrease in Ekman layer thickness with increasing rotational 
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Fig. 9 Predicted variation of moment coefficient with rotational Reyn
olds number (Cw = 2500; upstream disk) 

Reynolds number. This effect is exemplified in Fig. 7, which 
shows predicted profiles of the radial velocity component at 
/•/£ = 0.833 over the range 2.75 X 105 < Re„ < 107. The 
predictions are restricted to the 5 mm of the flow space adjacent 
to the upstream disk; unfortunately, no experimental data are 
available for comparison. The reduction in Ekman layer thick
ness, from approximately 10 mm at Re# =2.75 X 105 to 1.1 
mm at Res = 107, is accompanied by a steady increase in the 
peak velocity and also a gradual shift in the location of this 
peak toward the disk. 

Corresponding predictions of the circumferential velocity at 
midaxis are shown in Fig. 8. Experimental measurements are 
available for the three lowest rotational Reynolds numbers and 
can be seen to be reproduced fairly accurately. Away form the 
source region, the calculations indicate a continuous rise in 
the rotation level relative to that of the cavity, but this trend 
toward solid-body rotation is far from complete at Re# = 107. 
Within the source region, the predicted profiles show more 
erratic behavior. Initially, as Re# is increased, the angular ve
locity near the axis of rotation drops steadily, but there is an 
abrupt fall at Re#= 2 x 106 as the flow structure in the source 
region changes and the incoming jet is deflected toward the 
upstream disk (see Fig. 6). As a result, the central regions of 
the flow become starved of the influx of angular momentum 
from the jet. With further increase of Ree, the vortex in the 
source region moves away from the midaxial plane and the 
rotation level recovers slightly. Note also that there is a very 
strong shear layer adjacent to the outer shroud, although the 
relative degree of shear falls as the rotational Reynolds number 
is increased. 

Finally, Fig. 9 shows predicted moment coefficients for the 
upstream disk. For Ree= 105, the moment coefficient for the 
upstream disk is approximately 14 percent less than for the 
downstream disk, due to the lack of flow symmetry. However, 
this difference decreases steadily, and, for Re# > 1.1 x 106, 
is never greater than 0.2 percent. At low values of the rotational 
Reynolds number, the flow is essentially laminar in a significant 
proportion of the cavity, but beyond Re#~8 x 105, the influ
ence of these laminar regions becomes minimal (in the frictional 
torque, the shear stress is weighted with r2) and the moment 
coefficients conform, to within ± 0 . 5 percent, to the corre
lation 

C,„ = 405Ree-°-893 (9) 

Bearing in mind the results of similar calculations for the flows 
over a free disk (see Section 2.3) and in rotor-stator systems 

(Morse, 1989), it is however anticipated that the moment coef
ficients shown in Fig. 9 have an accuracy of no better than 6 
percent. Note that the linear theory of Owen et al. (1985), 
which becomes increasingly valid as the core rotation increases 
relative to the disk speed, predicts the moment coefficient to 
be inversely proportional to Re#. Presumably, an exponent 
closer to — 1 would be obtained in the predictions for lower 
values of C.v. 

4 Discussion 

The modification to the near-wall damping function in the 
turbulent viscosity expression has considerably improved the 
performance of the low turbulence Reynolds number k-e model 
in comparison to the work published earlier (Morse, 1980). 
Over the full range of the flow parameters, Ree and C,„ in
vestigated by Pincombe (1983), the current model gives su
perior predictions, there being no inability to produce turbulent 
flow from quasi-laminar inlet conditions, nor any tendency to 
premature laminarization once turbulent flow has been estab
lished. Morse (1988) suggested that the main reason for the 
indifferent performance of the model was the inclusion of the 
E term [see equation (3)], which often dominates the e equation 
at low turbulence Reynolds numbers. This now appears not 
to be the case. Put rather simply, the dominance of the E term 
is more a consequence of the low turbulent Reynolds number 
than a cause; if Re r is high enough, the term becomes small 
compared to the other positive source of e. 

In view of the good all-round accuracy of prediction, it is 
indeed disappointing that the model appears to underestimate 
the disk movement coefficients in rotating flows, particularly 
as the simpler mixing length hypothesis generally performs 
rather better in this respect. One possibility for removing the 
6 percent discrepancy between calculated frictional coefficients 
for rotating and nonrotating flows is the introduction of an
isotropic effects into the model. Although the concept of an 
isotropic turbulent viscosity is severely restricted in use, ex
amination of the (exact) production terms in the Reynolds 
stress equations (e.g., Launder and Morse, 1977), suggests that 
the degree of anisotropy can only be small in the present ap
plication for the most important of the shear stresses, viz., 
TTw and uw (which govern axial diffusion of momentum). 

The modeled e equation is highly idealized and its construc
tion largely mimics effects in the equation for the turbulent 
kinetic energy. Deficiencies in the e equation have long been 
held responsible for disparities in the prediction of free shear 
flows with the high Reynolds number k-e model (e.g., Morse, 
1980). Most notably, the spreading rate of the round jet is 
overestimated by about 40 percent with the model constants 
appropriate to the plane jet and most wall-bounded shear lay
ers. The free disk is a flow that has something in common 
with the round jet, in that the turbulence quantities change 
rapidly in the stream wise direction. It may well be the case 
that the failure of the model to predict these flows accurately 
has a common cause in the neglect of historical effects in the 
e equation. 

Regarding the computational procedure, convergence has 
not proved a problem, although there is clearly a penalty as 
regards CPU time for converged solutions at high rotational 
Reynolds numbers. Single-grid methods like that employed 
here have notoriously poor convergence properties toward the 
end of the solution and it is unusual for the residuals to decrease 
by a factor of more than 1 percent between successive itera
tions. Chew and Vaughan (1988) have recently used multigrid 
methods for the computations of flows in rotor-stator systems. 
A direct comparison between their work and that reported by 
Morse (1989) is difficult on account of the different turbulence 
models, finite-difference grids, and convergence criteria that 
were used, but it seems likely that such methods could result 
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in a reduction of at least 50 percent in the CPU time require
ments quoted here. 

5 Conclusions 
A modified form of the low turbulence Reynolds number 

k-e model of Jones and Launder (1972) has been used to 
predict, with good accuracy, the flows in rotating cavities with 
a radial outflow of air. The improved performance of the 
model has been brought about by a change in the nature of 
the damping function, which represents the influence of wall 
proximity on the turbulent shear stresses. However, this mod
ification does, unfortunately, make the model more difficult 
to apply in complex flow situations. A deficiency of the model 
is still apparent in its underestimation of disk moment coef
ficients. This topic is currently receiving attention. 

The computational procedure has been extended to high 
rotational Reynolds numbers, although a comparison with ex
perimental data has not been possible. The assumption of 
incompressible flow has been retained, but it is acknowledged 
that the large pressure differences across the cavity, which 
occur at high rotational speeds (there is a 38 percent pressure 
differential at Re# = 107), will profoundly affect the flow 
structure via changes in the fluid density. However, the ex
tension to compressible flow has since proved possible, and 
will be presented, alongside heat transfer results, in future 
work. 
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The Use of Deswirl Nozzles to 
Reduce the Pressure Drop in a 
Rotating Cavity With a Radial 
Inflow 
A combined theoretical and experimental study is described in which deswirl nozzles 
were used to reduce the radial pressure drop in a rotating cavity with a radial inflow 
of air. The nozzles, which were attached to the outer part of the cavity, were angled 
such that the angular speed of the air at inlet could be in the opposite direction to 
that of the cavity. Solutions of the momentum-integral equations were used to predict 
the resulting radial distributions of pressure throughout the cavity. Flow visualization 
was used to confirm the flow structure, and transducers attached to one of the 
rotating disks in the cavity were used to measure the radial pressure distributions. 
Results are presented for "swirl fractions" (that is, the ratio of the angular speed 
of the air leaving the nozzles to that of the cavity) in the range -0.4 to + 0.9, and 
for 0.01 < \CW\ Re^~0-8 < 0.5, where C„ and Re$ are the nondimensional flow 
rate and rotational Reynolds number, respectively. The measured pressures are in 
good agreement with the predicted values, and the pressure drop across the cavity 
can be significantly less than that associated with solid-body rotation. The flow rate 
produced by the pressure drop across the cavity is not unique: There are up to three 
possible values of flow rate for any given value of pressure drop. 

1 Introduction 
In a gas turbine engine, cooling air for the turbine has to 

be bled from the compressor, and it is sometimes required that 
the air should flow radially inward through the cavity between 
two corotating compressor disks. Various devices may be used 
to reduce the pressure drop across the cavity, and an inves
tigation of the effect of fins attached to one of the disks was 
reported recently (Chew et al., 1989). In this paper, the use of 
deswirl nozzles to control the pressure drop is considered. 
Although deswirler devices have been considered previously 
for application in gas turbine engines (see, for example, Sche-
per, 1962; Brown and Manente, 1977; Kraftwerk Union Ak-
tiengesellschaft, 1977), a literature search has failed to reveal 
any detailed study of their operation. 

The deswirl nozzles may be fitted to the peripheral shroud, 
which rotates with the disks, and the nozzles are angled so as 
to produce a tangential component of velocity of the air in the 
opposite direction to the rotation of the disks. Thus the air 
will enter the cavity with a lower angular velocity than the 
disks themselves, and may even be rotating in the opposite 
direction to the disks. In the present study the performance 
of such a system has been investigated both theoretically and 
experimentally. 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, 
Toronto, Ontario, Canada, June 4-8,1989. Manuscript received at ASME Head
quarters January 27, 1989. Paper No. 89-GT-184. 

The flow structure in a rotating cavity with radial inflow 
has been established from experimental and theoretical studies 
by a number of research workers (Firouzian et al., 1985; Owen 
et al., 1985; Chew, 1987; Morse, 1988). Referring to Fig. 1, 
the flow comprises a source region, Ekman-type boundary 
layers on the disks, an interior core of rotating fluid, and a 
sink layer near the outlet (which in this case is assumed to be 
a uniform cylindrical sink). On entering the cavity, the air 
mixes with the recirculating flow in the outer part of the source 
region and then flows radially inward. Inside the source region, 
the flow is similar to that of a free vortex, and the associated 
pressure drop can be very large. 

In Fig. 1 the mixing is assumed to occur rapidly, close to 
the inlet; this assumption will be discussed further below. As 
the fluid travels radially inward, its angular momentum is 
conserved and its tangential velocity increases. At some radius 
rs, say, the fluid velocity reaches that of the disk, and down
stream of this point the air will rotate faster than the disks 
and the flow will gradually be entrained into the disk boundary 
layers. When all the supplied flow has been entrained, these 
boundary layers become nonentraining, and a rotating core 
develops in which there is little radial or axial motion. 

Pressure and velocity measurements for radial inflow through 
a rotating cavity have previously been presented by Owen et 
al. (1985), Firouzian et al. (1986), Alberga et al. (1987), and 
Graber et al. (1987). In these experiments either the flow en
tered the cavity at the same tangential velocity as the disk or 
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the inlet conditions were such that the tangential velocity of the 
flow at inlet was uncertain. The measurements are generally 
consistent with the flow structure described above, but Alberga 
et al. and Graber et al. give a different interpretation of the 
flow outside the boundary layers. These workers put forward 
a mathematical model in which turbulent exchange is signif
icant in the core region, whereas Owen et al. and Firouzian et 
al. proposed a model that neglects any such effect. In both 
cases the models included solutions of the momentum-integral 
equations for the boundary layers and agreement with exper
iment was claimed. It should be noted, however, that the model 
of Alberga et al. includes an empirical constant, and it is not 
entirely clear how much tuning of this constant was required. 

The application of integral methods to this problem was also 
discussed by Chew and Snell (1988). In their paper a model is 
described for radial inflow through a rotating cavity with the 
inlet angular velocity of the air equal of that of the disk. The 
model is similar to that of Owen et al., but incorporates a 
more satisfactory treatment of the entraining boundary layer 
in the source region. Predictions from the model were shown 
to be in good agreement with the measurements of Firouzian 
et al. and in fair agreement with the data of Alberga et al. 
Comparison of Chew and Snell's predictions with Graber et 
al.'s measurements of the pressure drop across the cavity also 
shows good agreement. 

In this paper, the integral method is extended to include the 
effects of deswirl as described in the next section. The exper
imental apparatus and comparison between measurements and 
theory are presented in Sections 3, 4 and 5. 

2 Theory 

2.1 Outline of the Model. The flow is treated as steady 
and axisymmetric with the flow structure as shown in Fig. 1 
and described above. It is also assumed that the flow is ro-
tationally dominated so that the radial and axial components 
of velocity are generally small compared with a representative 
tangential velocity. Outside the boundary layers and the mixing 

r = b 

Mixing region 

Source region 

r= r„ 

.. ^-rf Sink layer 

Fig. 1 Schematic of radial inflow in a rotating cavity 

region, viscous effects are neglected and approximate analyt
ical solutions are used to describe the flow. These are the free 
vortex relationship in the source region and the equations of 
the rotating core, which imply zero axial and radial velocities 

N o m e n c l a t u r e 

a = inner radius of cavity 
b = outer radius of cavity (in

ner radius of nozzle ring) 
c = inlet swirl fraction 

ceff = effective inlet swirl frac
tion 

Cp = nondimensional pressure 
difference = (pb-p)/ 
Viptfb1 

Cp c = pressure coefficient = 
(pb-p«d/Viptfl? 

Cw = mass flow coefficient = 
m/jxb 

d = outlet diameter of deswirl 
nozzles 

F — friction factor 
/ = constant in momentum-

integral equations, equa
tion (7) 

m = inlet mass flow rate (neg
ative for radial inflow) 

fflj = mass flow rate for the 
shroud boundary layer 

N = number of deswirl nozzles 
p = static pressure 
q = speed, relative to disk, of 

fluid leaving deswirl noz
zles 

QL 
r 

Rer = 

Re* 

leakage flow rate 
radial coordinate 
radius of inner boundary 
of source region 
radius of stagnation point 
on disk 
radial Reynolds number 
= CJ2-KX 
rotational Reynolds num
ber = Qb2/p 
axial spacing between 
disks 
radial component of ve
locity 
function of r in equation 
(1) 
tangential component of 
velocity relative to disk 
tangential component of 
velocity, relative to disk, 
outside the boundary 
layer 
mean tangential velocity, 
relative to disk, of fluid 
in the shroud boundary 
layer 
nondimensional radius = 
r/b 

z = axial coordinate 
5 = boundary-layer thickness 

APS = pressure drop across ex
perimental rig 

6 = angle of deswirl nozzle to 
tangential direction 

\L = laminar flow parameter 
= C„/Re0 

AT- = turbulent flow parameter 

M = 
V = 

p = 

^r, of ^4>, o 

<t> = 
Q = 

Subscripts 
a = 

b = 

ref = 

= C)v/Re£8 

absolute viscosity 
kinematic viscosity = fi/p 
density 
radial and tangential 
shear-stress components 
on disk 
angular coordinate 
angular velocity of cavity 

value at inner radius of 
cavity 
value at outer radius of 
cavity 
reference value 
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and an axially uniform tangential velocity. These solutions are 
coupled directly to solutions of the momentum integral equa
tions for the disk boundary layers. A simple treatment of the 
shroud boundary layer is also incorporated, and this is coupled 
to the core solution through mixing of the recirculating and 
inlet flows. Outlet effects are assumed to be confined to a small 
region and are neglected in this analysis. 

Some justification for the assumption of rapid mixing of 
the nozzle flow and the recirculating flow is given by finite-
difference solutions of the Reynolds-averaged Navier-Stokes 
equations (Chew, 1987; Morse, 1988). In these studies the inlet 
was modeled by a narrow axisymmetric slot and the solutions 
showed a rapid change of tangential velocity near the inlet 
followed by a region in which the flow is similar to that of a 
free vortex. This aspect of the model is also consistent with 
the assumption of rotationally dominated flow in which the 
pressure gradient in inviscid regions must balance the centrif
ugal force. Thus any axial variation in angular velocity will 
produce an axial variation in pressure, which, in turn, will 
produce an axial motion tending to eliminate the axial variation 
of velocity. 

The details of the mathematical model are described below. 
Incompressible flow is assumed as this is adequate to model 
the experimental conditions considered later. Extension to 
compressible flow requires inclusion of an energy equation, 
but this is reasonably straightforward (see Chew and Rogers, 
1988; Chew and Snell, 1988). 

2.2 The Momentum-Integral Equations. A cylindrical co
ordinate system (r, </>, z) rotating with the disks is employed. 
The disks are located at z = 0 and z = s but, assuming 
symmetry, only the half cavity 0 < z < s/2 need be considered. 
The momentum-integral equations for the disk boundary layer 
may be derived by integrating the full equations of motion, 
or by considering a control volume of vanishing radial thick
ness across the width of the boundary layer. Assumptions must 
be made regarding the boundary-layer velocity profiles and 
the wall shear stress. The assumptions used here are general
izations of those of von Karman (1921) for free-disk flow and 
may be written as follows: 

u = u0 (1 - z/8){z/8)ui 

v = v(.z/8)h 

1/4 

r0,o = 0.0225 p v(ul + v2)3 

' T<fr,o 

(1) 

(2) 

(3) 

(4) 

Here u and v are the radial and tangential velocity components 
in the rotating coordinate system, 5 is the boundary-layer thick
ness, u0 is a function of r only, v is the tangential velocity at 
the boundary-layer edge, T0? 0 and Tr_ 0 are the tangential and 
radial components of shear stress at the disk, and p and v 
denote fluid density and kinematic viscosity. 

With the usual boundary-layer assumptions, using equations 
(1) and (2), and using the radial momentum equation for the 
inviscid flow region to eliminate the pressure, the following 
momentum-integral equations may be derived: 

- — (rpulb) + - 8v2I5 + 2p8vM4 = - rr,0 (5) 

- | — (fpu0vb) - - v — (rpu08) + 2Iipu0Q8 = - T0,O 
r2 dr dr 

(6) 

where Q is the angular velocity of the disk. The coefficients / 
are given by 

h = 
49 
120' h = 

343 
1656' 

h = 
49 
144' 

h = 
1 

h = (7) 

Equations (5) and (6) express the conservation laws for radial 
and angular momentum; for further details of the derivation 
the reader is referred to Chew and Rogers (1988). Substituting 
equations (3), (4), and (7) into equations (5) and (6) gives two 
first-order differential equations in the unknowns u0, v, and 
8, all of which are functions of r. To close the problem a 
further equation is required and appropriate boundary con
ditions must be specified. 

An additional equation giving v in the source region is pro
vided by the solution for the flow outside the boundary layer. 
This is the free-vortex relation 

r(v + Qr) = ce[(Qb2 (8) 

where ceff is an effective inlet swirl fraction (to be defined 
below) and b is the outer radius of the cavity. In the rotating 
core, there is no radial flow and the flow in the two nonen-
training Ekman-type layers must equal the net flow through 
the cavity, m, so that 

4 T Iip8u0 = m (9) 

The boundary layer on the disk can be divided into three 
distinct regions: the outflow region b > r > rs, the entraining 
inflow region rs> r > re, and the nonentraining inflow region 
re> r > a. The stagnation point on the disk occurs when the 
fluid velocity given by equation (8) equals the disk speed, 
which, in the rotating frame, is zero. Thus 

rs — Ceff b (10) 

At this point there is no flow in the boundary layer, and starting 
conditions for both the inflow and outflow regions must be 
chosen to give zero or very small 5 and 8u0 at this point. The 
position r = re is defined as the point at which all the flow 
has been entrained into the inflow layer and is determined 
from the solution. Starting conditions for the nonen
training layer are provided by the solution for the entrain
ing layer at r = re. 

The pressure drop across the cavity may be obtained from 
the radial-momentum equation in the inviscid region, which 
reduces to 

dr r (11) 

where p denotes static pressure. 

2.3 Treatment of the Shroud and Mixing Regions. The 
mass flow in the boundary layer along the shroud is assumed 
to be constant and equal to that in the outflow boundary layer 
on the disk at r = b. It is also assumed that the boundary-
layer thickness is small compared with b. A friction factor F 
is defined such that the tangential shear at the surface is 
- ViFp\?m where vm is the mean angular velocity of the fluid 
relative to the shroud. The angular-momentum balance for the 
flow in the shroud boundary layer then gives the following 
equation: 

dvm 

dz 
•wb Fpvi, (12) 

If F is assumed constant this equation may be integrated be
tween z = 0 and z = s/2 to give 

(vm)z 
•2ms(vm)z=o 

(13) 
irbspF(vm)z=0-2ms 

Equation (13) was used to estimate the increase in angular 
momentum due to friction at the shroud, and F and (v,„)z=0 

were then estimated from the disk-boundary-layer solution at 
r = b. 

The inlet swirl fraction c of the fluid leaving the nozzles is 
defined as the tangential velocity of the fluid in a stationary 
coordinate system divided by the disk speed. The effective inlet 
swirl fraction ceff is defined as the tangential velocity of the 
mixed recirculation and inlet flows divided by the disk speed. 
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Air inlet 
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r r r a i Foam 
Shroud 
Settling chamber 

De-swirl nozzles 

Fig. 2 Rotating cavity and location of pressure taps (numbered 0 to 4); 
dimensions in mm 

If c is less t-han unity, radial outflow occurs in the boundary 
layer on the disk, and this results in the recirculation shown 
in Fig. 1. For a given flow rate, c may be estimated from the 
nozzle geometry, as discussed in Section 3.1. A simple mixing 
sum then gives the following relationship for ceff: 

(2ms + m) ceff = 2ms Qb 
+ 1 + mc (14) 

Note that the treatment of the boundary layers described above 
would not be expected to be valid for ceff < 0. 

2.4 Dimensional Analysis. A pressure coefficient Cpc, ro
tational Reynolds number Re^, mass flow coefficient Cw, and 
throughflow parameter \T are defined as follows: 

2 , . _ Qb2 

C -
pQ2b: (Pb ~ Pnt), Re0 = 

Hi \ ±*L. 
nb' T Re£8 

(15) 

where the subscript b refers to the outer radius and "ref" 
refers to a suitable reference location. 

For the special case where the inlet swirl fraction, c, is unity, 
Chew and Snell (1988) have shown that Cp<c, calculated from 
the above equations, is a function of only ~hT and the radius 
ratio a/b. When c ^ 1, a similar analysis (details of which are 
not given here) shows that CPtC is a function of \T, a/b, c, and 
s/b. Thus, for any particular geometry, CPtC depends only on 
Ar and c. 

2.5 Numerical Solution of the Equations. As in earlier 
studies, solutions of the integral equations (5) and (6) with the 
auxiliary relations (3), (4), and (7)-(ll) were obtained using a 
standard mathematical library routine for ordinary differential 
equations. The computer program used was developed from 
that of Chew and Rogers (1988) and works with a nondimen-
sional representation of the equations. The solutions for both 
the outflow and inflow regions of the layer were started at the 
stagnation point r = rs and proceed in the direction of the 

d i rection of rotation 

Section X-X 

Fig. 3 Deswirl nozzles used in experiments; dimensions in mm 

boundary-layer flow. Some iteration is required to find the 
effective inlet swirl fraction ceff. Initially, a guessed value is 
used to obtain a solution for the outflow region of the disk 
boundary layer, and an improved estimate of ceff is then ob
tained using equations (13) and (14). This process is repeated 
until satisfactory convergence is obtained. For any particular 
example, only a few seconds of CPU time on an IBM 3081 
were required to obtain a solution. 

3 Experimental Apparatus 

3.1 The Rotating-Cavity Rig. Simplified diagrams of the 
rotating cavity and the deswirl nozzles are shown in Figs. 2 
and 3. The cavity comprised two steel disks, of outer radius 
381 mm and thickness 12.7 mm, and a 1.5-mm-thick Paxolin 
peripheral shroud. The latter contained 30 equispaced holes, 
of 28.6 mm diameter, in its midaxial plane. To obtain an initial 
swirl fraction of unity, and to generate a settling chamber for 
the air upstream of the deswirl nozzles, the shroud was covered 
by a layer of porous rubber foam. 

Each disk was mounted on a hollow tube with an inner 
radius of 38.1 mm. One tube was blanked off and the other 
was connected, via stationary piping, to the inlet of a centrif
ugal compressor, which could produce flow rates up to 0.1 
kg/s. The disks could be rotated up to 2000 rpm by means of 
a variable-speed electric motor. 

Journal of Turbomachinery JANUARY 1991, Vol. 113/109 
Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Fig.4 Photograph of the rotating·cavity rig showing the deswlrl nozzles
and the plane of Illumination

where q is the magnitude of the velocity, relative to the disk,
of the air leaving the nozzles at r = b. If N nozzles are used
then

pressure drop, ten Rohacell central vanes, as described by Chew
et al. (1989), were positioned between the cobs.

3.2 Instrumentation. Holes of 5 mm diameter were drilled
axially through one of the disks (the left-hand disk shown in
Fig. 2) at radial locations of r = 172,223,274,325, and 361
mm. These holes were used as static-pressure taps, and a Kulite
XT-190 series miniature differential-pressure transducer was
flush-mounted to each of the four outermost taps (numbers
1-4). The innermost tap (number 0) was used as a datum from
which the outer four pressures were measured. The reference
tubes from each of the four transducers were connected, via
a common tube, to this datum tap. To minimize imbalance,
the transducers were located on a diametralline, with two on
one radius and two on the other. Thus, two datum taps and
two common tubes were used. The electrical signals from, and
the power supply to, the transducers were brought out through
a silver slip-ring assembly, and the voltages were measured by
a Solartron IMS 3510 data-logger controlled by a PDP 11144
minicomputer.

Solid-body rotation occurred inside the common tube,
whereas inside the cavity the pressure difference could be less
or greater than that associated with solid body rotation. As a
consequence, the transducers were individually calibrated, off
the rig, over the entire operating range of ± 6 kN/m2

• The
largest source of error was caused by "zero drift": The sen
sitivity (volts/unit pressure) of the transducers remained con
stant but, depending on the rotational speed, the voltage level
varied with time. The results were corrected for this zero drift,
which was determined immediately before each test. The max
imum correction was 15 percent of the reading.

The flow rate was measured, by Annubar differential-pres
sure devices, to an accuracy of ± 3 percent. However, a rel
atively small amount of air leaked into the system (which was
at subatmospheric pressure) through the seals between rotating
and stationary components. A series of calibrations revealed
that the leakage flow rate, Qu was independent of rotational
speed but was proportional to 1iP112

, where liPs was the pres
sure drop across the system measured by a static pressure tap
downstream of the cavity. The measured flow rate was cor
rected to account for the leakage, which was less than 15
percent of the measured value.

For flow visualization, the left-hand steel disk in the cavity
was replaced by one made from transparent polycarbonate. A
4 W argon-ion laser was used to provide slit illumination
through the polycarbonatepisk (see Fig. 4), and the air entering
the cavity was "seeded" with micron-sized oil particles pro
duced by a Concept smoke generator. Video recordings and
photographs were used to study the flow structure in the cavity.

(16)c =

The deswirl nozzles were machined from a ring of Rohacell,
a lightweight, high-strength, plastic foam. Sixty equispaced
holes were drilled at an angle of () = 30 deg to the tangential
direction at each of three axial locations, as shown in Fig. 3.
Convergent nozzles were formed by machining a conical inlet
section, with a 10 deg half-angle, and a parallel outlet section
of diameter d = 5 mm. The outer radius of the cavity was
taken to be the inner radius of the nozzle ring where r = b
= 330 mm. The complete nozzle assembly was bonded to the
disks, as shown in Fig. 4.

The inlet-swirl fraction is given by

nb - q cos ()

nb

eye

yr~

41ml
q = -2- (17)

7rd pN

Hence, using the definition of Cw, Req" and ATgiven in equation
(15), it follows that

c = 1 _ 4 cos () ('!-) 2 ICwl = 1 _ 4 cos () ('!-) 2 IATI
7rN d Req, 7rN d Re~·2

(18)

For given values of Cw and Req" C can be varied by altering
N, and this was done in practice by placing rubber plugs in
some of the 180 nozzles.

Cobs (bulbous hubs) also made from Rohacell, and identical
to those used by Farthing and Owen (1988), were attached to
the center of the disks. The shape was chosen to be repre
sentative of that used in gas turbine design, and the inner and
outer radii of the cobs were 38.1 and 168 mm. The minimum
axial spacing between the cobs was 33 mm and the parallel
section extended to a radius of 107 mm. To reduce the overall

4 Flow Visualization

4.1 Flow Structnre. Using the flow visualization apparatus
described in the preceding section, photographs, as shown in
Fig. 5, were taken of the smoke patterns in the r-z plane of
the cavity. The top and bottom of each photograph correspond
to the exit of the deswirl nozzles and the edge of the central
vanes, respectively. (The vanes prevented optical access below
x = 0.5.) The opaque deswirl nozzles prevented the illumi
nation of the r-z plane through the shroud, and so visualization
was via the transparent (left-hand) disk shown in Fig. 4 (which
appears as the right-hand disk of Fig. 5). The field-of-view
was at an angle of approximately 50 deg to the plane of il
lumination, and so the edges of the nozzle ring and the central
vanes appear as oblique lines at x = 1 and 0.5. For these
photographs, all 180 deswirl nozzles were used.

Figure 5 shows smoke patterns photographed at different
times for Cw = - 480, Req, = 3.8 X 104

, and c "'" 0.66; for
this value of Cw, the flow is expected to be laminar, and inter
pretation of the flow structure is aided by reference to Fig. 1.

110 I Vol. 113, JANUARY 1991 Transactions of the ASME

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Fig. 5 Smoke patterns In the r-z plane for I C., I = 480, Reo = 3.8 x
10', and c = 0.66
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Fig. 6 Size of source region for laminar flow; 0 experimental meas·
urements; I difference between maximum and minimum values; 
equation (19)

5/8 3'0 Y,
((-2.Z2!AT I X e '"') 2.

Fig. 7 Size of source region for turbulent flow; 0 experimental meas
urements; - equation (20)

4.2 Size of the Source Region. A series of tests was con
ducted for 200 :5 lewl :5 2300 and 0.17 :5 Req,/105 :5 4.6
with all 180 nozzles. The radius of the edge of source region,

(b)

0.5

>:

0.5

x

Figure 5(a) shows that the smoke, after entering the cavity in
three jets, is beginning to fill the source region. The smoke
pattern on the right-hand disk provides evidence that there is
radial outflow as well as inflow inside the source region. Figure
5(b) was taken a few seconds later when smoke had penetrated
through the source region, Ekman layers, and sink layer, and
the interior core appears as a black region for x :5 0.7. The
other black region, for x ~ 0.9, is caused by recirculation in
the source region; as discussed in Section 2.3, this recirculation
occurs when ceff < 1.

The photographs shown in Fig. 5 provide evidence that the
usual source-sink flow patterns still occur even when the fluid
enters the cavity through deswirl nozzles. Other photographs
showed that, as expected, the size of the source region increased
with increasing flow rate and with decreasing rotational speed.
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re, was measured, to an estimated accuracy of ± 10 mm, from 
video recordings of the flow structure. These measurements 
were compared with the theoretical values of Firouzian et al. 
(1985) where xe = re/b and 

(?-^<y. (19) 

(20) 

for laminar flow, and 
xe = (c - 2.22IXrl

vV/8)1/2 

for turbulent flow. 
These equations were derived from the so-called linear mo

mentum-integral equations: When v/Qr«l, the Coriolis 
forces dominate over the nonlinear inertial terms, and the latter 
can be neglected. The radius re, is taken to be the point where 
all the fluid flowing radially inward has been entrained into 
the boundary layers on the disks. For the experimental meas
urements shown in Figs. 6 and 7, c ^ 1 and consequently 
equations (19) and (20) are expected to give similar results to 
the numerical solution of the full nonlinear equations described 
in Section 2. 

Transition from laminar to turbulent flow is assumed to 
occur when Rer = 180, and the results for laminar and tur
bulent flow are shown in Figs. 6 and 7, respectively. For some 
cases of laminar flow, the source region appeared to oscillate, 
and this is indicated by the bar lines in Fig. 6, which join the 
maximum and minimum values of xe. Similar instabilities in 
the flow structure were observed by Firouzian et al., who noted 
that the size of the source region could increase or decrease 
periodically in a nonaxisymmetric fashion. From Fig. 6 it is 
evident that, where no instabilities occur, there is reasonable 
agreement between the theoretical predictions and the meas
ured values. For the cases where the size of the source region 
fluctuated, reasonable agreement is obtained with the maxi
mum value of xe (i.e., the smaller size of the source region). 
For turbulent flow no oscillations were observed, and Fig. 7 
shows reasonable agreement between the experimental and 
theoretical results. 

5 Pressure Drop in the Rotating Cavity 
Pressure transducers 1, 2, and 3, at the locations shown in 

Fig. 2, were used to determine the static pressure relative to 
the datum pressure tap. The nondimensional pressure differ
ence, Cp, was defined as 

r _ Pb - P 
p ~ Viptfb2 (21) 

where, for convenience, pb was taken to be the pressure re
corded by transducer number 3 (this was actually located at r 
= 325 mm where x = 0.985). Tests were conducted for 550 
< \CJ < 2.1 X 104 and 0.15 < Re^/106 < 1.4; by usingN 
= 40, 80, or 160 (see equation (18)) it was possible to vary 
the swirl fraction in the range -0.4 < c < + 0.9 for a relatively 
large range of the flow parameter \T. 

Figure 8 shows a comparison between the variation of Cp 
with x obtained from the momentum-integral equations, as 
discussed in Section 2, and the measured values at x = 0.52, 
0.68, and 0.83. The measurements were made at Rê , = 0.61 
x 106 with N = 40, and it can be seen that the agreement 
between the theoretical and experimental results is good. The 
agreement was also good for most of the other results obtained, 
and this gave confidence in both the theoretical model and the 
experimental procedures. 

Figure 9 shows the variation of the pressure coefficient for 
the cavity, CPiC (based on the pressure difference between trans
ducer 3 and the reference tap), with IXrl for a range of different 
inlet swirl fractions. For solid-body rotation, the value of Cpc 
for the cavity is approximately 0.75. For each value of c, up 
to three clusters of experimental data can be seen: These cor-

Fig. 8 Variation of Cp with x for Res = 0.61 x 106; D c = 
= 0.144; A c = 0, IArl = 0.120; o c = +0.2, IArl = 0.096; — 
of integral equations 
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respond to N = 40, 80, and 160. The experiments were carried 
out by fixing N then varying Cw and Re ,̂ to keep c constant 
for as large a range of \T as possible. 

It can be seen from Fig. 9 that, for most values of c, there 
is a maximum value of Cpc: The magnitude of this maximum 
and the value of I Arl at which it occurs increase with increasing 
c. These effects can be explained by considering the mixing 
process discussed in Section 2.3; ceff tends to unity as IArl 
approaches zero, and ceff tends to c for large values of I A rl. 
Also for large values of IArl, as the source region begins to 
fill the entire cavity, free-vortex flow occurs and 
C„ c tends to a limiting value (C„ c (x- 1)). For the 
larger values of c where mixing is weak, this limiting value is 
approached monotonically as I Arl is increased (see curve 9 in 
Fig. 9); for the smaller values of c where mixing is significant, 
a turning point is apparent (for example, see curve 6). 

The minimum value of CPiC occurs when the positive swirl 
in the outflowing boundary layer on the disks in the source 
region neutralizes the negative swirl created by the nozzles such 
that ceff = 0; the fluid then moves radially inward with little 
or no residual swirl, thereby minimizing the pressure drop 
across the cavity. For large ranges of I Arl and c, it is therefore 
possible to reduce the pressure drop across the cavity to less 
than that associated with solid-body rotation. Without the 
deswirl nozzles, the pressure drop could be an order of mag
nitude greater than that associated with solid-body rotation 
(see Chew et al., 1989). 

In the experiments, the pressure drop was the dependent 
variable; Ar and c were varied in a controlled fashion and the 
resulting value of Cpc was measured. In a gas turbine engine, 
the pressure drop between the compressor bleed-off and, for 
example, the turbine-blade-cooling air is fixed: The flow rate 
of cooling air is determined by the available pressure differ
ence. To illustrate the variation of flow rate with pressure 
difference, the variation of \C„\ with CPiC is shown in Fig. 10 
for N = 80 and for various values of Re^. For the experimental 
data, as \C„\ increases c decreases in the manner given by 
equation (18). 

Figure 10(a) shows the variation of \C„\ with CPiC for Re^ 
= 0.23 X 106; the resulting "s-curve" can be explained by 
referring to Fig. 9. The turning point at \CW\ — 103 corre
sponds to the approximate maximum value of Cpc in Fig. 9; 
the turning point at \C„\ — 5 x 103 corresponds to the min
imum value of Cpc (where ceff = 0). For \C„\ > 5 x 103 

(where ceff < 0), the fluid rotates in the opposite direction to 
that of the disks, and the pressure drop increases as \CW\ 
increases. The agreement between theory and experiment is 
good up to \C„\ = 5 x 103; the theoretical model is invalid 
for ceff < 0. Similar results are shown in Figs. 10(6) and 10(c) 
for Re^/106 = 0.38 and 0.61, and again the agreement between 
theory and experiment is good. 

The 5-curve behavior, illustrated in Fig. 10, could result in 
unstable conditions inside an engine. As Cp<c is increased in 
the engine, \C„\ might jump from a low to a high branch of 
the curve; conversely, a jump from a high to a low branch 
could occur as Cp>c is reduced. In the experiments (where I C„\ 
rather than CP:C was controlled), no such jump phenomena 
were observed. 

0 0-5 1 

(a) ReA = 0 . 2 3 x 10G 

16 

(b) Re, = 0 . 3 8 x 10 

'0 0-5 

(c) Re , = 0 . 6 1 x 10 6 

V5 
-P-c 

6 Conclusions 
Solutions of the momentum-integral equations have been 

used to calculate the effect of inlet swirl on the pressure drop 
in a rotating cavity with a radial inflow of fluid. The theoretical 
values were compared with measurements made inside a rig in 
which deswirl nozzles were used to reduce the swirl fraction 
of the incoming air. Flow visualization confirmed that "con
ventional" source-sink flow structure still occurred when the 
deswirl nozzles were fitted, and pressure transducers attached 

Fig. 10 Variation of \C„\ with CB„; • experimental measurements; 
solutions of integral equations 

to one of the disks were used to measured the static pressure 
inside the rotating cavity. 

In the main, there is good agreement between the theoretical 
and experimental values of pressure distribution. The mixing 
that occurs between the radially outward flow in the boundary 
layers on the disks and the radially inward flow through the 
deswirl nozzles modifies the inlet swirl fraction. However, if 
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these two flows are suitably matched, the effective swirl frac
tion can be reduced to zero, and the resulting pressure drop 
across the cavity is then negligibly small. For a constant value 
of rotational speed, the variation of flow rate with pressure 
drop exhibits an "s-curve" behavior in which there are up to 
three different values of flow rate for each value of pressure 
drop. In a gas turbine engine, this behavior may well result in 
flow rates that jump between different branches of the 5-curve. 

It should be pointed out that the pressure measurements 
described above were all made inside the rotating cavity itself; 
the pressure drop across the deswirl nozzles is also important. 
This pressure drop, and the matching of the nozzles and the 
cavity, will be the subject of a future paper. 
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Prediction of Heat Transfer in a 
Rotating Cavity With a Radial 
Outflow 
Solutions of the differential boundary-layer equations, using the Keller-box scheme 
and the Cebeci-Smith eddy-viscosity model for turbulent flow, have been used to 
predict the Nusselt numbers on the disks of a heated rotating cavity with a radial 
outflow of cooling air. Computed Nusselt numbers were in satisfactory agreement 
with analytical solutions of the elliptic equations for laminar flow and with solutions 
of the integral equations for turbulent flow. For a wide range of flow rates, rotational 
speeds, and disk-temperature profiles, the computed Nusselt numbers were in mainly 
good agreement with measurements obtained from an air-cooled rotating cavity. It 
is concluded that the boundary-layer equations should provide solutions accurate 
enough for application to air-cooled gas turbine disks. 

1 Introduction 
A rotating cavity with a radial outflow of fluid (see Fig. 1) 

provides a simplified model of the flow that occurs between 
two corotating air-cooled gas turbine disks. To predict the 
stress, fatigue life, and radial growth of the disks, the designer 
needs to be able to calculate their temperature distribution. 
This requires the calculation of the convective heat transfer 
coefficients, and it is the object of this paper to show that the 
boundary-layer equations can be used for this purpose. 

The flow structure in a rotating cavity with a radial outflow 
of air has been studied theoretically and experimentally by 
many research workers (see, for example, Chew, 1982; Morse, 
1988; Owen et al., 1985; Pincombe, 1983). Referring to Fig. 
1, the flow structure comprises a source region near the inlet, 
Ekman-type boundary layers on the disks, and a sink layer 
near the outlet, all of which surround an interior in viscid core 
of rotating fluid. 

Although it is necessary to solve the elliptic equations of 
motion if quantification of the entire flow is required, the flow 
near the disks can be determined from the boundary-layer 
equations. The latter equations were solved by Shirazi and 
Truman (1988) and by Ong and Owen (1989). As the former 
authors considered only the "narrow-gap case," where the 
boundary layers merge, their solutions are not relevant to the 
geometries found inside gas turbines. 

The isothermal solutions of Ong and Owen are applicable 
to the source-sink flows described above. Two particular prob
lems occur in such flows: (/) The boundary layer entrains fluid 
in the source region but is nonentraining outside; (ii) reverse 
flow can occur in the nonentraining Ekman-type layers outside 
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Fig. 1 Simplified flow structure in a rotating cavity with a radial outflow 
of fluid 

the source region. The authors outlined methods of overcoming 
these problems and, using a modified form of the Cebeci and 
Smith (1974) eddy-viscosity model, they computed velocity 
distributions that were in good agreement with the measure
ments of Pincombe. 

The method is extended below to include the effects of prop
erty variations and the solution of the energy equation. The 
boundary-layer equations, the eddy-viscosity model, and the 
numerical solutions are described in Sections 2, 3, and 4, and 
the predicted Nusselt numbers are compared with other the
oretical values and with experimental measurements in Sections 
5 and 6. 

2 The Boundary-Layer Equations 
For the axisymmetric boundary layer on each disk, the time-

averaged conservation equations for mass, momentum, and 
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energy can be expressed in a stationary cylindrical coordinate 
(/-, (/>, z) system as: 

- — (pru) + —(fiW) = 0 
r or az 

du du v. 
u — + w — - -* = 

dr dz r p dr p 3z 

(2.1) 

(2.2) 

(2.3) 

. . . . . , v „ . - , . - v . „ , (2.4) 
or az p az 

where the total enthalpy, h, for incompressible flow is given 
by 

q=-pcf W e i 
(2.9) 

dr az . r p az 

dh dh I d , 
u—+w— = - — ( - q + urr+ H0T0) 

and 

/eff dz 

The effective viscosity, veS!, is the sum of the molecular and 
turbulent contributions, such that 

vt„=v+v, (2.10) 

and the effective Prandtl number, Preff, is related to the mo
lecular and turbulent values by 

(-) = 
\Pr/eff 

V 

Pr + Pr, 
(2.11) 

2 P 

and for compressible flow by 

h = CpT+^(u2 + ify 

(2.5) 

(2.6) 

Here, u, v$, and w are the radial, tangential, and axial com
ponents of velocity, T is the temperature, p is the static pres
sure, and p and Cp denote density and specific heat at constant 
pressure. For turbulent flow, employing the concepts of ef
fective exchange coefficients, the radial and tangential shear-
stress components, rr and T$, and the heat flux, q, are defined 
by 

For the results presented below, the turbulent Prandtl number, 
Pr„ is taken to be constant with a value of 0.9. For laminar 
flow, the eddy viscosity, v„ is zero; the formulation for tur
bulent flow is given in Section 3. 

If disk-surface temperatures, T„, are prescribed, the appro
priate boundary conditions to be satisfied are 

z = 0: M = w = 0, t^ = fir, T=Tw(r)~) 
(2.12) 

Z - ° ° : u = 0, dv^/dz = Q, dT/dz = 0) 

In general, the pressure gradient in equation (2.2) is unknown 
but can be determined by considering the flow outside the 
boundary layer (in the "inviscid core," where values are de
noted by overbars). In the limit as z -* °° and u and dit/dz 
are negligible, equation (2.2) reduces to 

\dJLjA 

N 

a 
A + 

b 
c 

cP 

c 
Ec 

f 

f 

g' 

h 
k 
I 

n 
Nu 

P 
P* 

Pr 

1 du 

p dz 

1 dVj, 

p dz 

t\ m o n o l n f i i r o 

= inner radius of cavity 
= Van Driest's damping 

constant 
= outer radius of cavity 
= swirl fraction 
= specific heat at con

stant pressure 
= mass flow parameter 

= Q/vb 
= Eckert number 

=oV/q,(r„-7» 
= nondimensional 

stream function = 
^/?Pl(vfl)XA 

= nondimensional radial 
component of 
velocity = u/tir 

= nondimensional tan
gential component of 
velocity = v^/Qr 

= total enthalpy 
= thermal conductivity 
= mixing length 
= exponent 
= local Nusselt number 

= rqw/k,(Tw-T,) 
= static pressure 
= nondimensional static 

pressure = p/pfUr2 

= Prandtl number = 
jxCp/k 

q 
Q 
Qi 

r 
Re0 

s 

T 
(« , f*. w) 

uT 

frel 

X 

z 
z+ 

5 

V 

e 

(2.7) 
p dr r 

In the source region, free-vortex flow is assumed to occur 
such that 

(2.8) 

= heat flux 
= volumetric flow rate 
= local volumetric flow 

rate 
= radial distance 
= rotational Reynolds 

number = Qb2/v 
= axial distance between 

disks 
= temperature 
= time-averaged velocity 

components relative 
to stationary (r, <f>, z) 
coordinate system 

= friction velocity = 
(rjp)l/2 

= resultant velocity rel
ative to disk 

= nondimensional ra
dius = r/b 

= axial distance 
= nondimensional axial 

distance = 
z(Twp)'AN/p 

= boundary-layer thick
ness 

= transformed z coordi
nate 

= nondimensional total 
enthalpy ratio = 
(h-h,)/(hw-hj) 

V$ ~2 
fir 

K 

V-
V 

+ 

p 
T 

Tr> U 

T+ 

</> 
1> 
Q 

Subscripts 

eff 
i 

I 

0 

t 
w 

(2.14) 

= mixing-length con
stant 

= dynamic viscosity 
= kinematic viscosity = 

li/p 
= nondimensional eddy 

viscosity = v,/v 
= density 
= resultant shear stress 

- (r) + 4)m 

= radial and tangential 
shear-stress compo
nents 

= nondimensional re
sultant shear stress = 
T/TW 

= angular coordinate 
= stream function 
= angular velocity of 

the cavity 

= effective value 
= inner region of 

boundary layer 
= value at inlet of 

cavity 
= outer region of 

boundary layer 
= turbulent value 
= value at disk surface 
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where x = r/b and c is related to the initial swirl of the fluid 
entering the cavity. In the present case, the flow is assumed 
to enter without swirl (c = 0) so that the pressure gradient is 
zero in the source region; this is referred to below as the "free-
disk case." 

Outside the source region, where nonentraining Ekman-type 
layers are formed on the disks, the local volumetric flow rate, 
Qi, in each layer is half the total superimposed flow rate, Q, 
entering the cavity, such that 

Qi=\'Q = 2irr udz (2.15) 

This, therefore, provides the additional condition from which 
the pressure gradient can be determined outside the source 
region. Three different methods were used to determine the 
pressure gradient (see Ong, 1988); for the results presented 
below, the so-called Mechul-function method was used. 

3 Eddy-Viscosity Model 
The eddy-viscosity model, which was previously demon

strated by Ong and Owen (1989) to be effective in the prediction 
of the incompressible flow in a rotating cavity, has been adapted 
to allow the calculations of compressible flow. For the flow 
considered here, this model can be used provided that local 
values of density and viscosity are substituted in the formu
lation, since it may be assumed that the turbulence processes 
are little affected by density fluctuations. The basic model 
follows that proposed by Cebeci and Smith (1974) in which 
the boundary layer is assumed to comprise an inner and outer 
region, denoted here by the subscripts i and o, respectively. 

For the inner region, close to the disk surface, v, is based 
on Prandtl's mixing-length hypothesis. Using the resultant ve
locity gradient, vuit is given by 

v,,i = l2 ®H%y 0<z<z c (3.1) 

where zc is the axial location at which vti = vUo. The mixing 
length, /, is modified by Van Driest's damping factor, which 
is further extended following Koosinlin et al. (1974) such that 

/ = « : [ l - e x p {-Z+(T+)"/A+}] (3.2) 

where K = 0.4and^4+ = 26. The nondimensional axial distance 
and local shear stress, z+ and T + , respectively, are given by 

z+ =Z(TWP)V' N/p and T+=T/TW (3.3) 

where T„ is the resultant wall shear stress and, following Cebeci 
and Smith, the effects of pressure gradient are accounted for 
by the parameter N, which is given by 

JV2= 1 - 1 1 . 8 ^ ( ^ ) V (3.4) 

Vj 1 dp 

ulp dr 
(3.5) 

In the above expression, uT is the friction velocity defined by 

"-£>' (3.6) 

Here and in the subsequent discussion, the subscript / denotes 
values appropriate to the incoming air at the inlet of the cavity. 

The effects of different values of the exponent n = 0, 0.5, 
and 1.5 in the damping factor in equation (3.2) have previously 
been reported by Ong and Owen. The value of n = 0 was 
found appropriate for fully turbulent conditions occurring at 
high values of Re^,, and it is this value that is used here. 

For the outer region of the boundary layer 

, = 0.01681 , - ( « 2 + ^e l)' / j) * l ^ c < z < 5 (3.7) 

where vlA is the resultant velocity, relative to the disk, given 
by 

vrd = Ur-(u2+vl)» (3.8) 

Klebanoff's intermittency factor (see Cebeci and Smith), used 
to account for the effect of the unsteady turbulent front at the 
edge of the boundary layer, appeared to have little influence 
on the wall shear stress, and for simplicity it was omitted from 
equation (3.7), 

4 Numerical Solutions 
4.1 Transformation of the Boundary-Layer Equa

tions. For the numerical solution of equations (2.1)-(2.4), it 
is convenient to introduce a similarity variable r/, which for 
compressible flow is defined by 

'-©"£ Pi 
dz (4.1) 

and a nondimensional stream function/(/•, 77) given by 

/(/•, v) = t(r,z)/r1Mvm'/l (4.2) 

The stream function \j/{r, z) is defined by 

1 dt , Idi 
Pu = - — and pw = - - — 

r dz r or 
(4.3) 

such that the continuity equation (2.1) is satisfied. 
With the introduction of the following additional nondi

mensional quantities: 

g'(r, rt) = v4,/Ur 

p*(r)=p/pIQ
2r2 

and 

B{r,il) = (.h-hI)/(hw-hii 

equations (2.2)-(2.4) can be expressed as 

W"Y +2//" -(f')2 + {g'f = r(f' 2£ 

-r%):, (: 

(ag"y+2fg"-2f'g'=r{f' 

[\d'+y(f'f"+g'g")]'-°f'8 

(4.4) 

2p*+r 
dr : ) 

dg' M 
dr dr ) 

/ d9 df'\ 

(4.5) 

(4.6) 

(4.7) 

where 

a ^ ( l + O 

p 

7 ~K-hj 

Pr 

1-—+»; 
Pr >* K ) > 

(4.8) 

K-*) 
r d 

hw-h,dr (K-hd 

_ v-p 

v, 
(4.9) 
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Here, the primes indicate differentiation with respect to rj. 
Note that when /3 and f are unity, equations (4.5)-(4.7) reduce 
to the constant-property form. 

In terms of the transformed variables, the appropriate 
boundary conditions, corresponding to equations (2.12) and 
(2.15), become 

i? = 0: f=f'=g = 0, g' = l, '0=1 

i j - « : f'=g* =0'=0, / ( r , oo) = — CwRe;Vl x~2 

(4.10) 

where x is the nondimensional radius, Cw is the nondimensional 
flow rate, and Re0 is the rotational Reynolds number. 

4.2 Solution of the Equations. The momentum and energy 
equations (4.5)-(4.7) were supplemented by the axial momen
tum equation, (p*(r, ij))' = 0. (The latter equation was re
quired since the Mechul-function method treatsp* in equation 
(4.5) as a function of r and ?/.) These equations were trans
formed to a system of nine first-order equations, and the com
plete system was then discretized by use of the semi-implicit 
Keller-box scheme. 

For the constant-property case, the seven momentum and 
the two energy equations were uncoupled, and the solution 
procedure was sequential. First the momentum equations were 
solved for values of the velocity components, then the linear 
energy equation was solved. For the variable-property case, 
the direct coupling of the momentum equations and the (now) 
nonlinear energy equation required that all nine equations be 
solved simultaneously. For either case, solution of the system 
of equations was obtained by Newton's method. 

The computation was started at the inlet radius, r = a, with 
initial conditions for the dependent variables provided by the 
laminar local-similarity approximations to the governing equa
tions. (For the laminar free-disk case, the similarity solution 
is, in fact, the exact solution.) For turbulent flow calculations, 
fully turbulent conditions were assumed to prevail for r > a. 

The variable-property computations required increased stor
age and CPU time due to the handling of larger matrices and 
to the slower rate of convergence caused by the increased 
nonlinearity. With these complications in mind, the reverse-
flow region that occurs in the Ekman-type layers was ignored 
(see Ong and Owen, 1989); this was accomplished by setting 
any negative radial component of velocity to zero. The resulting 
solutions, while suffering some loss of accuracy near the edge 
of the boundary layer, yielded good approximations near the 
disk. In particular, the shear stresses and heat fluxes could be 
calculated accurately enough for all practical purposes. 

Using the above method, computations presented in this 
paper were performed with a geometrically increasing grid 
system in the axial direction. This gave a fine mesh near the 
wall, where gradients were large, and a coarse mesh near the 
outer part of the boundary layer. However, in order to reduce 
the errors incurred by the removal of the reverse-flow region, 
it was necessary to maintain some control on the size of the 
grid spacing near the outside of the boundary layer. A satis
factory compromise between accuracy at the wall and at the 
edge of the layer was achieved by setting the first nondimen
sional grid spacing to 0.02 and the expansion factor to 1.05. 
This produced typically 150 to 200 axial nodes in the com
putation domain; for incompressible flow, fewer nodes were 
required to achieve acceptable accuracy. A distribution of ap
proximately 110 nodes in the radial direction was found sat
isfactory for most cases. With this grid resolution, typical run 
times were less than 12 minutes on a VAX 8530. 

The evaluation of the variable fluid properties could, very 
occasionally, result in instabilities; these were controlled by 
further grid refinement in both the radial and axial directions. 

The fluid properties used at each iteration were based on pres
sures and temperatures calculated in the preceding iteration. 
The density was calculated using the perfect gas law (that is, 
p = pjpTj/pjT). The dynamic viscosity /x was computed from 
Sutherland's formula for air (ji = 1.46 x 10"6 T3/2/ (110 + 
T) kg/m s) where T is the absolute temperature (Kelvin) com
puted from the total-enthalpy ratio, 6. The specific heat of air 
at constant pressure, Cp, was assumed to be constant and equal 
to 1005 J/kg K. 

Further details of the numerical method are given by Ong 
(1988). 

5 Testing the Boundary-Layer Method 
Before making comparisons with experimental data, it is 

useful to see how the boundary-layer solutions compare with 
other theoretical work, for both laminar and turbulent flow, 
and to examine the effects of variable properties and viscous 
dissipation on the computed Nusselt numbers. 

5.1 Incompressible Laminar Flow. Chew (1982) used an 
elliptic solver to obtain numerical solutions of the Navier-
Stokes equations and the energy equation, neglecting dissi
pation, for laminar flow and heat transfer in a rotating cavity 
with a radial outflow of fluid. He also obtained analytical 
solutions for the Ekman layers and used Dorfman's (1963) 
solution for the free-disk flow that occurs in the boundary 
layers in the source region. 

For convenience, a "power-law" temperature profile is as
sumed for which 

Tw-TjOcx" (5.1) 

where the subscripts w and /refer to conditions on the surface 
of the disk and in the fluid at inlet to the system, and n is a 
constant. Chew's Ekman-layer solution for a rotating cavity 
of radius b and axial width s is 

Nu = ̂ - P r C w f l - j | - ( / i - 2 ) - 5 ^ ] - ^ (5.2) 
4wx I 16TT JrRe^J 2xb 

Figure 2 shows the radial variation of Nu for Cw = 79, Re^ 
= 2.5 x 104, s/b = 0.267, a/b = 0.1, Pr = 0.72, and n = 
1, 2, and 3. Except near x = 0.1, 0.3, and 1, the boundary-
layer solutions are in reasonable agreement with the numerical 
solutions of the elliptic equations. The boundary-layer ap
proximations are invalid at the inlet (x = 0.1) and at the outlet 
\x = 1); and the differences near x = 0.3 are associated with 
the "switch" from an entraining to a nonentraining layer that 
occurs, in the boundary-layer model, at the edge of the source 
region. 

In the source region (0.1 < x < 0.3), the elliptic and bound
ary-layer solutions are in good agreement with Dorfman's free-
disk solution. Outside the source region (0.3 < x < 1), there 
is good agreement between the elliptic, boundary-layer and 
Ekman-layer (equation (5.2)) solutions; as x increases, the flow 
becomes more like an Ekman-layer flow. It can also be seen 
that the distribution of surface temperature on the disk has a 
significant effect on the magnitude of the Nusselt number, 
particularly in the Ekman-type layers. 

5.2 Turbulent Flow. Figure 3 shows the effects of dissi
pation and of variable properties on the radial variation of 
Nu, for turbulent flow with Pr = 1, C„ = 1.4 x 104, and 
Re ,̂ = 3 x 106 for three different distributions of temperature. 
The variable-property case used the perfect gas law for the 
density and Sutherland's formula for the viscosity (see Section 
4); the constant-property case used constant values for these 
quantities. While the effect of the variation of properties is 
very small, that of dissipation can be significant. The impor
tance of the dissipation term depends on the Eckert number, 
Ec, and the largest value (Ec = 0.9) occurs for curves 3 at x 
= 1 where dissipation has its greatest effect. 
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It is interesting to note that for curves 3 in Fig. 3, Nu becomes 
negative at the larger values of x. Under these conditions, the 
temperature of the disk decreases with x at a faster rate than 
that of the adjacent fluid: Heat flows from the fluid into the 
disk despite the fact that T„ > Tj. Dissipation exacerbates this 
effect. 

Figure 4 shows a comparison between solutions of the 
boundary-layer equations and the integral equations for the 
conditions considered above. The integral equations were solved 
by Chew and Rogers (1988) whose used l/7th power-law pro
files and Blasius relationships for the shear stresses on the disk. 
Their computed values for the local Nusseit numbers were in 
good agreement with the data of Northrop and Owen (1988) 
(whose work is discussed below). It can be seen from Fig. 4 
that, apart from differences between the two solutions in the 
entraining layers inside the source region (0.1 < x < 0.6), the 
two sets of Nusseit numbers agree reasonably well. 

6 Comparison With Experimental Data 
For this comparison, the experimental data of Northrop and 

Owen (1988) were chosen. The measurements were made on 
a rotating-cavity rig with an outer radius of b = 428 mm and 
an axial spacing of s = 59 mm. Air entered the cavity through 
a central hole, of radius a = 42.8 mm, in one of the disks 
(the "upstream disk"), and left through a series of holes in 
the peripheral shroud. The disks of the cavity were heated by 
built-in electric heaters, and thermocouples and fluxmeters 
were used to determine the temperatures and heat fluxes on 
the disk surfaces. Local Nusseit numbers were presented for 
1400 < C„ < 14,000 and 6.08 x 105 < Re* < 3.29 x 106. 

Various temperature distributions could be generated on the 
disks, and three typical distributions are shown in Fig. 5. These 
are referred to below as "Tw increasing" (with radius), "Tw 

Fig. 3 Effects of dissipation and of variable properties on the computed 
radial variation of the local Nusseit number: C„ = 1.4 x 104, Re* = 3 
X 106, Pr = 1; curves: (1) Tw - T, = 70 x2 °C; (2) T„- T, = 45°C; (3) T„ 
- r, = 14x- '°C; variable property, dissipation included; 

variable property, dissipation neglected; constant property, 
dissipation included 

2000 

Fig. 4 Comparison between computed local Nusseit numbers: Cw = 
1.4 x 10", Re* = 3 x 106, Pr = 1; curves: (1) T„ - T, - 70 x2 °C; (2) T„ 
- T, = 45°C; (3) T„- T, = 14x-1 °C; current boundary-layer solu
tions; integral solutions (Chew and Rogers, 1988) 
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Fig. 5 Typical disk-temperature distributions used by Northrop and 
Owen (1988): C , = 7 x 103, Re* = 2 x 106, Pr = 0.71; T„ increasing 
with radius; r„ approximately constant; T„ decreasing with 
radius 
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Fig. 6 Effect of Re,;, on the radial variation of the local Nusselt numbers: 
C„ = 1.4 x 103, Pr = 0.71, T„ increasing; t denotes edge of source 
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constant," and "T„ decreasing," and broadly similar distri
butions were produced on both disks. 

For the computations discussed below, the measured disk 
temperatures were fitted by a cubic-spline smoothing curve, 
which was used to provide the thermal boundary conditions 
for the boundary-layer equations. As measurements were not 
made for x < 0.2, and computations were started at x = 0.1, 
a quadratic extrapolation curve was fitted to the cubic spline 
for 0 < x < 0.2. Other extrapolation procedures were also 
tested, and it was found that the solutions became independent 
of the starting values for x > 0.15. For these computations, 
the Prandtl number was taken to be Pr = 0.71. 

Figure 6 shows the effect of Re^ on the radial variation of 
the local Nusselt numbers for Cw = 1400 with T„ increasing. 
Computed and measured Nusselt numbers for both the up
stream and downstream disks are presented. Although the 
assumption of flow symmetry should make the computed val
ues identical, the differences evident are attributable to small 
variations in the temperatures produced on the disk surfaces. 

The agreement between the numerical solutions and the ex
perimental measurements shown in Fig. 6 is generally good 
except near x = 1 at the higher values of Rê , where negative 
values of Nu occur. (Negative Nusselt numbers occur when 
heat flows from the "cooling" air into the disk even though 
Tw > Tj.) The maximum value of Nu occurs near the edge of 
the source region (the computed position of which is indicated 
on the figure). In the entraining boundary layers inside the 
source region, Nu increases as x increases; in the nonentraining 
Ekman-type layers, the core temperature increases and Nu 
consequently decreases as x increases. 

Figures 7, 8, and 9 show the effect of Rê , on the radial 
variation of Nu for C„ = 7000 with Tw increasing, constant, 
and decreasing, respectively. From these three figures, it can 
be seen that the boundary-layer solutions predict, with good 
accuracy, the effects of Rê , and of temperature distribution 
on the radial variation of Nu. 

Figure 10 shows the results for Cw = 14,000 with Tw in
creasing. The agreement between the boundary-layer solutions 
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Fig. 7 Effect of Re,;, on the radial variation of the local Nusselt numbers: 
C , = 7 x 103, Pr = 0.71, T„ increasing; t denotes edge of source region 
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Fig. 8 Effect of Re^ on the radial variation of the local Nusselt numbers: 
C„ = 7 x 103, Pr = 0.71, T„ constant; t denotes edge of source region 
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and the experimental data is not as good as for the lower values 
of Cw. In practice, for high flow rates, the cooling air impinges 
on the downstream disk and flows outward in a wall jet. The 
resulting increase in the heat transfer rates near the center of 
the downstream disk cannot be predicted by the boundary-
layer equations. For the upstream disk, the boundary-layer 
solutions are in good agreement with the measured Nusselt 
numbers except near the outer part of the cavity. Comparing 
Fig. 10 with Fig. 6 shows that Cw has a significant effect on 
the magnitude of the Nusselt numbers. 

Comparison between the numerical solutions and the meas
ured data for a wide range of conditions produced satisfactory 
results provided that the source region did not fill the entire 
cavity. For high flow rates and low rotational speeds, where 
the source region was large enough to ensure that Ekman-type 
layers never formed, the predicted values of Nu were signifi
cantly smaller than the measurements. Under the conditions 
that occur inside gas turbine rotors, the source region is unlikely 
to be too extensive, and the boundary-layer solutions should 
be sufficiently accurate for practical purposes. 

7 Conclusions 
The boundary-layer method used by Ong and Owen (1989) 

to compute the incompressible flow of fluid in a rotating cavity 
with a radial outflow has been extended to the case of heat 
transfer in compressible flow. For turbulent flow, the Cebeci • 
and Smith (1974) eddy-viscosity model was modified, and a 
turbulent Prandtl number of Pr, = 0.9 was used in the energy 
equation. For simplicity, the reverse-flow region was disre
garded in the Ekman-type layers. 

The computed local Nusselt numbers were in satisfactory 
agreement with Chew's (1982) solutions of the laminar elliptic 
equations and with the Chew and Rogers (1988) solutions of 
the turbulent integral equations. For the range of temperatures 
and flows considered, property variation had a negligible in-

(b)Re0=1-9Ox1O* 

1500 

0-2 04 T 0-6 0-

(c) R G , = 3 - 1 8 X 1 0 S 

Fig. 10 Effect of Re0 on the radial variation of the local Nusselt num
bers: C„= 1.4 x 10", Pr = 0.71, T„ increasing; I denotes edge of source 
region 

Downstream 
disk 

Upstream 
disk 

Data of Northrop and 
Owen (1988) 

Boundary-layer solutions 

fluence on the computed Nusselt numbers. However, for tur
bulent flow at large Eckert numbers, viscous dissipation could 
have a significant effect on the Nusselt numbers. 

The computed Nusselt numbers were also compared with 
measurements made by Northrop and Owen (1988) for an air-
cooled rotating cavity. For 1400 < C„ < 7000 and 6.50 x 
105 < Re0 < 3.29 x 106, the agreement between the measured 
and computed Nusselt numbers was mainly good. In the source 
region, the measured and computed Nusselt numbers increased 
in magnitude with increasing radius; in the Ekman-type layers 
outside the source region, the Nusselt numbers decreased with 
increasing radius. For the case where the temperature of the 
disk decreased radially, negative Nusselt numbers could occur 
near the outer edge of the disk. 

For Cy, = 14,000, the boundary-layer solutions underesti
mated the increase in heat transfer caused by the impingement 
of cooling air near the center of the downstream disk. Also, 
for conditions in which flow rates were high enough for the 
source region to fill the entire cavity, the computed Nusselt 
numbers tended to underestimate the measured values. How
ever, in gas turbine engines, where the source region is unlikely 
to be extensive, the boundary-layer equations should provide 
solutions of sufficient accuracy for design purposes. 
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Effect of Rib-Angle Orientation on 
Local Mass Transfer Distribution 
in a Three-Pass Rib-Roughened 
Channel 
In this experimental investigation of the heat transfer characteristics of turbulent 
air flow in a three-pass square channel, the test section consisted of three straight 
square channels jointed by two 180 deg turns, modeling the internal cooling passages 
of gas turbine airfoils. Naphthalene-coated ribs were attached to the top and bottom 
walls of the naphthalene-coated, three-pass channel. The rib height-to-hydraulic 
diameter ratio was 0.063; the rib pitch-to-height ratio was 10; the rib angles were 
90 and 60 deg. For a = 60 deg, both the crossed ribs (on two opposite walls of 
the cooling channel) and the parallel ribs (on two opposite walls of the cooling 
channel) were investigated. The combined effects of the two sharp 180 deg turns 
and the rib orientations on the distributions of the local mass transfer coefficient 
in the entire three-pass channel were determined. The rib angle, the rib orientation, 
and the sharp 180 deg turn significantly affect the local mass transfer distributions. 
The combined effects of these parameters can increase or decrease the mass transfer 
coefficients after the sharp 180 deg turns. The angled ribs, in general, provide higher 
mass transfer coefficients than the transverse ribs; the parallel ribs give higher mass 
transfer than the crossed ribs. 

Introduction 
For high thermal efficiency and high power density, the trend 

in advanced aeroengine design is toward high entry gas tem
perature (1400°-l500°C), far above the allowable metal tem
perature. Therefore, highly sophisticated cooling technologies 
such as film cooling, impingement cooling, and rib/pin aug
mented cooling are employed for blades and vanes of advanced 
gas turbine engines. This investigation focuses on the aug
mented heat transfer in turbine cooling passages with rib t a 
bulators. Since heat is transferred from the pressure and suction 
surfaces, rib turbulators (turbulence promoters) are cast only 
on two opposite walls of the cooling passages (i.e., inner walls 
of the pressure and suction surface) to enhance heat transfer 
to the cooling air, as shown in Fig. 1. A typical cooling passage 
can be modeled as a straight or a multipass rectangular channel 
with two opposite rib-roughened walls. In a straight rib-rough
ened channel, the effects of the turbulators' configuration 
(such as rib height, spacing, and angle), the flow channel aspect 
ratio, and the flow Reynolds number on the distributions of 
the local heat transfer and pressure drop have been reported 
(Han, 1984, 1988; Han et al., 1985; Han and Park, 1988). 

In a multipass rib-roughened channel, in addition to the rib 
turbulators and the flow channel aspect ratios, the effects of 
the sharp 180 deg turns on the distributions of the local heat 

Turbulence 
Promoters 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, To
ronto, Ontario, Canada, June 4-8, 1989. Manuscript received at ASME Head
quarters March 1989. Paper No. 89-GT-98. 

Shaped Internal Passages 

Fig. 1 Cooling concepts of a modern multipass turbine blade 
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transfer and pressure drop are important to the turbine cooling 
design. Boyle (1984) studied the effect of the sharp 180 deg 
turn on the local heat transfer coefficient in a two-pass square 
channel roughened by the transverse ribs. In two-pass smooth 
rectangular channels, Metzger and Sahm (1986) and Fan and 
Metzger (1987) studied the effect of the channel geometry (such 
as the before-turn and after-turn channel aspect ratios, and 
the turn clearance) on the regionally averaged heat transfer 
coefficient. With the naphthalene sublimation technique, the 
effect of the sharp 180 deg turn on the distributions of the 
local mass transfer coefficient around the turn region in a two-
pass square channel roughened by the transverse ribs and by 
the angled ribs was presented by Han et al. (1988) and by 
Chandra et al. (1988). 

After these studies of a two-pass square channel with rib 
turbulators by the naphthalene sublimation technique (Han et 
al., 1988; Chandra et al., 1988), some basic questions have 
been raised. The first question is whether the results from the 
two-pass channel can be applied for the three- or more pass 
channel. This is important because the cooling passages in the 
air-cooled turbine blades and vanes may have more than two 
passages, as shown in Fig. 1. The open literature contains no 
information on the distributions of the local heat transfer 
coefficient in such three-pass rectangular channels with rib 
turbulators. The other question is whether the mass transfer 
coefficients from the surfaces between the ribs will be affected 
by the thermal boundary condition of the ribs. In previous 
mass transfer studies, metallic ribs were turbulence promoters. 
Metallic ribs on mass transfer surfaces are equivalent to in
sulated ribs on heat transfer surfaces. It is important to clarify 
their effects on the surface mass transfer coefficients. 

This investigation is a continuation of the work of Han et 
al. (1988) and Chandra et al. (1988). The differences between 
this and the previous investigation are as follows. The previous 
investigations were for a two-pass square channel with one 
sharp 180 deg turn; this investigation is for a three-pass square 
channel with two sharp 180 deg turns. The previous investi
gation focused on the turn region; this focuses on the entire 
three-pass channel. Metallic ribs were attached on the naph
thalene-coated channel walls in the previous study; 
naphthalene-coated ribs are attached on the naphthalene-coated 
channel walls for this study. Two issues are emphasized in this 
study: (1) effects of the complicated interactions between the 
two sharp 180 deg turns and the rib orientations on the local 
mass transfer augmentation, and (2) comparison of the local 
mass transfer augmentation by the crossed ribs (on two op
posite walls of the cooling channels) and by the parallel ribs 
(on two opposite walls of the cooling channels) in the previous 
studies. 

In this experimental investigation of the heat transfer char
acteristics of turbulent air flow in a three-pass rib-roughened 
channel by the naphthalene sublimation technique, the test 
section consisted of three straight square channels jointed by 
two sharp 180 deg turns, modeling the internal cooling passages 
of gas turbine airfoils. Naphthalene-coated ribs were attached 
to the top and bottom walls of the naphthalene-coated, three-
pass, horizontal channel. The flow Reynolds number was 
30,000; the rib height-to-hydraulic diameter ratio was 0.063; 
the rib pitch-to-height ratio was 10; the rib angles were 90 and 
60 deg. The previous studies (Han et al., 1985; Han and Park, 
1988) indicated that 60 deg angled ribs give the highest heat 
transfer and the highest pressure drop penalty, whereas 45 deg 
angled ribs provide the optimum thermal performance for the 
same pumping power consumption. To maximize the highest 
heat transfer coefficients, 60 deg angled ribs were chosen for 
this study. For a = 60 deg, three different rib orientations 
were studied: The ribs on two opposite walls were parallel 
toward the same left-hand-side direction (parallel ribs—left 
direction); the ribs on two opposite walls were parallel toward 
the same right-hand-side direction (parallel ribs—right direc
tion); the ribs on two opposite walls were in the crossed di
rection (one toward the left-hand-side direction and the other 
toward the right-hand-side direction, crossed ribs). The com
bined effects of the two sharp 180 deg turns with the three 
different rib orientations on the distributions of the local mass 
transfer coefficient in the entire three-pass square channel were 
determined. The best rib orientation to produce the highest 
mass transfer coefficient was identified. Additional informa
tion on the present investigation may be found in a thesis by 
Zhang (1988). 

Experimental Apparatus and Procedure 

Apparatus. The test apparatus, an open air flow loop, con
sisted of the test section, a calibrated orifice flow meter, a gate 
valve, and a centrifugal fan. The test apparatus and the in
strumentation were in an air-conditioned laboratory. Figure 2 
is a schematic of the test section, a three-pass channel with a 
1.27 cm (0.5 in.) square cross section. The top, bottom, and 
two side walls of the channel were made of 1.27 cm (0.5 in.) 
thick aluminum plates; the two divider walls were made of two 
0.159 cm (0.0625 in.) thick aluminum plates bonded back-to-
back with double-sided tape. The thickness of each of the two 
divider walls was 0.25 times the channel width (1.27 cm); the 
turn clearance of each of the two sharp 180 deg turns was 
equivalent to the channel width (1.27 cm); and the length of 
each of the three straight sections of the test channel was 12 
times the channel width (1.27 cm). All the dimensions were 

Nomenclature 

D = channel width; also channel hy- Re = 
_ draulic diameter 
D = diffusion coefficient, equation Sc = 

(5) 
e = rib height Sh = 

h,„ = local mass transfer coefficient, 
equation (2) Sh0 = 

m" = local mass transfer rate per unit _ 
area, equation (1) Sh = 

Nu = Nusselt number = 

P = rib pitch Sh = 
Pr = Prandtl number of air 

Pw = naphthalene vapor pressure at At = 
the wall, equation (4) 

Reynolds number based on Tw = 
channel hydraulic diameter 
Schmidt number for naphtha- X = 
lene 
local Sherwood number, equa- A2 = 
tion (5) 
Sherwood number of fully de- « = 
veloped turbulent tube flow v -
average Sherwood number in pb = 
each pass of the channel 
average Sherwood number in Ps = 
the entire three-pass channel 
duration of the test run, equa- Pw = 
tion (1) 

naphthalene wall temperature, 
equations (3) and (4) 
axial distance from channel en
trance 
measured change of elevation 
at the measurement point 
rib angle of attack 
kinematic viscosity of pure air 
bulk naphthalene vapor den
sity, equation (2) 
density of solid naphthalene, 
equation (1) 
local naphthalene vapor density 
at wall, equation (2) 
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Fig. 2 Sketch of the test section 

selected so that the test channel modeled the actual internal 
cooling passages of turbine airfoils. The test section was de
signed and constructed for rapid assembly and disassembly. 
The entire test assembly was secured with machine screws. 

All the inside surfaces of the three straight sections of the 
test channel, and those at the 180 deg turn between them, were 
coated with naphthalene in a casting process against a highly 
polished, flat, stainless steel plate. For the roughened channel 
test, the brass ribs coated with naphthalene, with a 0.079 cm 
(0.0313 in.) square cross section, were glued on the naphtha
lene-coated, top and bottom surfaces of the three-pass channel. 
The naphthalene-coated ribs were also placed in the two-turn 
clearance regions. 

A smooth square channel (with length 12 times the width) 
was attached to the entrance of the test section. This smooth 
entrance channel ensured a fully developed flow before en
tering the test section. The entire test section was oriented 
horizontally. During test runs, air was drawn through the test 
section from the naphthalene-free laboratory (by suction). On 
exiting the fan, the air was ducted to the outside of the building. 

Separate experiments were conducted to determine the dis
tributions of the local pressure drop in the similar three-pass 
square channel fabricated of plexiglass. The results of pressure 
loss distributions and friction factor correlations in the three-
pass square channel and three-pass rectangular channels with 
rib turbulators are given by Zhang (1988) and Han and Zhang 
(1989). 

Instrumentation. The instrumentation, procedure, and data 
reduction are similar to those of Han et al. (1988) and Chandra 
et al. (1988). The distributions of the local mass transferred 
away from the naphthalene surfaces before and after the test 
runs were determined by a programmable indexer (which can 
automatically control the stepping motor), a Starret electrical 
depth gage (with a resolution of 0.0000254 cm or 0.00001 in.), 
and a Texas Instrument personal computer (with an A to D 
board converter). The surfaces of the test section were meas
ured in X-Ydirections on a coordinate table. The gaging head 
was fixed to a stand mounted on the stationary base of the 
coordinate table and was hung over the naphthalene surface 
to be measured. To measure the elevation at a point on the 
naphthalene surface, the platform of the coordinate table was 
moved by the stepping motor so that the gaging head rested 
against the surface at the measurement point. The deflection 
of the tip of the gaging head was converted into an electrical 
signal (d-c voltage) by the amplifier. The signal was recorded 
on a Texas Instrument personal computer connected to the 
amplifier through an A/D converter. 

Six 36-gage, copper-constantan thermocouples with a six-
channel, digital temperature indicator recorded the tempera
ture of the naphthalene surfaces during the test runs. 

Procedure. After all the naphthalene plates (the top, bottom, 
two side walls, two divider walls, and two end walls) were 
prepared under a fume hood, they were sealed tightly in plastic 
bags to prevent natural sublimation of the naphthalene and 
left in the laboratory for 8-10 hours to attain thermal equi
librium. Before a test run, the surface contours of all the 

C.L 

60" Parallel Ribs Toward Left Direction 

I.L. = inner Line 
C.L. = Center Line 
O.L. = Outer Line 

£ 
^^^a^fppp^m 

= 60- Parallel Ribs Toward Right Direction 

Fig. 3 
15 Measurement Points Between Every Two Ribs 

Measurement points for typical ribbed channels 

naphthalene plates placed on the coordinate table were meas
ured and recorded. The measurements at the two solid metal 
edges of each naphthalene plate, the reference data, were re
quired in order to get an equation for the plane of the plate. 
With reference to that plane equation, the elevations at various 
measurement points were calculated. The elevation measure
ment points for typical ribbed channel experiments are shown 
in Fig. 3 for a = 60 deg parallel ribs toward the left and right 
direction. There are 15 measurement points between every two 
ribs (5 in the stream wise and 3 in the span wise direction). 

In a ribbed channel test run, brass ribs were glued to the 
appropriate naphthalene surfaces in a predetermined config
uration. Before the test run, naphthalene in crystal form was 
heated above its melting point and then coated uniformly on 
the brass ribs with a fine brush. Separate tests were conducted 
to examine the uniformity of the naphthalene coating on the 
ribs. Samples of napthalene-coated ribs were prepared. The 
uniformity of typical naphthalene-coated ribs was determined 
by measuring rib height profiles at five discrete locations along 
the rib axes with a micrometer. The thickness of the coated 
layer on the ribs was about 0.01 cm. The maximum nonuni-
formity on the surface of the naphthalene-coated ribs was 
calculated as 6 percent. 

The test section was then assembled and attached to the test 
rig. Air was drawn through the test section and a calibrated 
orifice flowmeter at the required Reynolds number for about 
35 minutes. During the test run, the temperatures at the six 
stations on the naphthalene surfaces were recorded. After the 
test run, the contours of the naphthalene surfaces were meas
ured and recorded again on the same measurement points. 
From the before-run and after-run surface contour measure
ments, the depth changes at various points were calculated. 
Note that these mass transfer measurements were performed 
on the surfaces between every two ribs, not including meas
urements on and around naphthalene-coated ribs (see Fig. 3). 
The coating was partially removed from the parts of the rib 
surfaces at the end of the test run. Five test runs were per
formed. The test conditions of the runs are given in Table 1. 
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Table 1 Test conditions for the present investigation 

Case No. Channel Condition Rib Orientation P/e e/D 

1 

2 

3 

4 

5 

Smooth 

a = 90° 

a = 60° 

a = 60° 

a = 60° 

None 

Transverse Ribs 

Parallel Ribs 
(Left Direction) 

Parallel Ribs 
(Right Direction) 

Crossed Ribs 

0 

10 

10 

10 

10 

0 

0.063 

0.063 

0.063 

0.063 

S
H

/S
H

o 

Data Reduction 

Local Sherwood Number. The local mass flux at any meas
urement point is calculated by the following equation: 

m" = PsAZ/At (1) 
where AZ is the measured change of elevation at the meas
urement point and At is the duration of the test run. 

The local mass transfer coefficient is defined as 

m"/(ftw - pb) (2) 
where the bulk naphthalene vapor density is the cumulative 
mass transferred from the naphthalene surfaces to the air-
stream divided by the air volumetric flow rate. The local vapor 
density is determined by the perfect gas law and the vapor 
pressure-temperature relationship and the measured surface 
temperature (Sogin, 1958): 

Pw = PW/{RVTW) (3) 

Iogio PW = A- B/Tw (4) 
where Rv, A, and B are given by Sogin (1958). 

The local Sherwood number is defined as 
Sh = hm D/D = hm D/{v/Sc) (5) 

where the Schmidt number Sc is 2.5 for naphthalene (Sogin, 
1958). Based on the heat and mass transfer analogy (Sogin, 
1958), the local Sherwood number is converted to the corre
sponding local Nusselt number as 

Nu = (Pr/Sc)04 Sh (6) 
where the Prandtl number is 0.707 for air at room temperature. 

The Nusselt number for fully developed turbulent tube flow 
correlated by McAdams (1954) 

Nu0 = 0.023 Re08 Pr04 (7) 
was the reference for comparison. By combining equations (5), 
(6), and (7), the experimentally determined local Sherwood 
number is normalized by the Sherwood number for fully de
veloped turbulent tube flow as follows: 

Sh/Sh0 = {hm Z>/D)/[0.023 Re0'8 Pr0'4 (Sc/Pr)04] (8) 

Uncertainties in Data Reduction. Separate experiments were 
conducted to determine the mass losses from the various naph
thalene surfaces by natural convection when the surface con
tours were measured and when the ribs were glued to the 
appropriate naphthalene surfaces. The total mass losses by 
natural convection were no more than 4 percent of the total 
mass transfer during the test run. The mass losses were sub
tracted from the mass transfer at the various measurement 
points in the local mass transfer coefficient calculations. 

Since the surface contours were measured at discrete points 
along three axial lines on the naphthalene surfaces as shown 
in Fig. 3, errors were introduced into the calculations of the 
bulk naphthalene vapor densities (pb) that were determined 
from the cumulative mass transferred into the airstream. The 

O u t e r Line 
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I n n e r Line 
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Re = 30,000 
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X/D 

Fig. 4 Local Sherwood number ratio for a smooth channel (case 1) 

values of the bulk vapor density were small, with a maximum 
of about 10 percent at the end of the third straight section of 
the test channel, compared to those of the local naphthalene 
vapor density at the wall (pw). Therefore, the maximum un
certainty in the calculation of (pw - pb) was estimated to be 
6 percent. The uncertainty in the calculations of the density 
of solid naphthalene, ps, the elevation measurement, AZ, and 
the duration of the test run, At, were estimated to be 1.5, 3, 
and 3 percent, respectively. The maximum uncertainty of the 
local Sherwood number was determined to be about 7 percent 
by the uncertainty estimation method of Kline and McCIintock 
(1953). 

Experimental Results and Discussion 
Results for Smooth Channel. The local mass transfer results 

are presented as the axial distributions of a dimensionless Sher
wood number ratio Sh/Sh„, as given in equation (8). Typical 
results of the top-wall Sherwood number ratios for the smooth 
channel are shown in Fig. 4 for Re = 30,000 (case 1). Results 
of the side-wall and divider-wall Sherwood number ratios for 
the same smooth channel are from Zhang (1988). In the first 
pass {X/D = 0-11), the Sherwood number ratios along the 
inner line, the center line, and the outer line on the top wall 
decrease monotonically with increasing axial distance until the 
Sh/Sh„ ratios reach a value of one at X/D — 10. 

Entering the first turn region {X/D = 11-13), the Sh/Sh„ 
ratios increase rapidly because of the secondary flow effect of 
the sharp 180 deg turn. It is conjectured that the lower Sh/ 
Sh0 ratios at X/D = 12.5-13 are due to the flow separation 
at the tip of the divider wall. The high Sh/Sh0 ratios along the 
inner line at X/D = 13.5 are due to the flow reattachment 
and the flow being pushed back toward the first divider wall 
after the turn; the peaks in the Sh/Sh0 ratios along the outer 
line at X/D = 14.5 are caused by the flow being pushed back 
toward the second divider wall. After the first turn, the Sh/ 
Sh0 ratios in the second pass {X/D = 13-23) are higher than 
those in the first pass. The Sh/Sh0 ratio distributions in the 
first two passes are similar to those of Han et al. (1988). The 
distributions of the local Sh/Sh0 ratios in the second turn region 
{X/D = 23-25) and in the third pass {X/D = 25-36) show 
the same trend as those in the first turn region and the second 
pass, respectively. This implies that the mass transfer coeffi
cients in the third pass after the second turn are reproducible 
from those in the second pass after the first turn. 

Results for Ribbed Channel. The distributions of the ribbed-
wall (top-wall) Sherwood number ratios along the three axial 
lines with a = 90 deg {P/e = 10, e/D = 0.063) are shown in 
Fig. 5 for Re = 30,000 (case 2). The center line Sherwood 
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Fig. 6 Local Sherwood number ratio for a ribbed channel with a = 60 
deg parallel ribs toward left direction (case 3) 

number ratios in the case of the smooth channel for Re = 
30,000 are included for comparison. Results of the side-wall 
and the divider-wall Sherwood number ratios for the same 
ribbed channel with a = 90 deg are given by Zhang (1988). 
In the first pass, the axial Sh/ShD distributions on the top wall 
become a periodic pattern with a small span wise variation. 
The Sh/Sh0 ratios reach the maximum values at the points of 
flow reattachment, slightly upstream of the midpoints between 
adjacent ribs (i.e., P/e — 4). 

In the second pass, the top-wall Sh/Sh0 distributions are 
generally higher than those in the first pass of the channel. 
There is an increase in the Sh/Sh0 in the spanwise direction 
toward the outer line because of the flow turning effect. Farther 
downstream of the turn, the peak values between adjacent ribs 
in the Sh/Sh0 ratios decrease gradually and the spanwise vari
ation becomes smaller. The Sh/Sh0 ratio distributions in the 
first two passes are similar to those reported by Chandra et 
al. (1988). The distributions of the local Sh/Sh0 ratios in the 
third pass show the same trend as those in the second pass of 
the channel. This implies that the mass transfer coefficients in 
the third pass after the second turn are reproducible from those 
in the second pass after the first turn. 

Effect of Rib Angle. The distributions of the ribbed-wall 
Sherwood number ratios along three axial lines with a = 60 
deg parallel ribs toward the left-hand direction (P/e = 10, e/ 
D = 0.063) are shown in Fig. 6 for Re = 30,000 (case 3). In 
the first pass, the magnitude of the variations of the ribbed-
wall Sh/Sh0 in the spanwise direction is comparable to those 
of the axial periodic Sh/Sh0 distributions; the values of Sh/ 
Sh0 along the outer line are always higher than the correspond
ing values along the inner line. It is conjectured that these 
spanwise variations of Sh/Sh0 are caused by the secondary 
flow (broken lines in the upper corner sketch of Fig. 6) along 
the rib axes (rib orientations) from the outer line toward the 
inner line. This secondary flow increases its strength from the 
entrance and produces the maximum Sh/Sh0 at X/D = 7. 

In the second pass, the spanwise Sh/Sh0 ratios show the 
same trend as those in the first pass of the channel. Again, 
the higher Sh/Sh0 ratios along the outer line are caused by the 
secondary flow along the rib axes from the outer line toward 
the inner line after the first 180 deg turn. In the third pass, 
however, the Sh/Sh0 ratios immediately after the second 180 
deg turn are much lower than those in the second pass of the 
channel. This may be caused by the conflicting interaction of 
the main flow (solid line in the upper corner sketch of Fig. 6), 
which is forced toward the second divider wall due to the turn, 
and the secondary flow (broken lines in the same sketch) along 
the rib axes toward the side wall. The Sh/Sh0 ratios increase 
gradually when the flow is redeveloped at the end of the third 
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Fig. 7 Local Sherwood number ratio for a ribbed channel with a 
deg parallel ribs toward right direction (case 4) 

60 

pass. To eliminate the low Sh/Sh0 ratios after the second 180 
deg turn, the ribs in the third pass should be oriented in a 
different 60 deg orientation from those in the second pass of 
the channel. If the ribs in the third pass are rearranged in a 
different 60 deg orientation from those in the second pass, the 
mass transfer coefficients in the third pass should be repro
ducible from those in the second pass. 

Effect of Rib Orientation. Figure 7 shows the results for a 
= 60 deg parallel ribs toward the right-hand direction (P/e -
10, e/D = 0.063) and Re = 30,000 (case 4). Both cases 3 and 
4 are for a = 60 deg parallel ribs but in a different rib ori
entation. As shown in Fig. 7, the low Sh/Sh0 ratios after the 
first 180 deg turn are observed. This may be caused by the 
conflicting interaction of the main flow, which is forced toward 
the inner line because of the turn, and the secondary flow 
along the rib axes toward the outer line (see upper corner sketch 
in Fig. 7). To prevent the low Sh/Sh0 ratios after the first 180 
deg turn, the ribs in the second pass should be oriented in a 
different 60 deg direction from those in the first pass of the 
channel. In the first pass, the Sh/ShD ratios along the inner 
line are higher than those along the outer line because of the 
secondary flow along the rib axes toward the outer line. The 
results are the same in the third pass in which the secondary 
flow and the main flow turn toward the outer line, producing 
higher Sh/Sh0 ratios along the inner line (square symbols in 
the third pass in Fig. 7). 

In a comparison of Figs. 7 and 6, the Sh/Sh0 ratios along 
the inner line are always higher than the corresponding values 

Journal of Turbomachinery JANUARY 1991, Vol. 113/127 

Downloaded 01 Jun 2010 to 171.66.16.65. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



X/D 
Fig. 8 Local Sherwood number ratio for a ribbed channel with a 
deg crossed ribs (case 5) 

60 

4 -

2 -

A -

2 -

- e -

-»-

SMOOTH CHANNEL 
a = 90° TRANSVERSE RIBS 

a =60° PARALLEL LEFT 

^^^^^M®? FIRST TURN 

1 1 

TOP WALL 
Re = 30,000 
e/D = 0.063 
F/e = 10 

1 

I ^Wkljg^^^ 

—H- o = 60° PARALLEL LEFT 

—&— a = 60° PARALLEL RIGHT 

- B - a = 60° CROSSED RIBS 

K Ry81* 

SECOND TUflN 

1 1 

X/D 

Fig. 9 Rib-pitch averaged Sherwood number ratio for all cases studied 

along the outer line for case 4; the reverse is true for case 3 
because of the different rib orientation. The rib orientations 
(and therefore the Sh/Sh0 ratios) in the second pass and the 
third pass of case 4 are similar to those in the third pass and 
the second pass of case 3, respectively. 

Effect of Crossed Ribs. Figure 8 shows the results for the 
top wall Sh/Sh0 ratios with a = 60 deg parallel ribs toward 
the left direction (P/e = 10, e/D = 0.063) and Re = 30,000, 
but the ribs on the opposite (bottom) wall toward the right 
direction (crossed ribs, case 5). The top-wall Sh/Sh0 ratios in 
Fig. 8 (crossed ribs case) are much lower than those in Fig. 6 
(parallel ribs case). As shown in Fig. 8, the top-wall Sh/Sh0 
ratios are low in regions before the first turn and before and 
after the second turn. The lower Sh/Sh0 ratios for the crossed 
rib orientation may be caused by the cancellation of the sec
ondary flow generated by the rib axes from the top and bottom 
walls (see upper corner sketch in Fig. 8). The results shown in 
Fig. 8 are repeatable. The lower mass transfer coefficients 
obtained with crossed ribs as opposed to parallel ribs are similar 
to those reported by Metzger and Vedula (1987) in a straight 
triangular cross-sectional channel with a transient heat transfer 
method. It is conjectured that the flow pattern induced by the 
cross ribs contains a single cell of secondary flow whereas the 
parallel ribs generate a pair of counterrotating cells. For cool
ing design, the parallel ribs (between the top and bottom walls) 
are recommended instead of the crossed ribs. Details of Sher
wood number ratio between ribs in the before-turn region of 
the first-pass channel (X/D) = 8.09-9.44) are tabulated in 
Table 2 for cases 2, 3, 4, and 5. 

Table 2 Details of Sherwood number ratio between ribs in the before-
turn region of the first-pass channel (XID= 8.09 to 9.44, two rib spacings) 

Case 2 oc = 90° transverse ribs 

X/D X/D = 9.44 

2.4 2.0 2.9 2 .8 2.7 

2.A 2 . 9 2 . 9 2.3 2 . 6 

2 .1 2.9 2.9 2.S 2 . 6 

2 . 5 2.B 2 . 8 2 . 6 2 . S 
Main 

Flow 

Case 3 <x ̂  60° parallel ribs left direction 

X/D = 8.09 X/D = 9.. 

Case 4 a = 60° p a r a l l e l r i b s r i gh t d i r ec t ion 

X/D = 8.09 X/D = 9.44 

Case 5 a = 60° c ros sed - r ib s 

X/D = 8.09 X/D = 9.44 

Pitch-Averaged Sherwood Number Ratios. To compare the 
mass transfer performance for the different rib orientation, 
the rib-pitch averaged Sherwood number ratios against the XJ 
D ratio are given in Fig. 9 for Re = 30,000 and P/e = 10, e/ 
D = 0.063. Every rib-pitch averaged Sherwood number ratio 
represents the average value of the 15 local Sh/Shfl ratios be
tween every two ribs (five in the streamwise and three in the 
span wise direction, as shown in Fig. 3). Figure 9 shows that 
in the first pass and the second pass of the channel, the Sh/ 
Sh0 ratios with a = 60 deg parallel ribs left direction (case 3) 
are higher than those with a = 60 deg parallel ribs right 
direction (case 4), with a = 60 deg crossed ribs (case 5), and 
with a = 90 deg transverse ribs (case 2), respectively. In the 
third pass of the channel, however, the Sh/Sh0 ratios with a 
• = 60 deg parallel ribs left direction (case 3) can be lower or 
higher than other cases of rib orientations. The Sh/Sh0 ratios 
with a = 60 deg parallel ribs left direction (case 3) are always 
higher than those with a = 60 deg crossed ribs (case 5) in the 
entire three-pass channel. 

Note in the before-turn region of the first pass (X/D = 5-
10), that the pitch-averaged Sherwood number ratios for 60 
deg parallel ribs left direction (case 3) are higher than those 
for 60 deg parallel ribs right direction (case 4). The lower Sh/ 
Sh0 ratios for case 4 may be caused by the conflicting inter-
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Fig. 11 Comparison between this study and previous investigations 

action of the main flow, which is forced toward the inner line 
when approaching the first turn, and the secondary flow along 
the rib axes toward the outer line (see upper corner sketch in 
Fig. 7). 

Pass-Averaged Sherwood Number Ratios. The average top-
wall Sherwood number ratios, Sh/Sh0, in the first pass (X/D 
= 0-11), the first turn (X/D = 11-13), the second pass (X/ 
D = 13-23), the second turn (X/D = 23-25), and the third 
pass (X/D = 25-36) of the flow channel versus the rib angle 
of attack (cases 2 and 3) are shown in Fig. 10 (bottom) for Re 
= 30,000 and P/e = 10, e/D = 0.063. The results for the 
smooth channel (case 1, a = 0 deg) are included for com
parison. In the first pass, the first turn, the second pass, and 
the second turn of the channel, the Sh/Sh0 ratios increase with 
decreasing rib angle and then decrease with further decreasing 
rib angle of attack from 60 degjsee Fig. 10). In the third pass 
of the channel, however, the Sh/Sh0 ratios decrease mono-
tonically with decreasing rib angle. Figure 10 also shows that 
the Sh/Sh0 ratios increase when the flow moves from the first 
pass to the second pass for a = 90 and 0 deg, respectively, 
but the Sh/Sh0 ratios in the third pass are about the same as 
those in the second pass; the Sh/Sh0 ratios remain constant in 
each pass of the channel for a = 60 deg; the Sh/Sh0 ratios in 
the second turn are higher than those in the first turn for a 
= 90, 60, and 0 deg. The average top-wall Sherwood number 
ratios for all cases studied are tabulated in Table 3. _ 

The entire three-pass overall Sherwood number ratios (Sh/ 
Sh0) on the top wall of the channel against the rib angle are 
also shown in Fig. 10 (top) for all cases studied. The 60 deg 

Case No. 

1 

2 

3 

4 

5 

First 
Pass 

1.13 

2.17 

3.50 

3.-22 

2.65 

First 
Turn 

1.86 

2.67 

2.79 

2.26 

2.25 

Second 
Pass 

1.81 

3.12 

3.50 

2.80 

2.87 

Second 
Turn 

2.18 

2.97 

3.37 

3.04 

3.06 

Third 
Pass 

1.78 

3.35 

3.38 

3.37 

2.56 

parallel ribs left direction (case 3) produce the highest overall 
Sherwood number augmentation of the rib orientations stud
ied. Note that the 60 deg crossed ribs produce a lower overall 
mass transfer augmentation than the transverse ribs (a = 90 
deg). 

Comparison With Previous Investigations. In Fig. 11, the 
average ribbed-wall Sherwood number ratios on the first pass 
of the channel (Sh/Sh0) for a = 90 and 60 deg were compared 
with the average ribbed-wall mass transfer data (correlation) 
on the before-turn region (the first pass) reported by Chandra 
et al. (1988), and with the average heat transfer data (corre
lation) of Han et al. (1985). Note that the present mass transfer 
study used the naphthalene-coated ribs as turbulence pro
moters but the previous study (Chandra et al., 1988) used the 
metallic ribs. Figure 11 shows that the present mass transfer 
results in the first pass compare well with the published mass 
transfer correlations. The present mass transfer results for a 
= 90 deg and a = 60 deg are 4 and 6 percent higher than the 
previous mass transfer correlation, respectively, implying that 
the mass transfer coefficients from the surfaces between ad
jacent ribs are not affected significantly by either naphthalene-
coated or metallic ribs. 

The previous heat transfer data from Han et al. (1985) were 
obtained for flow in a uniformly heated, straight, square chan
nel with two opposite ribbed walls, and with the same values 
of e/D, P/e, a, and Re as those of the present mass transfer 
study. In the previous study, heat was transferred from the 
ribs and from the surface between adjacent ribs, but the area 
for the average heat transfer coefficient calculations was only 
the original smooth surface area not including the area from 
the ribs. Based on the heat and mass transfer analogy, the 
Nusselt number ratios from Han et al. (1985) are converted to 
Sherwood number ratios for comparison. 

As seen from Fig. 11, the present mass transfer results for 
a = 90 deg and a = 60 deg are 12 and 10 percent higher than 
the previous heat transfer data (Han et al., 1985). Note that, 
in the present mass transfer study, the mass transfer coeffi
cients were determined only from the surfaces between adjacent 
naphthalene-coated ribs, not from those on and around the 
naphthalene-coated ribs. In real turbine cooling passages, the 
total heat transfer rates are from the ribs and from the surfaces 
between adjacent ribs. 

Concluding Remarks 

The effects of rib-angle orientation on local mass transfer 
distributions in a three-pass square channel with a pair of 
opposite rib-roughened walls have been investigated. The main 
findings are as follows: 

1 In the smooth channel, the second-pass mass transfer 
coefficients are 60 percent higher than the first-pass because 
of the sharp 180 deg turning effect. The third-pass mass trans
fer coefficients, however, are about the same as those in the 
second pass of the channel. 
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2 In the ribbed channel, the second-pass mass transfer 
coefficients with 90 deg ribs are 15 percent higher than those 
in the first-pass because of the sharp 180 deg turning effect. 
The third-pass mass transfer coefficients are 7 percent higher 
than those in the second-pass of the channel. For 60 deg parallel 
ribs left direction (case 3), average mass transfer coefficients 
are about the same in each pass of the channel. Results from 
smooth and ribbed channel tests indicate that the mass transfer 
coefficients in the third pass are about the same as those in 
the second pass of the channel. 

3 In comparing 60 deg parallel ribs left direction (case 3) 
to 90 deg transverse ribs, the mass transfer coefficients in the 
first pass are 30 percent higher because of the rib-induced 
secondary flow effect. The mass transfer coefficients are still 
12 percent higher in the second pass and level off in the third 
pass, suggesting that the rib-induced secondary flow effect is 
balanced with the sharp 180 deg turning effect when the flow 
moves consecutively into the second and third passes of the 
channel. 

4 For angled ribs, the mass transfer coefficients with 60 
deg parallel ribs left direction (case 3) are higher than those 
with 60 deg ribs right direction (case 4) and with 60 deg crossed 
ribs (case 5). For all cases studied, the 60 deg parallel ribs left 
direction (case 3) gives the highest mass transfer coefficients 
in each pass of the channel. To improve mass transfer uni
formity for case 3, it is recommended that the 60 deg parallel 
ribs in the third-pass be oriented toward the "right direction" 
instead of "left direction." 

5 The combined effects of the sharp turn and the rib-angle 
orientation can increase or decrease the mass transfer aug
mentation immediately after the sharp turn. The rib-angle ori
entation is a guide for heat transfer design in turbine cooling 
passages. 

6 The published heat transfer results for straight ribbed 
channels can be applied to the design of the first pass in mul
tipass ribbed cooling channels in a turbine blade. 

7 The average mass transfer coefficients from the surfaces 
between adjacent ribs with mass transfer active rib surfaces 
are not significantly different from those of previous studies 
with metallic ribs. 
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Assessment of Laminar-Turbulent 
Transition in Closed Disk 
Geometries 
Finite-difference solutions are presented for rotationally induced flows in the closed 
space between two coaxial disks and an outer cylindrical shroud, in which there is 
no superimposed flow. The solutions are obtained with an elliptic-flow calculation 
procedure and an anisotropic low turbulence Reynolds number k-e model for the 
estimation of turbulent fluxes. The transition from laminar to turbulent flow is 
effected by including in the energy production term a small fraction (0.002) of the 
"turbulent viscosity" as calculated from a simple mixing length model. This level 

for the artificial energy input was chosen as that appropriate for transition at a local 
rotational Reynolds number of3x 10s for the flow over a free, rotating disk. The 
main focus of the paper is the rotor-stator system, for which the influence of 
rotational Reynolds number (over the range ltf-lO1) is investigated. Predicted 
velocity profiles and disk moment coefficients show reasonably good agreement 
with available experimental data. The computational procedure is then extended to 
cover the cases of corotating and counterrotating systems, with variable relative disk 
speed. 

1 Introduction 
A turbine or compressor disk rotating near a stationary 

casing can be modeled in terms of the idealized rotor-stator 
system of Fig. 1, in which the rotor is shown as the right-hand 
disk. (Also shown in the figure are details of the coordinate 
system used in this paper and the geometric parameters relevant 
to the system.) Throughout this work, the outer shroud has 
been taken as stationary, while the internal flow boundary may 
be either an axis of symmetry or the surface of a rotating shaft. 
It may be noted, however, that the effects of the inner and 
outer flow boundaries are apparently very localized and do 
not permeate to the flow structure in the bulk of the cavity 
space (at least for small values of a/b). Although the system 
is often subjected to a superimposed radial outflow or inflow 
of cooling air, the present investigation is restricted to closed 
geometries, for which there is no such superimposed flow and 
it is assumed that there is neither ingress nor egress of fluid 
through any clearance spaces that may be present between the 
disks, the shroud, and the central shaft. 

For the rotor-stator system, Daily and Nece (1960) identified 
four possible flow regimes, viz. laminar or turbulent flow, 
with merged or separated boundary layers on the disks. The 
delineation of the flow between these four regimes is dependent 
on both the rotational Reynolds number, Res (= wb2/v), where 
co is the angular velocity of the rotor, and the gap ratio, G 

Contributed by the International Gas Turbine Institute and presented at the 
34th International Gas Turbine and Aeroengine Congress and Exhibition, To
ronto, Ontario, Canada, June 4-8, 1989. Manuscript received at ASME Head
quarters January 27, 1989. Paper No. 89-GT-179. 

( = s/b), with merged boundary layers being typical of a small 
axial clearance between the disks. Additionally, the transition 
from laminar to turbulent flow was estimated to occur at a 
radial location corresponding to a local rotational Reynolds 
number, Re* [ = (r/b)2Ree] of approximately 1.5 XlO5. 

This paper presents results illustrating the effect of Re# over 
the range 105-107 for a fixed value of G = 0.1. Streamline 
contours in the r-z plane obtained for some of these flow 
conditions are shown in Fig. 1. The values associated with the 
streamlines denote mass flow rates normalized with the product 
of the molecular viscosity and the outer cavity radius, and as 
such are independent of the fluid properties for incompressible 
flow. In each case, the basic flow structure is the same, cen
trifugal effects giving rise to a radial outflow of fluid over the 
rotor and a radial inflow over the stator. The entire flow forms 
a single vortex, which recirculates about a center close to the 
shroud. In the central regions of the flow, a weak "axial wind" 
of flow represents the detachment of fluid from the boundary 
layer on the stator, prior to its entrainment into the boundary 
layer on the rotor. 

Figures 1(a), 1(b), and 1(c) show the existence of separate 
boundary layers on the disks, a central flow region being ap
parent, where the radial velocity component is essentially zero. 
In Fig. 1(d), the reduced axial spacing (G = 0.04) has clearly 
resulted in some interaction between the boundary layers and 
the central core region of the flow is largely suppressed. Com
parison with Fig. 1(b) (for the same value of Re#) shows that 
the lower gap ratio reduces the total entrained flow rate by 
about 55 percent. At Res= 105 (Fig. la), the predicted flow is 
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Fig. 1 Predicted streamlines tor flow in rotor-stator geometry: (a) 
Re, = 10s, (b) Re„ = 106, (c) Re„ = 107, all with alb = 0, G = 0.1, (d) Re, = 
106, alb = 0, G = 0.04, (e) flow geometry and coordinate system 

completely laminar. As the rotational Reynolds number is in
creased, the transition to turbulent flow occurs at a progres
sively earlier radius, this corresponding to a location of 
r/b~0A4 at Ree= 107 (Fig. lc). 

Experimental data for flows in closed rotor-stator systems 
have been obtained by Daily and Nece (1960) and Daily et al. 
(1964). The data encompass rotational Reynolds numbers up 
to 4.4 x 106, made feasible by the use of a variety of fluids, 
including air, water, and oils of differing viscosity. Although 
pressure differences increase rapidly with rotational speed, the 
assumption of incompressible flow, used here with air as the 
working fluid, is valid as the measurements at the highest values 
of Re9 were obtained using liquids. Furthermore, the symmetry 

conditions established in the experiments justify the assump
tion of closed disk geometries used in this investigation. 

Computation of these flows is accomplished here via a finite-
difference solution of the governing elliptic equations for 
steady, axisymmetric, and incompressible flow. In spite of the 
seemingly complex nature of the strain field in wall-bounded 
rotating flows, there is evidence that fairly simple turbulence 
models are capable of predicting such flows with sufficient 
accuracy for engineering design calculations. For instance, 
Vaughan and Turner (1987) and Chew and Vaughan (1988) 
have published predictions for flows in rotor-stator systems, 
using an isotropic mixing length model, which generally lie 
within the uncertainty bounds of the experimental measure
ments. However, one effect of using a mixing length approach 
is that a very rapid transition to turbulent flow often occurs, 
which invalidates the model for calculation of regions of the 
flow space where laminar flow prevails. While it is acknowl
edged that flows in real-engine geometries will usually be fully 
turbulent in nature, verification of a computational procedure 
depends on comparison of calculations with experimental data 
obtained under conditions where the flow may be subject to 
the effects of laminar-turbulent transition. Furthermore, mix
ing length models are largely incapable of predicting the re
verse-transition process, where turbulent flow may relaminarize 
under appropriate circumstances. 

In both the above respects, a low turbulence Reynolds num
ber k-e (energy-dissipation) model has a greater potential than 
the mixing length approach. Using a modified version of the 
k-e model of Jones and Launder (1972), Morse (1988, 1989) 
obtained predictions for flows in rotating cavities with a su
perimposed radial outflow or inflow, which were in good agree
ment with the available experimental data over a wide range 
of flow conditions. However, closed disk geometries differ 
from the rotating cavity in being bounded by four impermeable 
walls (or three walls and an axis of symmetry). An analogy 
can be drawn here with a two-dimensional, steady-state con
duction problem in which uniform and equal temperatures exist 
at all the boundaries of the domain. Without a source of heat 
that is independent of temperature difference, the only possible 
solution is that of a uniform temperature everywhere. Like
wise, in closed disk geometries, the boundary conditions on 
the turbulent kinetic energy demand that k = 0 everywhere and 
hence only a laminar-flow solution can result, whatever the 
value of the rotational Reynolds number. This clearly contrasts 
with experimental evidence, where increasing Ree has the effect 
of promoting a progressively earlier transition. 

N o m e n c l a t u r e 

G 
Gk 

k 
M 

m 
r 

Re« 

Re* 

inner cavity radius 
outer cavity radius 
moment coefficient = 
M/Vip^tf 
numerical coefficient in turbu
lent model 
gap ratio = s/b 
production rate of turbulent 
kinetic energy 
turbulent kinetic energy 
frictional moment = 

2-!ryTe,zdr 

mass flow rate 
radial coordinate 
rotational Reynolds number = 
wb2/v 
local rotational Reynolds num
ber = wp-fv 

s = disk spacing 
U = time-averaged radial velocity 

component 
UjUj = Reynolds stress tensor 
uv = turbulent shear stress in r-6 

plane 
uw = turbulent shear stress in r-z 

plane 

UT = friction velocity = V V P 
V = time-averaged circumferential 

velocity component 
vw = turbulent shear stress in d-z 

plane 
W = time-averaged axial velocity 

component 
y = generalized wall distance 

y+ = wall-distance Reynolds number 
= yUT/v 

««/ 

P 
T.v 

0,Z 

01 

0* = 

axial coordinate 
numerical coefficient for artifi
cial energy input 
Kronecker delta 
dissipation rate of turbulent ki
netic energy 
circumferential coordinate 
viscosity (without subscript = 
molecular viscosity) 
kinematic viscosity = fi/p 
fluid density 
resultant wall shear stress 
shear stress in d-z plane 
angular velocity 
ratio of disk speeds 

Subscripts 
/, j - Cartesian tensor coordinates 

T = turbulent 
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This situation contains echoes of the often-voiced criticism 
of the low Reynolds number k-e model (Chew, 1984; Ong, 
1988) that it fails to predict turbulent flow under conditions 
for which it is known to prevail experimentally. In the present 
work, an ad hoc approach is adopted to circumvent such dif
ficulties. An artificial energy input (which has to be inde
pendent of k itself) is obtained by including in the energy 
production term a proportion of the "turbulent viscosity" as 
calculated from a simple mixing length formulation. The con
tribution from the mixing length model is kept small and merely 
provides a background turbulence production rate from which 
the kinetic energy levels can either decay or intensify, de
pending on the flow geometry and conditions. The magnitude 
of the necessary artificial input has been found to show good 
consistency in predictions of transition in pipe flow, the flat-
plate boundary layer, and the flow over a free, rotating disk. 
It is therefore suggested that a similar approach could be used 
successfully in other situations where the low Reynolds number 
k-e model has given problems in generating turbulent flow. 

2 Mathematical Solution 
The computational procedure used a modified version of 

the TEACH elliptic solver with a finite-difference mesh of 65 
x 115 (axial-radial) nodes for all the predictions shown. In 
the axial direction, the grid employed a constant geometric 
expansion/contraction factor of 1.22 and was placed sym
metrically with respect to the mid-axial plane, z = s/2. In the 
radial direction, a uniform grid was used for the central regions 
of the cavity, but with respective contraction factors of 1.10 
and 1.19 to cluster nodes near the internal and external flow 
boundaries. This grid distribution resulted in a closest off-wall 
node distance from both disks and the shroud, which never 
exceeded y+ = 0.5 in any of the cases considered. Tests were 
carried out with different axial mesh expansion factors in order 
to ensure that this proximity was sufficiently close to ensure 
grid independence of the calculated disk moment coefficients. 
Throughout the computations, the clearance between the disks 
and the outer shroud was fixed at a nominal value of 0.2 mm, 
with an assumed linear variation of angular velocity across the 
gap. Fluid properties were taken as those appropriate to air 
at 1 bar and 20°C, viz, p = 1.19 kg/m3 and /x=1 .81x l0 - 5 

kg/ms. 

2.1 Details of Computational Procedure. The computer 
code solved discretized transport equations for the axial and 
radial velocity components Wand U, respectively, the angular 
velocity V/r, and the turbulent quantities k and e. In addition, 
mass continuity was satisfied and the pressure field updated 
by the solution of a pressure-correction equation, embodying 
a block-correction procedure to ensure only small aggregate 
mass residual throughout the calculation. Details of the gov
erning equations and experiments with the operation of the 
computer code may be found from Morse (1988, 1989). 

As noted by Morse (1989), convergence of the procedure 
for high rotational Reynolds number presents no special dif
ficulties, but invokes a significant CPU time penalty on account 
of the larger pressure differences occurring within the cavity. 
The greatest CPU requirement (on a VAX VMS/8530 com
puter) for any of the rotor-stator predictions shown here was 
3.5 h at Ree= 107, while converged solutions could generally 
be obtained within 1 h for Re#< 106. 

2.2 The Turbulence Model. The low turbulence Reynolds 
number k-e model used here has been developed from that 
first used by Jones and Launder (1972) for the prediction of 
laminarization, and subsequently used (with modified numer
ical coefficients) by Launder and Sharma (1974) and Launder 
et al. (1977) for wall-bounded rotating flows. The performance 
of the model was improved by Morse (1988, 1989) by, first, 
the inclusion of an additional negative source (sink) term in 

the e equation and, second, the use of a different correlation 
to express the effect of wall proximity on the "turbulent vis
cosity." These modifications were made, without compromis
ing the predictive accuracy of the model for nonrotating flows. 

It is conventional, in the turbulent viscosity representation, 
to express the Reynolds stresses via the constitutive relationship 

/dU, dU\ 

p«*, = 2/3V*- /^—+ -^J CD 
where iiT is given by 

tiT=cIIpk2/e (2) 

and is assumed to have the same value for all six Reynolds 
stresses. 

The flow over a free disk provides a well-documented test 
case for the assessment of turbulence models in flows subject 
to rotational effects. The results are discussed more fully in 
Section 2.3, but it is sufficient to note here that use of the 
isotropic k-e model leads to a consistent underestimate of 
about 6 percent in the disk moment coefficient. A similar 
discrepancy is found also in predictions for rotor-stator sys
tems. The reasons for this behavior are not clear, but are 
thought to stem, in order of probability, from (0 the assump
tion of an isotropic turbulent viscosity for pUw and pUw, (ii) 
modeling deficiencies in the e equation, and (Hi) the pro
nounced wall-jet effect that is characteristic of these flows. In 
this work, the simple expedient has been adopted that the 
turbulent viscosity is anisotropic. Since the high Reynolds num
ber forms of the stress transport equations (see, e.g., Launder 
and Morse, 1979) give no clue as to possible sources of aniso
tropic effects, it has been assumed for the present purpose that 
the anisotropy is confined to the near-wall region. Accordingly, 
the viscosity coefficient, c^, which is formulated as 

C„ = 0.09[l-exp(- .y+A4+ ) ] 2 (3) 

adopts a value of A+ =24.5 (see Morse, 1989) for the calcu
lation of puw and 22.0 for puv and pvw. The modification is 
irrelevant in the case of puv, as predictions of this shear stress 
will generally be erroneous in the present flows. In the absence 
of rotation, the model is unaffected by the proposed change. 

2.3 Application to the Flow Over a Free Disk. 
Computations of this flow were made using the parabolic 
(marching) procedures of Patankar and Spalding (1970), which 
is a valid approach as the full elliptic equations are not needed. 
A finite-difference grid of 120 cross-stream nodes was em
ployed, these being heavily concentrated within the viscous 
sublayer. Radial step length was set at 0.05 times the local 
boundary layer thickness, subject to entrainment control. 

For values of the rotational Reynolds number up to ap
proximately 7 x 106, the moment coefficient for one side of 
the disk is known from experiment to follow the equation of 
Dorfman (1963), viz. 

Cm = 0.491(log10Res)-
2-58 (4) 

Transition from laminar to turbulent flow occurs at a radius 
corresponding to a local rotational number, Re * [ = (r/b)2Ree] 
in the range 2 x 105-3 x 105, the upper value corresponding 
to the data of Theodorsen and Regier (1944). 

It has been reported (Ong, 1988), and confirmed in the 
present work, that it is indeed difficult to effect the transition 
to turbulent flow with the computation started from reasonable 
levels of the turbulent kinetic energy. Used alone, the k-e 
solution never departs significantly from the solution for lam
inar flow. Similarly, predictions for closed disk geometries 
always decay to laminar flow, because of the boundary con
ditions on the turbulent kinetic energy. For both cases, a tur
bulent solution is only possible if allowance is made for some 
artificial input of turbulent energy. Furthermore, this artificial 
input has to be independent of k itself. For the purposes of 
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the present work, the necessary effect has been obtained by 
including in the turbulent energy production term, viz. 

dUi /dUi dU> 

Xj dXj) 
(5) 

(as modified for anisotropic effects), a turbulent viscosity for
mulated as 

V-T= (1 - 7)/*r,i + 7r*r,2 (6) 
where fiTi is the turbulent viscosity as calculated from equation 
(2) and ^Ti2 is the value given by a simple mixing length pre
scription. The parameter 7 in equation (7) is admittedly freely 
adjustable, subject to the vague constraint that it should be 
small ( « 1 ) . Clearly, use of 7 = 0 will result in quasi-laminar 
flow, but if 7 is too large, the transition to turbulent flow will 
occur prematurely. 

Figure 2 shows predicted moment coefficients for the free 

disk with the anisotropic k-e model. Irrespective of the value 
of 7 (over the range shown), the moment coefficients agree 
closely with the Dorfman equation for Re * > 5 x 106. A value 
of 7 = 0.002 seems appropriate for transition at Re* = 3 x 
105; 7 = 0.02 results in an earlier transition (Re * ~ 1.2 x 
105), which is perhaps more in keeping with the effect observed 
by Owen (1969). Clearly, the value needed for 7 reflects, to 
some extent, the influence of external conditions and general 
flow unsteadiness characteristic of each experiment. 

Using the data of Theodorsen and Regier as a baseline, the 
value of 7 = 0.002 has been used for all the predictions of closed 
disk geometries shown in this work. While it is recognized that 
closed disk geometries differ from the free disk in that the core 
fluid also rotates and that the flow entrained into the boundary 
layers carries a significant turbulent intensity, such effects can 
be taken into account by the k-e model, so that the predicted 
transition location is case dependent. Because 7 is numerically 
small, there is no need for an elaborate mixing length treatment 
such as that used by Chew and Vaughan (1988). 

3 Numerical Results 
Validation of the turbulence model and the computational 

procedure is shown in Section 3.1 for the experimental data 
of Daily and Nece (1960) and Daily, et al. (1964) for rotor-
stator flows. Section 3.2 presents predictions to illustrate the 
effects of variation in the rotational Reynolds number. Finally, 
Section 3.3 extends the method to the calculation of flows in 
corotating and counterrotating disk systems. 

3.1 Rotor-Stator Systems. Predicted profiles of the ra
dial circumferential velocities for a rotational Reynolds num
ber of 6.9 x 105 are shown in Fig. 3. Shown also, as a guide 
to the assessment of transition effects, are the results of a 
solution assuming purely laminar flow. For this value of Ree, 
the estimated transition location of Re* = 1.5 x 105 (Daily and 
Nece, 1960) corresponds to a radius of r/b = 0.41, close to the 
first position of measurement. At this location (Fig. 3d), the 
predictions show only the faintest signs of incipient turbulence 
near the rotor, there being no significant departure of the wall 
shear stress from the laminar-flow solution until r/b = 0.58 
(Re* = 2.31 x 105). In contrast, turbulence appears to be well 
established for the flow over the stator, where the boundary 
layer is appreciably thicker and the region of reverse (outward) 
flow much less pronounced than for laminar flow. In the core 
region, the predicted rotation level is intermediate between the 
data and the laminar solution, a behavior that is indicative of 
the delayed occurrence of transition. At r/b = 0.65 (Fig. 3b), 
both the measurements and the predictions show the devel
opment of fully turbulent flow in each boundary layer, this 
trend continuing at r/b = 0.83 (Fig. 3c). At this latter location, 
there appears to be some underestimate of the circumferential 
velocities near the rotor, although the core rotation level is 
predicted accurately. In view of the difficulties inherent in the 
experimental technique, particularly as regards positional 
measurement, the overall agreement with the data can be re
garded as encouraging. 

The calculated moment coefficient for (one side of) the rotor 
in this flow is 2.59 x 10~3, which is approximately 4 percent 
lower than the measured values of 2.70 x 10~3. Assuming purely 
laminar flow, the predicted moment coefficient is 1.74x 10"3. 
Hence the anisotropic k-e model accounts for roughly 90 per
cent of the effect of the transition between the two flow re
gimes. (The isotropic model predicts a moment coefficient of 
2.48 x 10"3.) The discrepancy is largely due to the delayed 
occurrence of transition in the calculation; in this respect, use 
of a higher value of 7 in equation (7) would presumably lead 
to better agreement with the data. 

Further insight into the transition process is provided by 
Fig. 4, which shows the predicted variation of the disk shear 
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stresses in the d-z plane for conditions similar to those discussed 
above, but with a gap ratio of 0.1. For the rotor, the shear 
stress departs abruptly from the laminar-flow solution at 
r/b = 0.52 (Re* = 1.9 x 105). In contrast, the corresponding re
sults for the stator indicate a departure as early as a radial 
location of r/b = 0.2. A plausible explanation for this phe
nomenon is that the rechanneling of the flow from the rotor 
to the stator (see Fig. 1) is accompanied by strong amplification 
of the turbulence in the high-shear region near the outer shroud, 
whereas, in the subsequent rechanneling from the stator to the 
rotor, the flow passes through the central core region where 
strain rates are negligible. Hence, turbulence intensities decay 
rapidly before the flow is entrained into the rotor boundary 
layer, and the inner regions of the cavity are characterized by 
turbulence on the stator at radial locations where the flow over . 
the rotor is essentially laminar. 

Figure 5 compares predicted velocity profiles at r/b = 0.765 
with the experimental data of Daily and Nece (1960) for a 
rotational Reynolds number of 4.4 x 106 and two values of 
the gap ratio, G = 0.0255 and 0.0637. At the lower axial 
clearance between the disks, there is clearly some interaction 
between the boundary layers and the central core does not 
develop. Due to the higher value of Re,,, transition is predicted 
to occur at a lower radius (r/b = 0.l&, Re* = 1.4 x 105) than 

before, so that the influence of the region of laminar flow is 
minimal. There appear to be some systematic differences be
tween the predictions and the data, especially regarding the 
peak circumferential velocity near the stator, which is typically 
underestimated by 2-3 percent of the disk speed. There is 
noticeably better overall agreement with the data for 
G = 0.0637. The calculated moment coefficients for the rotor 
are 1.67 x 10"3 (G = 0.0255) and 1.815 X 10""3 (G = 0.0637). 
The former is 3.7 percent higher than the correlation of Daily 
and Nece for merged boundary-layer flow, while the latter 
agrees with the correlation for separate boundary layers to 
within three significant figures. 

3.2 Effect of Rotational Reynolds Number. Predictions 
illlustrating the effect of the rotational Reynolds number on 
the angular velocity at the midaxial plane (z = s/2) are shown 
in Fig. 6 for a rotor-stator geometry of gap ratio 0.1. The 
internal flow boundary comprises an axis of symmetry and the 
outer shroud is stationary. Streamline contour plots for three 
of the values of Re9 have already been introduced as Fig. 1. 

At Re#= 105, transition does not occur, the predicted rota
tional levels at midaxis are virtually identical to those for lam
inar flow, and the moment coefficient for the rotor differs 
from the laminar solution by only 0.3 percent. The first definite 
signs of turbulent flow over the rotor are observed at Ree = 4 
X 105, for which transition occurs at r/b~0.8 (Re* =2.5 X 
105). The subsequent amplification of the turbulence in the 
high-shearing region adjacent to the shroud then results in an 
abrupt decrease in velocity values for r/b 5; 0.9. At lower radii, 
there is also a decrease in the rotational level as the enhanced 
turbulence near the stator produces a preferential transport of 
angular momentum away from the central region of the flow. 
However, for Re9>5.5 x 105, the core rotation level begins 
to rise steadily and to develop a uniform region, which grows 
in extent to give a level constant to within ± 0 . 5 percent over 
two-thirds of the cavity radius at Re9 = 107. Over the range 
7 x 105 < Reg < 107, the level of the (uniform) core rotation 
shows a slight but progressive increase from 0.430 to 0.442 of 
the disk speed. As the computed profile for laminar flow is 
independent of the rotational Reynolds number, the predic
tions serve to indicate that nonuniformity of the core rotation 
is essentially due to the effects of laminar-turbulent transition. 
For Ree<4 x 106, the angular velocity near the axis of sym
metry remains constant at 0.315 ( ± 0.001) of that of the rotor, 
which is in keeping with the similarity solution of Dijkstra and 
van Heist (1983). 

Predictions with the isotropic turbulence model show the 
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same trends as indicated in Fig. 6, the only difference being 
that the core rotation level is reduced by about 1 percent of 
the disk speed. 

The predicted variation of the moment coefficient for the 
rotor is shown in Fig. 7. For laminar flow, the results follow 
the correlation of Daily and Nece (1960) to an accuracy of 
four significant figures. There is some erratic behavior for 
values of Ree between 3 x 105 and 4 x 105, which is probably 
symptomatic of the predicted occurrence of turbulent flow over 
the stator at radii where the flow over the rotor is laminar. 
For higher values of Ree, the influence of the laminar region 
becomes of less importance and the predicted moment coef
ficients (for Re e>7 x 105) conform to the correlation 

Cm = 0.0291 Re*-0-179 (7) 

to within ±0.2 percent. This may be compared to the corre
lation of Daily and Nece (1960), which, for a gap ratio of 0.1, 
reduces to 

C,„ = 0.0405 Ref' (8) 
the difference resulting in an underprediction of 4.0 percent 
at Re0 = 106,1.1 percent at Ree = 4 x 106, and an overprediction 
of 0.8 percent at Re„= 107. 

3.3 Corotating-and Counterrotating Disk Systems. In ad
dition to the rotational Reynolds number and gap ratio, an 
influencial parameter for corotating and counterrotating disk 
systems is the relative disk speed Q*. Thus Q* = 0 for the rotor-
stator system, + 1 for the case of pure corotation (equal disk 
speeds), and — 1 for the case of pure counterrotation. In the 
following, the value quoted for Ree is based on the fixed ro
tational speed of the right-hand (or primary) disk, while the 
speed of the left-hand (secondary) disk is allowed to vary. 

Velocity measurements in corotating and counterrotating 
systems have been reported by Szeri et al. (1983) and Dijkstra 
and van Heijst (1983), but only for laminar-flow conditions, 
while Graber et al. (1987) have obtained torque measurements 
for turbulent conditions. 

Figure 8 shows streamline plots for values of R* varying 
between + 1 and - 1 in stages of 0.5. The rotational Reynolds 
number is 106 and the gap ratio is 0.1. Again, the outer shroud 
is stationary. Working outward from Fig. 8(c), which repre
sents the rotor-stator system, there is no dramatic change in 
the flow structure for corotation of the disks up to a value of 
0* = +0.5, the flow direction remaining outward over the pri
mary and inward over the secondary disk. The total mass flow 
recirculating in the vortex system in fact shows about a 10 
percent increase, although relatively less of this amount pen
etrates to low radii. As 0* approaches + 1 , the direction of 
motion over the secondary disk gradually reverses, beginning 
at the outer radii and, for pure corrotation, the flow structure 
evolves into perfect symmetry at about the midaxial plane. 
The flow direction is then outward over both disks and radially 
inward in the center of the cavity, so that a core region does 
not develop. Note that, for R* = + 1 , only about 0.5 percent 
of recirculated mass flow reaches the midradial location; if the 
shroud were rotating at the same speed as the disks, pure solid-
body rotation of the flow would result, with no motion at all 
in the r-z plane. As Q* is increased, the predicted point of 
transition for the flow over the primary disk moves radially 
outward, from a location r/b = 0.41 (Re* = 1.7 x 105) for R* 
= 0, to r/b = 0.61 (Re* = 3.75 x 105) for Q* = + 0.25 and 

r/b =0.81 (Re* = 6.6 x 105) for Q* + 0.5. Beyond this 
last value, there is little further outward shift in the transition 
point. 

For counterrotation, only a low value of fl* ( 0.15) is 
apparently required to result in the formation of a weak vortex 
representing radial outflow over the secondary disk near the 
axis of rotation. This vortex cancels the radial inflow at higher 
radii, producing a stagnation point (a stagnation ring in three 
dimensions) at the disk surface. This stagnation point moves 
outward from a location r/b = 0.20 at R* = - 0.25 to 
r/b = 0.61 at Q* = - 0 . 5 (shown in Fig. 8d) and r/b = 0.90 
at fl* = —0.75. The stagnation ring is clearly visible in the 
visualization experiments of Dijkstra and van Heijst; further
more, the degree of counterrotation needed to produce it and 
its outward migration as the speed of the secondary disk is 
increased are broadly in agreement with their findings for 
laminar flow. For the case of pure counterrotation (R* = - 1), 
the flow structure forms a symmetric pattern, which is qual
itatively similar to that for pure corotation. Although the total 
mass flow recirculated is less than for the corotating case, 
significantly more of this penetrates to low radii. Predicted 
transition locations for the flow over the primary disk are 
r/b = 0.41 (Re* =1.7 X 105) for fl* =0, r/b = 0.24 (Re* = 
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Corresponding predictions of the circumferential velocity 
distributions at r/b = 0.75 and at the midaxial plane are shown 
in Figs. 9 and 10. For corotating disks, the axial profile (Fig. 
9) is always characterized by a central core region rotating at 
an angular velocity somewhat less than the mean of the disk 
speeds. At Q* approaches + 1 , the central core grows in extent. 
In contrast, counterrotation reduces the size of the central core, 
which is no longer in evidence at fi* = - 0.5. For pure 
counterrotation, the distribution is symmetric about the mi
daxial plane (in the converged solution, the frictional torques 
on the disks are identical to five-figure accuracy). For the radial 
profiles (Fig. 10), corotation results in an angular velocity 
distribution that is more uniform than that for the rotor-stator 
system (fl* = 0). Indeed, the rotation level at the midaxial 
plane is essentially constant for r/b •& 0.6. Counterrotation leads 
to more erratic behavior, particularly for Q* < - 0 . 5 . Near 
the axis of symmetry, the direction of rotation reverses between 
values of Q* of -0 .25 and - 0 . 5 . For pure counterrotation, 
the angular velocity at midaxis is zero at all radii. 

Figure 11 shows the predicted influence of Q* on the disk 
moment coefficients, which, in each case, are evaluated with 
respect to the (fixed) rotational speed of the primary disk. The 
results confirm the expectation that the moment coefficient 
increases the greater the (absolute) difference between the disk 
speeds: thus Cm is highest for pure counterrotation and lowest 
for pure corotation. For both these limiting cases, the frictional 
torques on the disks are identical to five-figure accuracy in the 
converged solutions. Note that, for corotation, the net torque 
on the secondary disk reverses in sign at fl* —0.6. 

Finally, for pure counterrotation, Fig. 12 shows the effect 
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Fig. 10 Predicted variation with relative disk speed of circumferential 
velocity distribution at midaxial plane; Re„ = 106 (alb = 0, G = 0.1) 

Fig. 11 Predicted variation with relative disk speed of moment coef
ficients for each disk; Re„ = 106 (alb = 0, G = 0.1) 

of rotational Reynolds number on the moment coefficients. 
For Re#> 106, the predicted values correlate (to within ± 0.2 
percent) to 

Cm= 0.0319 Rei' (9) 

4 Discussion 

An anisotropic low-turbulence Reynolds number k-e model 
has been applied to the prediction of flows in closed disk 
geometries. The model has been validated by comparison to 
experimental data obtained for rotor-stator systems and, in 
its isotropic form (Morse, 1989), for rotating cavity geometries. 
For the former, there are some systematic differences between 
the calculated and measured quantities, but erroneous infer-
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Fig. 12 Counterrotating disks: predicted variation of moment coeffi
cient with rotational Reynolds number (alb = 0, G = 0.1) 

ences should not be drawn about the turbulence model in view 
of the experimental uncertainties. 

The assumption of an anisotropic turbulent viscosity is based 
on uncertain grounds and has been introduced here largely as 
a matter of expediency in order to improve calculated disk 
moment coefficients. It is indeed possible that the discrepancies 
between the predictions of the isotropic model and the meas
urements may result from other causes, alluded to in Section 
2.2, and these matters are currently receiving attention. It is 
noteworthy in this respect that inclusion of anisotropic effects 
is not necessary with the simpler mixing length approach in 
order to obtain the same accuracy for predicted moment coef
ficients as obtained here. However, mixing length models often 
fail in other, more complex flow situations, where the k-e 
model probably represents the minimum level of sophistication 
necessary for accurate prediction. 

The k-e model, used in isolation, cannot however produce 
a turbulent-flow solution for closed disk geometries, whatever 
the value of the rotational Reynolds number. Irrespective of 
the initial profiles chosen for k and e, the boundary conditions 
demand that both turbulent quantities will eventually decay to 
zero, yielding a laminar solution. This decay is slow: For the 
rotor-stator at Res=106, approximately 6 h CPU time was 
required for the disk moment coefficient to fall to within 1 
percent of that for laminar flow. The present approach to this 
problem, of including an artificial energy source based on a 
mixing length prescription, can probably be improved upon, 
but has led to surprisingly good consistency as to the value of 
the coefficient 7, which is needed to effect transition in both 
rotating and nonrotating flows. 

The turbulence model and computational procedure have 
been extended to the cases of corotating and counterrotating 
systems with variable relative disk speed. Although there is a 
scarcity of experimental data for comparison, the underlying 
physics of the problem suggest that the predictions are likely 
to be of similar accuracy to those shown for the rotor-stator 
geometries. 

5 Conclusions 
The paper should prove useful in three respects, viz. (i) the 

validation of the low-turbulence Reynolds number k-e for the 
prediction of flows in closed rotor-stator geometries, (ii) the 
introduction of a method by which turbulent-flow solutions 
can be obtained in such geometries, and (Hi) the extension of 
the method to give further insight into the nature of the flows 
in corotating and counterrotating disk systems. 

Although the current approach relies on a mixing length 
prescription to effect transition, the turbulence model can be 
used to obtain predictions throughout the cavity space, which 
encompasses regions of laminar, transitional and fully tur
bulent flow, without further empirical input. The ability to 
predict these three flow regimes should be a considerable ben
efit for geometries and flow conditions that bring about a 
reverse-transition (laminarization) effect. 

A logical extension of the present work is the prediction of 
disk geometries subjected to a superimposed flow, with the 
inclusion of heat transfer and compressibility effects. All three 
aspects present no serious problems, but their accurate pre
diction is dependent on the validity of the turbulence model 
in the simpler situation of isothermal, incompressible flow 
considered here. The results of this extension, and a more 
thorough investigation of corotating and counterrotating disk 
systems, will be presented in future work. 
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